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The correlation transport equation (CTE) is the natural generalization of the theory for diffusion correlation spec-
troscopy and represents a more precise model when dealing with measurements of particle movement in fluids or red
blood cell flow in biological tissues. Unfortunately, the CTE is not methodically used due to the complexity of
finding solutions. It is shown that actually a very simple modification of the theory/software for the solution of
the radiative transport equation allows one to obtain exact solutions of the CTE. The presence of a static background
is also taken into account and its influence on the CTE solutions is discussed. The proposed approach permits one to
easily work beyond the diffusion regime and potentially for any optical and/or physiological value. The validity of the
approach is demonstrated by using “gold standard” Monte Carlo simulations. © 2016 Optical Society of America

OCIS codes: (170.0170) Medical optics and biotechnology; (170.3660) Light propagation in tissues; (170.3340) Laser Doppler

velocimetry; (290.5825) Scattering theory.
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1. INTRODUCTION

The measurement of temporal autocorrelation functions has
represented for a considerable amount of time one of the
approaches that permits the assessment of moving particle
properties in fluid media (e.g., particle diameter, fluid viscosity,
diffusion constant) such as gels or paint [1]. The general theory
behind this method is based on the correlation transfer equa-
tion (CTE) [1,2]. In fact, the CTE allows one to obtain the
electric field autocorrelation function, G1�r; τ�, exploited to
build a model for the experimental data, from which the mov-
ing particle properties are derived.

In biomedical optics, one of the interesting byproducts gen-
erated by the study of the CTE is represented by a technique
named diffuse correlation spectroscopy (DCS). DCS is a non-
invasive optical method allowing the monitoring of blood flow
in human tissues [3–6]. In practice, DCS theory is obtained
by considering a first-order approximation of the original
CTE [4,7]. For this reason, also at the heart of DCS, there
is the problem of the exact definition of G1�r; τ� [4], where
r � �x; y; z� represents the spatial position in Cartesian coor-
dinates, and τ the correlation time. The function G1�r; τ� is at
the basis of the algorithms that allow us to assess, for example,
tissue blood flow in human tissues. Thus, precise knowledge of

G1�r; τ�, together with the knowledge of its dependence on
optical and physiological parameters, is fundamental for a
better understanding of the DCS theory and for improving
the reliability of DCS instrumentation. The use of DCS instru-
mentation may one day be exploited for patient monitoring,
where inappropriate blood flow data generation might have
serious consequences for the patient’s health.

Nowadays, while CTE can in principle generate suitable
G1�r; τ�, in the biomedical optics practice G1�r; τ� still remain
an approximated solution of the CTE (diffusion approxima-
tion). This approximation may represent a practical limit, for
example, beyond the diffusion regime or for some particular
optical or physiological values [8]. The absence of the methodi-
cal use of CTE in biomedical optics, and in general when deal-
ing with moving particle properties in fluids, is probably due to
the mathematical complexity of finding CTE solutions.

The aim of the present contribution is to propose a simple
method allowing us to solve the CTE, a method based on the
already well-tested theory of photon transport in random me-
dia. As far as we know, this is the first analytical solution of the
CTE. It will be shown that a simple mathematical modification
of the analytical theory/software for the radiative transport
equation (RTE) allows one to easily obtain exact CTE solutions
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and thus reliable G1�r; τ� values. Moreover, it will be shown
that this modification is also able to account for the presence
of a static background in the medium (nonmoving scatterers).
This is extremely important for some human tissues, such as
the bone, where the moving scatterers concentration (red
blood cells) is very low compared to the static tissue scatterers.
In fact, this may invalidate the DCS theory [9]. The proposed
approach and results are tested by using the “gold standard”
Monte Carlo (MC) simulations.

2. METHODS

In the first part of this section, the CTE is presented. Then, the
CTE solution method is described and applied to the tutorial
case of an homogeneous semi-infinite medium, containing mov-
ing scatterers in a static background, with a unitary isotropic
emitting point light source. The solution is given for any source–
detector distance ρ and correlation time τ. A Brownian distribu-
tion for the moving particles’/scatterers’ speed has been chosen.

In the second part of this section, the reference MC method
is explained. The “gold standard” MC data will be used in
Section 3 to prove the reliability of the proposed CTE solution.

