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Abstract
In this study, the two-dimensional radiative transfer equation is solved
considering the exact boundary conditions for describing the propagation of
particles in bounded anisotropically scattering media. The obtained Green’s
functions have an analytical dependence on the spatial and angular variables
and, therefore, can be evaluated rapidly and implemented without any
computational complexities. The Monte Carlo method was used for a successful
verification of the derived solutions.

PACS numbers: 05.60.Cd, 42.68.Ay, 95.30.Jx

(Some figures may appear in colour only in the online journal)

1. Introduction

The radiative transfer equation (RTE) is involved in many areas of physics to describe diverse
transport processes [1–3]. The mathematical complexity of this integro-partial differential
equation implies that solutions which are used for studying the propagation of waves and
particles in anisotropically scattering media bounded by a curved or planar contour are mostly
based on numerical approaches such as the Monte Carlo method [4], the discrete-ordinate
method [5] or the finite-difference method [6]. The main disadvantages of the numerical
methods compared to the available analytical solutions are the long computational times and the
complexities regarding the numerical implementation. However, in cases when the scattering
medium is bounded by an arbitrary complex contour, the corresponding solutions to the RTE
are in general based completely on numerical methods. The authors of [7–9] developed elegant
analytical approaches regarding the three-dimensional RTE for obtaining Green’s function for
the infinite medium and in media with planar boundaries such as the slab geometry, resulting in
a much smaller computational cost than is needed with the conventional spherical harmonics
method. Alternatively, Kim et al [10, 11] derived solutions of the three-dimensional RTE using
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Figure 1. Circular bounded medium with spatial and angular variables.

a plane-wave decomposition of the radiance and by solving the resulting eigenvalue problem
numerically via discretization of the angular variables.

In some cases, the two-dimensional RTE is used as an appropriate radiative transfer
model [5, 12–14]. Recently, we derived the infinite space Green’s function of the two-
dimensional RTE [15] in the steady state and time domains. In this paper, we generalized
our previous solution to the more important case of bounded media, i.e. for a circular and a
semi-infinite geometry, by considering the exact boundary conditions (BC). Similar to those
of the unbounded medium, the resulting Green’s functions are apart from several eigenvalues
and the solution of linear equations analytically regarding the spatial and angular variables.
The derived expressions were successfully verified by comparisons with our Monte Carlo code
[16].

2. Theory

2.1. Radiative transfer in a circular region

The two-dimensional homogeneous RTE for the radiance ψ(ρ, φ) in Cartesian coordinates is
given by

ŝ · ∇ψ(ρ, φ) + μtψ(ρ, φ) = μs

∫ 2π

0
f (ŝ · ŝ′)ψ(ρ, φ′) dφ′, (1)

where μt = μa +μs is the total attenuation coefficient, μa is the absorption coefficient and μs

is the scattering coefficient. The angle φ describes the direction of the propagation vector ŝ.
The phase function f (ŝ · ŝ′) describes the probability that a particle coming from the direction
ŝ′ is scattered in the direction ŝ.

For obtaining the solution of the boundary-value problem in a circular bounded region, it
is advantageous to use the radiance in polar coordinates leading to ψ = ψ(ρ, φρ, ϕ), where
ϕ = φ − φρ. Here, it is assumed that a narrow incident beam having an arbitrarily direction
ϕ0 enters the circular region from the vacuum at the boundary ∂C. For illustration, figure 1
shows schematically the geometry of the problem including all spatial and angular variables
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used within the derivations. The evaluation of the corresponding total differentials leads to the
RTE in polar coordinates:

cos ϕ
∂ψ

∂ρ
+ sin ϕ

ρ

(
∂ψ

∂φρ

− ∂ψ

∂ϕ

)
+ μtψ = μs

∫ 2π

0
f (ŝ · ŝ′)ψ(ρ, ϕ′) dφ′. (2)

The solution of the boundary-value problem in the circular geometry involves the
inhomogeneous BC:

ψ(ρ ∈ ∂C, ϕ) = S0δ(φρ)δ(ϕ − ϕ0), ŝ · ρ̂ < 0, (3)

where ∂C denotes the contour of the circular region and S0 is a constant. The radiance is a
2π -periodic function and therefore can be written as

ψ(ρ, ϕ) =
∞∑

n=−∞
ψn(ρ, ϕ) exp(inφρ). (4)

Inserting this series in the RTE (2) results in the following equation for the functions
ψn = ψn(ρ, ϕ) :

cos ϕ
∂ψn

∂ρ
+ sin ϕ

ρ

(
inψn − ∂ψn

∂ϕ

)
+ μtψn = μs

∫ 2π

0
f (ŝ · ŝ′)ψn(ρ, ϕ′) dφ′. (5)

