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The three-dimensional radiative transport equation is solved for modeling the propagation of neutrons
due to a line source which is placed in an anisotropically scattering half-space medium considering
the effect of internal reflection at the interface. The application of the Fourier transform in the transverse
directions and a modified spherical harmonics transform with respect to the angular variables lead to an

expression for the specific intensity in terms of analytical functions. The final results are verified with

Monte Carlo simulations.
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1. Introduction

One of the classic problems in multi-dimensional neutron
transport theory which is closely related to the searchlight prob-
lem (Siewert and Dunn, 1989) is that of a line source which is
placed within a scattering half-space medium (Williams, 1982;
Loyalka and Williams, 2009). The motion and interaction of
neutrons with materials are described with the neutron transport
equation (RTE) (Case and Zweifel, 1967; Duderstadt and Martin,
1979). Besides the reactor physics field, line sources are also
involved in different applications of nuclear medicine or in the
radiative heat transfer (Carslaw and Jaeger, 1959). The line source
problem in the half-space geometry with an internal reflecting
surface has been solved analytically by Williams &1982) and
Williams (2007). The obtained solutions are based on a line source
which is placed perpendicular to the surface of an isotropically
scattering medium. The theory is developed by considering differ-
ent integral transforms together with the Wiener-Hopf technique
and making use of the generalized Chandrasekhar H-functions
(Williams, 2007). In addition, the solution of the corresponding
diffusion equation (DE) is presented and compared to the transport
theory with satisfactory agreements (Williams, 2007). In the
publication of Loyalka and Williams (2009) the authors make use
of the analytical solutions obtained in Williams (2007) and report
numerous numerical results which are useful for verification. In
the case of anisotropic scattering solutions to the multi-

* Corresponding author. Tel.: +49 731 1429223; fax: +49 731 1429442.
E-mail addresses: andre.liemert@ilm.uni-ulm.de (A. Liemert), alwin.kienle@
ilm.uni-ulm.de (A. Kienle).
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dimensional RTE are mainly based on numerical methods or
approximative equations. The Monte Carlo (MC) method was fre-
quently used as numerical solution of the RTE (Duderstadt and
Martin, 1979), but also other techniques like the finite element
(Mohan et al., 2011), the finite-difference (Hielscher et al., 1998)
or the discrete-ordinate method (Ganapol, 2011) were applied.

In this article we consider the line source problem for the case
of an anisotropic scattering half-space medium with internal
reflection. To this end we start in the same way as Williams by per-
forming a two-dimensional Fourier transform with respect to the
transverse directions. Then, the infinite medium line spread func-
tion is derived by making use of the modified spherical harmonics
(SH) method (Markel, 2004; Panasyuk et al., 2006; Machida et al.,
2010). Finally, the boundary-value problem in the semi-infinite
geometry is solved via superposition of the homogeneous and par-
ticular solution. The obtained equations are compared with the
Monte Carlo method and with the diffusion approximation (DA).

2. Theory

The specific intensity I(r, §) caused by the internal source S(r, §)
obeys the three-dimensional RTE (Williams, 2007)

$.VI(,8) + pI(r,8) = 1, / I(r,8)f(5-§) %' + S(r,$), (1)

where i, = pq + 145 is the total attenuation coefficient, p, the absorp-
tion coefficient and us the scattering coefficient. The unit vector
S = (U,¢p) with u=cosf specifies the direction of the particle
propagation and f(S-§') is the probability density function for
describing the direction of the scattered neutrons. In order to solve

(2013), http://dx.doi.org/10.1016/j.anucene.2013.05.007
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Eq. (1) subject to boundary conditions we afore consider the inter-
actions of neutrons far from interfaces which leads to the solution
for the infinite medium. After that the boundary-value problem is
solved via superposition of the homogeneous and particular
solution.

2.1. Green’s function for the infinite medium

In this section Eq. (1) is considered for an infinitely long isotro-
pic line source S(r,S) = 5(x)d(y)/(4m) in a three-dimensional uni-
form medium. Due to the given cylinder symmetry the expected
solution will be independent on the spatial variable z. By expand-
ing the specific intensity in form of the Fourier integral

. 1 o
I(r,s):W / 1(q,z,8)e"d’q (2)

Eq. (1) becomes in the two-dimensional spatial frequency
domain

e +iqsin0cos(o — gl 8) = 1 [ 1@.8)7(5-8) &' + .
3)

In order to solve the above integral equation the specific
intensity is expanded in terms of spherical harmonics (SH)

Z Z Im(Q)Ym(S 4)