A. Solution of the Correlation Transport Equation

1. General CTE
It is well known [1,2,10,11] that the general expression for the
unnormalized directional and temporal field autocorrelation
function, G1�r; Ω̂; t; τ�, is�
1

v
∂
∂t
�Ω̂ ·∇r�μt

�
G1�r;Ω̂;t;τ�

�μs

Z
g1;single�Ω̂;Ω̂ 0;τ�f �Ω̂;Ω̂ 0�G1�r;Ω̂ 0;t;τ�dΩ̂ 0�S�r;Ω̂;t�;

(1)

where μs is the scattering coefficient; μt � μs � μa the total
extinction or attenuation coefficient, with μa representing
the absortion coefficient; v is the speed of light in the medium;
t the time, and τ the correlation time. Note that, when finding
the analytical solution of Eq. (1), τ may be intuitively seen as
any t-independent parameter such as μs or μa. The unit vector
Ω̂ 0 describes the direction of a photon before the interaction
with a moving scatterer and Ω̂ the direction after the interac-
tion. The notation Ω̂ · ∇r represents the scalar product
between Ω̂ and the gradient operator. The function f �Ω̂; Ω̂ 0�
is the phase function and g1;single�Ω̂; Ω̂ 0; τ� is the normalized
field autocorrelation function for a single scattering event
with a moving scatterer. The function S�r; Ω̂; t� describes a
t-dependent light source intensity. Equation (1) holds in the
case when all the scatterers are moving. In presence of a static
background, with a probability Pm ∈ �0; 1� that a scatterer is a
moving scatterer, Eq. (1) must be slightly modified as�
1

v
∂
∂t
�Ω̂·∇r�μt

�
G1�r;Ω̂;t;τ�

�μsPm

Z
g1;single�Ω̂;Ω̂ 0;τ�f �Ω̂;Ω̂ 0�G1�r;Ω̂ 0;t;τ�dΩ̂ 0

�μs�1−Pm�
Z

f �Ω̂;Ω̂ 0�G1�r;Ω̂ 0;t;τ�dΩ̂ 0�S�r;Ω̂;t�; (2)

where in the new term the dynamic function g1;single�Ω̂; Ω̂ 0; τ�
does not appear, because this term is taken into account only
for the static component as in a normal RTE. From Eq. (2),
the unnormalized temporal field autocorrelation function,
G1�r; t; τ�, is obtained as

G1�r; t ; τ� �
Z
Ωd

�Ω̂ · n̂�G1�r; Ω̂; t ; τ�dΩ̂; (3)

where Ωd is the acceptance solid angle of the “detection” sys-
tem. It is worth noting that experimentally, in biomedical
optics, the measured variable is not G1�r; t; τ� but the intensity
autorrelation function G2�r; t ; τ�. The theoretical function
G1�r; t; τ� is actually used to derive an analytical model for
G2�r; t; τ�. Then, the G2�r; t; τ� model is used to fit the
G2�r; t; τ� experimental data and to derive the parameters of
interest (e.g., blood flow). For this reason, it is mandatory
that G1�r; t; τ� and G2�r; t; τ� are, respectively, computed/
measured over the same solid angle Ωd by taking into account
the same experimental geometry.

In summary, Eqs. (2) and (3) describe G1�r; t ; τ� when a
fraction of the scatterers in the investigated medium are moving.
The special case Pm � 0 gives the classical RTE (nomoving scat-
terers) and Pm � 1 gives Eq. (1) (no static background).

2. CTE for the Determination of “Flow”
When considering the CTE for the determination of tissue
blood flow (perfusion) or, in general, particle movement in
fluids, Eq. (2) can be slightly simplified. In fact, in this case
S�r; Ω̂; t� becomes t-independent because the utilized light
source is usually a constant intensity CW laser. This implies
that the time derivative on the left hand side of Eq. (1) is nil.
Moreover, the function f �Ω̂; Ω̂ 0� is considered to be a function
only of the scattering angle existing between Ω̂ and Ω̂ 0. This
means that f �Ω̂; Ω̂ 0� can be formally expressed as f �Ω̂ · Ω̂ 0�
(where Ω̂ · Ω̂ 0 is the scalar product). For the typical scattering
speed distributions usually adopted, e.g., in biomedical optics
or other applications considered in the frame of scatterer move-
ment assessment (see below), g1;single�Ω̂; Ω̂ 0; τ� can also be