The BC which must be satisfied by the expansion coefficients becomes

ψn(ρ = R, ϕ) = S0

2π
δ(ϕ − ϕ0), π/2 � ϕ � 3π/2. (6)

For solving equation (5), we seek a solution in the form of the following mode:

ψn(ρ, ϕ) =
∞∑

m=−∞
(−1)m〈m|un〉Im−n

(ρ

λ

)
eimϕ, (7)

where Iν (x) denotes the modified Bessel function of the first kind and |un〉 are unknown vectors
with components 〈m|un〉. The substitution of this mode in (5) yields the eigenvalue problem

〈m − 1|un〉 + 〈m + 1|un〉 − 2λσm〈m|un〉 = 0, (8)

where σm = μa + (1 − fm)μs. Note that for obtaining the above characteristic equation the
phase function is also used in the form

f (ŝ · ŝ′) = 1

2π

∞∑
m=−∞

fmeim(φ−φ′ ), (9)

with the corresponding coefficients

fm =
∫ 2π

0
f (ŝ · ŝ′) e−im(φ−φ′ ) dφ′. (10)

For the Henyey–Greenstein model in two dimensions, the resulting expansion coefficients
are given by fm = g|m| [17], where g denotes the asymmetry parameter. The eigenvalues and
the corresponding nontrivial solution of the system (8) can be obtained via an eigenvalue
decomposition of the following symmetric tridiagonal matrix:

U�UT =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 βN 0 · · · · · · 0 0

βN
. . .

. . .
. . . · · · · · · 0

0
. . . 0 β1 0

...
...

...
. . . β1 0 β1

. . .
...

...
... 0 β1 0

. . . 0

0 · · · · · · . . .
. . .

. . . βN

0 0 · · · · · · 0 βN 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (11)
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where βm = 1/(2
√

σm−1σm). Note that for the numerical implementation the Fourier series
(4) must be truncated at |n| � N, where N is an odd number. The matrices U and � contain
the orthogonal and normalized eigenvectors |ν〉 with components 〈m|ν〉 and the real-valued
eigenvalues λ, respectively. Upon determination of the eigenvectors, the solution of (8) is
obtained as 〈m|un〉 = 〈m|ν〉/√σm. It can be seen that this solution is independent of the
discrete variable n and therefore the eigenvalue decomposition must be performed once only.
In the appendix of our previous publication [15], readers can find analytical formulae regarding
the eigenvector components of the tridiagonal matrix for avoiding a numerical iteration of these
quantities. The general solution of the boundary-value problem is given by the superposition
over all possible modes:

ψn(ρ, ϕ) =
∑
λi>0

Cin

N∑
m=−N

(−1)m 〈m|νi〉√
σm

Im−n

(
ρ

λi

)
eimϕ, (12)

where the N unknown coefficients Cin must be found using the BC (6). This task can be
accomplished as follows. Substituting the homogeneous solution (12) into (6), multiplying
both sides with exp(−im′ϕ), integrating over the interval π/2 � ϕ � 3π/2 and using the
integral relation∫ 3π/2

π/2
eimϕe−im′ϕ dϕ = π(−1)m−m′

sinc

(
m − m′

2

)
, (13)

where sinc(x) = sin(πx)/(πx), yield a system of linear equations

∑
λi>0

Cin

N∑
m=−N

〈m|νi〉√
σm

Im−n

(
R

λi

)
sinc

(
m − m′

2

)
= S0

2π2
exp[im′(π − ϕ0)]. (14)

For each value of the discrete variable n, taking equations for |m′| = 0, 2, . . . , N − 1, results
in a well-conditioned system of N linearly independent equations for N unknown constants.
After the determination of the constants, the obtained homogeneous solution must be inserted
in series (4). The fluence within the circular bounded medium is obtained via integration as


(ρ) =
∫ 2π

0
ψ(ρ, φ) dφ = 2π√

σ0

N∑
n=−N

∑
λi>0

Cin〈0|νi〉In

(
ρ

λi

)
exp(inφρ). (15)

For solving the above boundary-value, the source-free solution of the RTE must be finite for
ρ → 0. However, the complete solution of the homogeneous RTE contains additional modes
of the form

ψn(ρ, ϕ) =
∞∑

m=−∞

〈m|νi〉√
σm

Km−n

(ρ

λ

)
eimϕ, (16)

where Kν (x) is the modified Bessel function of the second kind, which are needed for the
solution of other boundary-value problems such as the circular ring and for defining the
infinite space Green’s function in terms of evanescent modes.