=0 M=-I

whose orientation coincides with the direction of the unit vector
k= (COS g, Sin g, 0). Thus, k represents the two-dimensional wave
vector q. The rotated SH Yy(S; k) are given by a linear combination

of 2I+1 conventional spherical functions Y,(S) = Y(S;2)
(Panasyuk et al., 2006; Machida et al., 2010)
Yim(S; k deM ()Y i (8)e~ M (5)

m=-—1

where de(Qk) is the ngner d-function. In the following the angles
of rotation are given by 0y = n/2 and ¢i = ¢q. In that case the Wigner
d- functpn takes the value

2" [l-m)_ (l+m
Vi <l+m)!c°s< 2 ”)

where I (x) denotes the Gamma function. The rotationally invariant
scattermg phase function depends only on the cosine § - §' and be-
comes in SH decomposition the form

f(5-8) Zf,Y,M $:K)Y;, (8 k), (7)

I'(ll+m+1)/2)

ol(7/2) = Mi-m+2p2 ©

where f; are the expansion coefficients which are given by

fi=2nm / P dp (8)

Due to reasons regarding the numerical implementation all SH ser-
ies are truncated at l,x = N, where I_1(q) = In+1.m(q) =0 and N is
always assumed to be an odd number. Now by inserting (4) in
(3), making use of the recurrence relation

L - M p (1+1)% - M ey

K-$)Yu(S;K) =/ ———Y_1uGSK) + | ———Y 1K),

(k-8)Ym(s; k) T -1m(S; K) Al 1?1 i m($;K)
9)

as well as the orthogonality

/ Y (8:K)Yj py (8:K) d”s = 0y dum, (10)

we obtain the following set of linear equations

P —M? (41 - M?
q ﬁll—lM(Q) +1q mlmm(‘ﬂ +am(q)
100mo
= , 11
Var (1)
where o= s+ (1 — f)us and [=0, ..., N. The above system has in

principle the same relatively simple structure as the Py equations
for plane symmetric radiative transfer problems (Case and Zweifel,
1967) which is due to the rotated reference frame. Note also that a
result of the isotropic line source is that we only must consider one
system namely for the value M =0 resulting in N + 1 linear equa-
tions. On the other hand more complicated sources such as the uni-
directional line source can be directly implemented by calculating
the corresponding expansion coefficients. In matrix notation system
(11) can be written as (T? + ig W)|I) = |b), with vector components
() =Io(q) and (I|b) = 6p/+/4m. The matrix T is a diagonal matrix
with elements T, = /G,6;. Next, we consider the symmetric tridi-
agonal matrix

0 f 0 0 - 0
B 0 B O

rwrio |0 ko 0 (12)
o 0 . . .0
[ 0 By
0 - 0 0 fy O

where g, =1/\/(2I-1)(2l+ 1)6, 10,. By performing uniquely the
eigenvalue decomposition (EVD) EJ/lU*l =T 'WT!, the solution
of (11) can be obtained with an analytical dependence on the scalar
wave number g. The EVD yields all in all N+ 1 real-valued eigen-
values 4; which appear in pairs. An eigenvalue /; corresponds with
an eigenvector |v;) having components <l\v> whereas the negative
value —4; leads to the components (—1)I|v;) (Markel, 2004) After
some algebraic rearrangement we find

Z (I]vi)(vi]0)
2«/7[606 i 14iqh
By inserting (13) in (4) and considering the above mentioned

properties of the eigenvector components we arrive at the line
spread function in Fourier space

Im(q) = (13)

N 1
(G,28) =33 lm(0)Yim(S)e"™, (14)
=0 m=—1
with coefficients
_ lvi){vi|0)
Ilm(q) 72\/WZ/‘4>0 /.le
T4 (1) —igh[1 — (-1)1] 4
x i w2 (15)

The inverse Fourier transform regarding the angular variable
can be performed by making use of the relation

2T
| emestase i dgy —2mi"y, (gp)e ™. (16)
0

where J;(x) is the Bessel function of the first kind. Note that the
value d’mo(n’/Z) is only non-zero if I + m is even which leads to the
fact that the sign of (—1)' from (15) coincides with that of (—1)™.
Thus, the resulting inverse Hankel transform becomes exactly the
same as for the two-dimensional infinitely extended disc geometry
(Liemert and Kienle, 2011). Upon its evaluation the specific
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intensity for the unbounded anisotropically scattering medium is
obtained as

o

P)Yim(0. %), (17)
1=0 m=—1
where x=¢ — ¢,. The corresponding expansion coefficients
become
(1t/2) (I|vi){v;|0)
In(p) = o Wf_TZ Y0 e, (8)
“i

where K,;(x) is the modified Bessel function of the second kind. The
fluence @(p) and the current J(p) for the infinite medium are
obtained via integration of the specific intensity resulting in