considered to depend only on Ω̂ · Ω̂ 0.
For the above reasons, Eq. (2), for a unitary isotropic-

emitting point light source of 1 Wmm−3 sr−1, may be written as

�Ω̂ · ∇r � μt�G1�r; Ω̂; τ�

� μsPm

Z
g1;single�Ω̂ · Ω̂ 0; τ�f �Ω̂ · Ω̂ 0�G1�r; Ω̂ 0; τ�dΩ̂ 0

� μs�1 − Pm�
Z

f �Ω̂ · Ω̂ 0�G1�r; Ω̂ 0; τ�dΩ̂ 0

� S0δ�x�δ�y�δ�z − z0�
4π

; (4)

where S0 � 1 W, δ�:� is the Dirac function, and z0 is the
position of the light source on the z axis, i.e., �0; 0; z0�.
The t-dependence of G1�r; Ω̂; t ; τ� has disappeared and thus the
notation G1�r; Ω̂; τ� is used. The terms appearing in Eq. (4)
have the following units: G1�r; Ω̂; τ�: Wmm−2 sr−1; Ω̂ · ∇r,
μt and μs: mm−1; Pm and g1;single�Ω̂ · Ω̂ 0; τ�: no units;
f �Ω̂ · Ω̂ 0�: sr−1; and dΩ̂ 0: sr. The detector is situated at a distance
ρ � �x2 � y2�1∕2 from the origin of the axes.
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For the explanatory purposes of the present contribution,
we will consider a semi-infinite medium and a reflectance
detection scheme. Thus, in this case, Eq. (3) becomes

G1�r; τ� �
Z
Ω̂·n̂>0

�Ω̂ · n̂�G1�r; Ω̂; τ�dΩ̂; (5)

where the integral is evaluated at r � �x; y; z � 0� and
‖r‖ � ρ, and where n̂ � −ẑ is the corresponding outward unit
vector normal to the semi-infinite medium surface. The
function f �Ω̂ · Ω̂ 0� is modeled with the classical Henyey–
Greenstein function [12], largely utilized in biomedical optics.
The g1;single�Ω̂ · Ω̂ 0; τ� for moving scatterers with Brownian
motion is [10,11]

g1;single�Ω̂ · Ω̂ 0; τ� � e−2DBk2�1−Ω̂·Ω̂ 0�τ; (6)

where DB is the Brownian diffusion coefficient and
k � 2πn∕λ, where n is the refractive index of the medium
and λ is the wavelength of the laser light source.

3. Relationship between CTE and RTE
To solve Eq. (4), let us first define the new function,

F �Ω̂ · Ω̂ 0;τ�� f�g1;single�Ω̂ · Ω̂ 0;τ�−1�Pm�1gf �Ω̂ · Ω̂ 0�: (7)

By substituting Eq. (7) in Eq. (1) we obtain

�Ω̂ · ∇r � μt�G1�r; Ω̂; τ� � μs

Z
F�Ω̂ · Ω̂ 0; τ�G1�r; Ω̂ 0; τ�dΩ̂ 0

� S0δ�x�δ�y�δ�z − z0�
4π

: (8)

We immediately see that Eq. (8) is the classical RTE. This
means that all the known mathematical tools utilized to solve
the RTE can be directly applied to solve Eq. (8). The only dif-
ference is that the phase function f �Ω̂ · Ω̂ 0�, found in the RTE,
is now replaced by F�Ω̂ · Ω̂ 0�. Considering that the solution of
the RTE, and the related software, for a semi-infinite medium,
has already been developed and explained elsewhere [13–17],
we report here the only point differing from the original ap-
proach. This point represents, at the same time, the mathemati-
cal “simple trick” allowing us to solve Eq. (8).