For the verification of the obtained homogenous solution in section 3, we additionally
replaced the incident external source by an isotropic emitting δ-source inside the scattering
medium. Therefore, the inhomogeneous BC (3) is replaced by the homogeneous BC:

ψ(h)(ρ ∈ ∂C, ϕ) + ψ(p)(ρ ∈ ∂C, ϕ) = 0, π/2 � ϕ � 3π/2, (17)

where ψ(h)(ρ, ϕ) is the homogeneous solution with unknown constants and ψ(p)(ρ, ϕ) denotes
the infinite space Green’s function caused by the isotropic internal δ-source which can be
obtained from our previous publication [15].
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Figure 2. Semi-infinite medium with spatial and angular variables.

2.2. Radiative transfer in the semi-infinite geometry

The obtained solution for the circular bounded medium contains in principle the solution for the
semi-infinite geometry if the radius of the circle is chosen very large. However, the evaluation
of the above solution for large radii can lead to numerical instabilities caused by the enormous
increase of the modified Bessel functions within the system of linear equations. Therefore, this
section contains the solution of the two-dimensional RTE for the exact semi-infinite geometry.
Similar to above, figure 2 shows schematically the geometry of the problem with all spatial and
angular variables. The solution to the boundary-value problem in the semi-infinite geometry
requires that the radiance must satisfy the inhomogeneous BC:

ψ(x, y = 0, φ) = S0δ(x)δ(φ − φ0), 0 � φ < π. (18)

Apart from the condition ψ(ρ, φ) → 0 for |x| → ∞, there are no additional BC regarding
the spatial coordinate x. Therefore, the radiance is expanded by the Fourier integral

ψ(ρ, φ) = 1

2π

∫ ∞

−∞
ψ(κ, y, φ) eiκx dκ, (19)

leading to a simplified version of (1) with only one spatial derivative(
μt + iκ cos φ + sin φ

∂

∂y

)
ψ(κ, y, φ) = μs

∫ 2π

0
f (ŝ · ŝ′)ψ(κ, y, φ′) dφ′. (20)

The associated BC with (18) is

ψ(κ, y = 0, φ) = S0δ(φ − φ0), 0 � φ < π. (21)

For solving the boundary-value problem in the semi-infinite geometry, we seek a solution in
the form of the plane-wave mode

ψ(κ, y, φ) = eξyψ(κ, φ), (22)

where ξ and ψ(κ, φ) are the unknown eigenvalue and eigenfunction, respectively. Substituting
this mode in the RTE (20) yields the eigenvalue problem

[μt + k cos(φ − φk)]ψ(κ, φ) = μs

∫ 2π

0
f (ŝ · ŝ′)ψ(κ, φ′) dφ′, (23)

where k = √
k · k and φk denotes the direction of the complex wave vector

k =
(

iκ
ξ

)
= k

(
cos φk

sin φk

)
. (24)
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At this stage, all angular-dependent quantities of the RTE are expanded in the form of the
modified Fourier series

ψ(κ, φ) =
∞∑

m=−∞
(−1)m〈m|u〉eim(φ−φk ), (25)

which depends explicitly on the direction of the wave vector k resulting in the recently
introduced method of rotated reference frames (MRRF)[7–9]. Inserting the modified Fourier
series (25) in the eigenvalue problem (23) results in the dispersion relation k =

√
ξ 2 − κ2 =

1/λ which leads to the κ-dependent eigenvalues:

ξ = ξ (κ) = ±
√

κ2 + 1

λ2
. (26)

The unknown vector components are exactly the same as those for the circular geometry
〈m|u〉 = 〈m|ν〉/√σm. For the semi-infinite medium, the eigenvalues ξ (κ) with positive sign
can be excluded from the solution. Now, the direction of the wave vector follows from
equation (24) as

φk = arcsin

(
ξ

k

)
= −π

2
+ i arsinh(λκ). (27)

The general solution of the boundary-value problem for the semi-infinite geometry in the
transformed space becomes the superposition

ψ(κ, y, φ) =
∑
λi>0

Ci(κ)eξ (κ)y
N∑

m=−N

〈m|νi〉√
σm

exp
[
im

(
φ − π

2

)] [
λiκ +

√
1 + (λiκ)2

]m
, (28)

where the Fourier series has already been truncated for the numerical implementation. The
procedure regarding the unknown constants is similar as for the circle, see above. Inserting the
plane-wave modes in the BC (21), multiplying both sides with exp(−im′φ) and integrating
over the interval 0 � φ � π result in the system of linear equations