In the original RTE solution, f �Ω̂ · Ω̂ 0� is expressed in
terms of rotated spherical harmonics (see Eq. (9) in
Ref. [16]). This can be done because Ω̂ · Ω̂ 0 ∈ �−1; 1�.
Considering that F �Ω̂ · Ω̂ 0; τ� satisfies the same mathematical
conditions, we can similarly write

F �Ω̂ · Ω̂ 0; τ� �
XPN

l�0

Xl

M�−l

F l �τ�Y lM �Ω̂; k̂�Y �
lM �Ω̂ 0; k̂�; (9)

where Y lM �Ω̂; k̂� are the rotated spherical harmonics around
the unit vector k̂. The parameter PN is an odd positive integer
and it depends on the so-called chosen “PN ” approximation
when the algorithm is implemented.

Note that f �Ω̂ · Ω̂ 0� represents just the particular case:
F �Ω̂ · Ω̂ 0; τ � 0� � f �Ω̂ · Ω̂ 0�. The expansion coefficients
F l �τ� in Eq. (9) are defined as

F l �τ� � 2π

Z
1

−1
F �ζ; τ�Pl �ζ�dζ; (10)

where Pl �ζ� are the Legendre polynomials. Again, we have the
particular case F l �τ � 0� � f l , where f l are the expansion

coefficients for f �Ω̂ · Ω̂ 0� appearing in Eq. (9) of Ref. [16].
Thus, in practice, it is sufficient to substitute in the original
RTE solution the expansion coefficients f l with F l �τ�, i.e.,

f l	!
replaced by

F l �τ�; (11)

to obtain the solution of Eqs. (8) and (3). Therefore, the
wanted G1�r; τ� can be computed by setting r to the detector
position, i.e., at z � 0 and at distance ρ from the origin. Due
to the cylindrical symmetry of the problem, we will formally
express this from now on as G1�ρ; τ�. One calculation must
be performed for each desired τ value. No other changes are
necessary to be introduced in the RTE software or theory.

An important technical point concerning Eq. (10) deserves
our attention. To obtain the F l �τ� values, Eq. (10) is first
integrated analytically ∀ l ∈ N. Then, the analytical solution
is used to assess the numerical F l �τ� values. This procedure
improves the precision of the final numerical calculation
allowing to us obtain F l �τ�. However, it must be noted that
the latter numerical procedure must be performed with a high
number of digits of precision. Precision given, e.g., by standard
programming languages with 64-bit numbers is not enough
to produce reliable results for F l (results not shown). For this
reason the software utilized to generate F l was written in
MATLAB language in combination with the suitable toolboxes
allowing us to work with variable-precision arithmetic.

In practice, the RTE software utilized to implement the
proposed analytical CTE solution was the one proposed in
Ref. [16]. The isotropic-emitting point light source was set at

z0 � �μa � �1 − g�μs�−1; (12)

where g is the known mean cosine of the angle between Ω̂ and
Ω̂ 0, classically appearing in the Henyey–Greenstein function
f �Ω̂ · Ω̂ 0�. The CTE solution has been implemented for the
approximation orders PN � f1; 3; 5; 7; 11; 13g [16].

B. CTE Solution on a Ring (Detector)
The detector of a reference MC simulation cannot be infinitely
thin, as may be the case for an analytical solution. For this rea-
son an annulus detector, compatible with the MC method, has
also been considered for the CTE solution. Thus, the G1�ρ; τ�
solution for the annulus, G1�ρ; τ�, can be obtained as

G1�ρ; τ� �
1

S

XN r

i�1

G1�ρi ; τ�si ; (13)

where S is the surface of the annulus and ρ its mean radius
(mean between maximum and minimum radius of the annu-
lus). The annulus has been subdivided in N r concentric annuli
with mean radius ρi and surface si (i.e.,

P
i si � S and

ρi�1 − ρi � constant). If S → 0 then G1�ρ; τ� � G1�ρ; τ�.
C. Monte Carlo Code
The MC code used to test the CTE solution has been written
by following the procedure proposed in Ref. [11]. As explained
in Ref. [11], the advantage of this code is that it can potentially
solve the general Eq. (1), without making unwanted assump-
tions, such as the ones introduced in previous theories [18–20],
i.e., small τ; the average angle h‖Ω̂ − Ω̂ 0‖2i ∼ 2�1 − g�; or mean
scattering events on a path of length s approximated to s∕μs. In
fact, these assumptions do not allow the representation of an
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exact equivalent MC model for the CTE and are mainly linked
to a diffusion regime. To exactly simulate the same physical
system as the one described by the analytical CTE, the position
of the isotropic light source was set to �0; 0; z0� [Eq. (12)]. The
refractive index of air was set to 1. Simulations have been per-
formed on a computer cluster with 12 nodes. For each MC
simulation (i.e., one G1�ρ; τ� curve) 107 photon packets have
been generated. To obtain an estimation of the standard
deviation, the same MC simulation has been repeated 5 times.

In practice, the MC uses a classical scheme to compute the
reflectance on a semi-infinite medium with fixed particles, but
where the photon weight of a given detected photon packet is
multiplied by an exponential correlation function

E�τ� �
Ynscatt
i�1

e−2DBk2�1−Ω̂i ·Ω̂ 0
i�τ; (14)

where Ω̂i and Ω̂ 0
i are Ω̂ and Ω̂ 0 at the ith scattering event with a

moving scatterer, and nscatt the number of (moving) scattering
events on the considered photon path. The product Ω̂i · Ω̂ 0

i
is the cosine of the angle between Ω̂i and Ω̂ 0

i at the ith scatter-
ing event with a moving scatterer. To decide if a scatterer is
moving or not, a random number χ ∈ �0; 1� uniformly distrib-
uted is chosen, then if χ ≤ Pm, the scatterer is moving. This
procedure allows us to compute the MC test data for G1�ρ; τ�.
The condition G1�ρ; τ � 0� represents the classical photon
reflectance.

MC simulations have been performed for a wide range of
optical parameters and only some representative results have
been reported in the Results section.

3. RESULTS

Figure 1 shows a set of G1�ρ; τ� curves, for different optical
parameters, demonstrating the good quality of the proposed
analytical approach. All the analytical CTE solutions have been
performed for PN � 7. Higher PN values do not improve the
quality of the agreement with the MC reference curves. The
largest deviations from MC, appearing for small τ, are always
smaller than ∼1%. By increasing the number of photon packets
in the MC simulation, the deviation between the two methods
decreases (not shown), because the precision of the MC
method is improved. Unfortunately, this improved calculation
takes an unreasonable amount of computation time. In this
frame, note that for the condition τ � 0 (also representing
the normal RTE solution), and for a larger number of photon
packets, the error has already been demonstrated to be of the
order of ∼1 [16]. Moreover, we must also highlight the fact
that the τ dependent G1�ρ; τ� MC curves are smooth due to
the properties of the exact MC algorithm here utilized as pro-
posed in Ref. [11]; in fact, subsequent points are correlated (see
Section 2.C). This means that the precision of the first G1�ρ; τ�
point at τ � 0 is a basic condition for the precision of the
following points at τ > 0. This also explains why we have
no “noise” along the τ dimension. It is interesting to note
the reliability of the simulations for the nondiffusive domain
(i.e., ρ ≈ 1 mm). Other simulations performed for other sets
of parameters (not shown) always display a similar good quality.

All the simulations shown in Fig. 1 are for the case Pm � 1,
with all the scatterers that are moving. This may hold, e.g., for

optical phantoms such as microspheres diluted in water.
However, Pm � 1 cannot represent the majority of the biologi-
cal tissues. In fact, in biological tissues, only a fraction of the
scatterers are moving (mainly red blood cells), i.e., Pm < 1. For
this reason, in Fig. 2 we have reported some curves showing
the influence of varying Pm < 1 on G1�ρ; τ�. It clearly appears
that when not all the detected photons have interacted with a
moving scatterer, theG1�ρ; τ� does not go to 0 for large τ, while
the usual DCS models always go to 0 [4]. In this case, G1�ρ; τ�
reaches a constant value >0. This value is the fraction of the
total reflectance G1�ρ; τ � 0�, representing the photons that
did not interact with a moving scatterer (G1�ρ; τ � �∞�).
In fact, only the interactions of photons with moving scatterers
provoke the “decorrelation” of G1�ρ; τ�. This effect decreases
with increasing ρ, because increasing the source–detector spac-
ing also increases the number of photons that have interacted
with a moving scatterer before reaching the detector.