∑
λi>0

Ci(κ)

N∑
m=−N

〈m|νi〉√
σm

sinc

(
m − m′

2

) [
λiκ +

√
1 + (λiκ)2

]m

= S0

π
exp

[
im′

(π

2
− φ0

)]
, (29)

where N equations for the values |m′| = 0, 2, . . . , N − 1 have to be considered. Again, the
fluence within the semi-infinite medium in the transformed space is given by the integration
of the radiance and becomes the simple form


(κ, y) = 2π√
σ0

∑
λi>0

Ci(κ)〈0|νi〉e−
√

κ2+1/λ2
i y. (30)

Note that the above method can be easily expanded for obtaining the solution in the slab
geometry by considering additionally eigenvalues ξ (κ) from equation (26) with a positive
sign together with the resulting eigenfunctions.

3. Numerical results

In this section, the obtained solutions are validated against the Monte Carlo method, which
we expect to converge in the limit of an infinitely large number of simulated photons to
the exact solution of the RTE. For the following comparisons, the Henyey–Greenstein phase
function with g = 0.9 is used. The optical properties of the scattering media are assumed
to be μa = 0.01 mm−1 and μs = 10 mm−1 which are typically for biological tissue in the
near-infrared spectral range.
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Figure 3. Angle-resolved Green’s function caused by a isotropic δ-source which is located at the
center of the circular bounded medium evaluated for three different distances. From the top to the
bottom, the Fourier series are truncated at N = 9, N = 7 and N = 21.

3.1. Internal source in the circular bounded medium

For the first comparison, we consider an isotropic emitting δ-source S(ρ, ϕ) = δ(ρ)/(2π)

which is placed in the center of the circle with radius R = 3 mm. In this case, the RTE is
solved considering the homogeneous BC (17). The resulting radiance is evaluated for three
different distances to the source and is shown in figure 3. The solid curves correspond to the
analytical Green’s function, whereas the symbols are the result of the Monte Carlo simulation.
The influence of the implemented BC can be clearly seen. As intended, the radiance becomes
zero at the circular boundary ∂C for all inward-pointing directions of the propagation vector ŝ.

3.2. Oblique incident beam on the circular boundary

For the next comparison, an oblique incident beam having the direction ϕ0 = 160◦ enters the
circular bounded medium with radius R = 5 mm at the polar coordinates (ρ, φρ) = (R, 0).
The resulting normalized radiance calculated at ρ = 2 mm with the analytical solution and the
Monte Carlo method is shown in figure 4 for three different spatial angles φρ. The radiance is
normalized by the factor S0.

The obtained analytical Green’s function (solid curves) agrees in all simulations with the
Monte Carlo method (noisy curves).

3.3. Perpendicular incident beam on the semi-infinite medium

In this comparison, it is assumed that a perpendicular incident beam enters the boundary of a
semi-infinite medium. Figure 5 shows the resulting radiance normalized by S0 and evaluated
at y = 2 mm on the y-axis.
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Figure 4. Angle-resolved Green’s function caused by an oblique incident beam on the circular
boundary evaluated for three different spatial positions. The Fourier series are truncated at N = 15.
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Figure 5. Angle-resolved Green’s function caused by an perpendicular incident beam on the
boundary of a semi-infinite medium evaluated at y = 2 mm on the y-axis. The Fourier series is
truncated at N = 13.

As before, the analytical Green’s function (solid curve) agrees well with the radiance
obtained from the Monte Carlo method (noisy curve). In addition, the infinite space Green’s
function (dashed curve) is also shown to demonstrate the influence of the boundary.

4. Conclusions

In this study, the two-dimensional RTE is solved considering the exact boundary conditions
for obtaining Green’s functions in bounded anisotropically scattering media. Explicitly, the
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circular and the semi-infinite geometry were considered. The numerical part of the resulting
solutions is, apart from several constants which are obtained by solving systems of linear
equations, the same as that for the infinite space Green’s function. The derived solutions
enable the consideration of an arbitrarily rotationally invariant phase function which must be
expanded on the basis of complex exponentials. Within the derivations, no approximations
are made, yielding excellent agreement compared to the Monte Carlo method. The relative
differences between the analytical Green’s function and the Monte Carlo simulations are only
due to the finite number of simulated particles.

The derived formulae can be applied to obtain the solutions of simple two-dimensional
radiative transfer problems, which are illuminated by external and/or internal sources. For
example, an interesting application of the derived equations is the calculation of the spatially
resolved reflectance and fluence of carbon fiber reinforced materials. Furthermore, it can be
used for the verification of results obtained by numerical methods for solving the RTE.
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