4. DISCUSSION AND CONCLUSIONS

It has been demonstrated that a very simple modification
[Eq. (11)] of the classical RTE theory/software allows one to

(a) (b)

(c) (d)

Fig. 1. Panels (a) and (b): analytical CTE solution (colored)
compared to MC solution (black). Common parameters are n � 1.4,
g � 0.9, λ � 785 nm and Pm � 1. (red) μ 0

s � 1 mm−1, μa �
0.02 mm−1, and DB � 1 × 10−5 mm2 s−1; (cyan) μ 0

s � 1 mm−1,
μa � 0.025 mm−1, and DB � 1 × 10−5 mm2 s−1; (green) μ 0

s �
1 mm−1, μa � 0.025 mm−1, and DB � 1 × 10−6 mm2 s−1;
(magenta) μ 0

s � 0.8 mm−1, μa � 0.025 mm−1, and DB � 1 ×
10−5 mm2 s−1. Panels (c) and (d) report the residuals, ϵres (i.e., the
difference between MC and CTE curves), of panels (a) and (b), re-
spectively. Closely packed vertical bars represent standard deviations.
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generate the solution of the CTE. The results appear to be re-
liable and in agreement with “gold standard” MC simulations.
To the best of our knowledge, this is the first time that an
explicit analytical solution for the CTE is given. In particular,
the specific influence of the static background on G1�ρ; τ�, as
shown in Fig. 2, has never been described before. Results for
G1�ρ; τ� at small ρ have also probably never been shown.
Moreover, even if the improved technique for the “gold stan-
dard” MC simulations has been suggested in Ref. [11], its
explicit implementation and comparison with analytical data
(no analytical solution is proposed in Ref. [11]) have never been
published before.

The generated G1�ρ; τ� noise-free curves are valid over a
large range of optical and physiological parameters, and in par-
ticular for physical systems that are not in the diffusive regime.
This represents a generalization of the DCS theory that may be
useful in biomedical optics or other domains of physics where,
for technical reasons, the source/detector separation cannot
always be large enough to satisfy the diffusion conditions.
An exact model at short source/detector separation is also in-
teresting for superficial flow characterization. Moreover, since
the CTE has the same analytical “form” of the RTE, the present
approach might be used for the 2D/3D reconstruction of blood

flow distribution from optical tomography data. In principle,
by exploiting the known mathematical techniques for the RTE
inverse problem [21] and by using the substitution appearing
in Eq. (11), the blood flow distribution can be assessed. It
remains to be demonstrated that this approach is numerically
stable and solvable in a reasonable amount of computation
time. However, this is a matter for future investigations.

From Fig. 1 it is interesting to observe that when going from
small ρ [Fig. 1(a)] to large ρ values [Fig. 1(b)], the G1�ρ; τ�
behavior is not trivial. For example, the lowest G1�ρ; τ� values
at small τ in [Fig. 1(a)] become the highest in [Fig. 1(b)] for the
same optical parameter values (magenta curves). This is due to
the interplay existing between the depth z0 of the point source
and the source/detector separation.

The results in Fig. 2 well describe the behavior of G1�ρ; τ�
when Pm < 1. The possibility to work with small Pm is fun-
damental, e.g., when investigating the blood flow of some par-
ticular tissues, such as the human bone, where the blood
volume fraction is very low (i.e., small Pm). Figure 2 represents
also an example where the theoretical conditions for the validity
of the DCS model are not satisfied. In fact, the varying part of
G1�ρ; τ� is situated at τ values larger than the critical τc �
�2DB�2πn∕λ�2�−1 ≈ 4 × 10−4 value, where the DCS diffusion
approximation in principle does not work [10]. Thus, the
present approach may be useful for the study of such particular
cases, and for the test of the classical approximated algorithms
allowing the extraction of blood flow parameters from autocor-
relation functions.

It is worth noting that by modifying g1;single�Ω̂ · Ω̂ 0; τ�, the
proposed approach may be applied to other particle speed
distributions. A different geometry of the medium (e.g., slab)
and light source type (e.g., Gaussian beam normal or oblique to
the surface) can also be easily considered.

In conclusion, we hope that the present approach will help
the DCS community to investigate new ways in particle move-
ment monitoring.
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