:/I(r,ﬁ) dZS:TCLO_OZMK (p/ i), (19)
7i>0 i
W)= [ sites) s =25 ORI e 5, (20)
/ >0

2.2. The line source problem in the semi-infinite geometry

In this section the derived Green’s function for the infinite med-
ium is used for solving the line source problem in the semi-infinite
geometry. The exact BC for obtaining the semi-infinite geometry is
defined in § - Z > 0 and given by

I(p,z=0,p,¢) = R(I(p,z = 0,1, $), (21)

where R(u) is Fresnel reflection coefficient (Williams, 2005). In or-
der to satisfy the above BC we additionally must provide the general
solution to the homogeneous RTE in the spatial frequency domain

[cos 60, + ig sin 0 cos(¢p — ¢q) + 11.]1(q,Z,8)
= :us/l(qug/)f(§ : g/) sz/? (22)

where I(q,z,8) — 0 for z - co. Next, we seek solutions in form of the
plane wave mode

1(q,z,8) = exp(—éz)zw,m( )Yim(8) exp(—imey), (23)
Im

where the orientation of the SH coincides again with the direction
of the transverse wave vector q. Therefore we obtain the following

eigenvalue problem parameterised by [=m, m+1,...,N for
m=0,1,...,N according to
Qim Qi 1,m
5 \/—l//l lm( ) mlphrl.m(q)
+ lq[bl—1.ml//l—1.1n+1 (q) - Cl+l‘ml//I+1,m+1 (q)} (24)

+iq[bram¥im-1(9) — Corm¥im1(Q)]

20+ 161lim(q) = 0,

with the quantities ;= g+ (1 - fi)is. The number of linear
equations is (N+1)(N+2)/2. Furthermore we have a, =
\/(l2 —m2, by =c_pm and ¢y = /I+m)(I+m+1)/21+1)/2. In
matrix notation the eigenvalue problem can be written as
(S+igB)|u(q)) = ¢A| u(q)), where the eigenvector components are

given by (nju(q)) for 1<n<(N+1)(N+2)/2. The corresponding
characteristic equation is

[Ta-¢&4)=o, (25)

2i>0

where /; are the eigenvalues of the matrix (S+igB) 'A. The
corresponding nontrivial solution [u(q)) #0 to the eigenvalue
&=1/J; is given by the eigenvector of B~'A to the value J;. The

expansion coefficients and the eigenvector components are related
by
Yin(q) = - 1)/2[u(q)). (26)

The homogeneous solution for the semi-infinite geometry is
now obtained as

(I+1+mN—m(m

19(83) = 3 (. 2)in(0 7). @7)
where

bnt.2) = 3 [ im0 20nla0)q 40 (28)
with

Vin(@:2) = 3 Ci0) eXD(—E2)bin(@). (29)

The general solution to the RTE (1) is now obtained via superpo-
sition of the homogenous and particular part. In order to determine
the unknown constants the BC (21) is formulated according to
Marshak’s method (Modest, 2003)

I(p,Z:O,ﬂ,(/))Y;m/(S) dzsz

J u>0 Ju>0

R(I(p,2=0,~1,$)Y ;s (8) d’s,
(30)

so that we can generate a system of (N + 1)?/4 linear equation for
finding the unknown constants C(q).

3. Verification

In this section the derived transport theory solutions are veri-
fied and illustrated by comparisons with the MC method (Kienle
and Hibst, 2006) and the DA, respectively. The corresponding solu-
tion of the diffusion equation for the line source problem can be
found in Williams (2007). We refer to the developed analytical
method for solving the RTE in the following as the spherical har-
monics method (SHM). For modeling the interactions of neutrons
within an anisotropically scattering medium we apply as an exam-
ple the Henyey- Greenstein model as probability density function
which has the explicit form

1 1-g
an 11 g —2g(5-8)]"

f(s-8)= 31
whereas in terms of rotated SH according to (4) this function is
given exactly for the coefficients f; = g. The refractive index of the
surrounding medium is assumed to be ng=1.0 in all simulations.
The occurrent integrals are evaluated by using the Gaussian
Legendre quadrature method.

We start the comparisons with the fluence in the infinitely
extended anisotropically scattering medium. Fig. 1 displays the
fluence versus radial distance to the isotropic line source computed
with Eq. (19) (solid line), the MC method (filled dots) and the DA
(dashed line). The inset shows the relative differences to the MC
method which have been calculated for both the SHM and the
DA. It can be seen that the DA shows significant differences to
the MC simulation in contrast to the SHM.

Fig. 2 shows the fluence at the depth z=1 mm in the semi-
infinite medium as function of the radial distance caused by a
isotropic line source. The result obtained from the derived solution
corresponds with the solid line whereas the filled dots display the
MC method. Again, we computed the relative differences between
the MC method, the SHM and the DA which can be seen in the inset
of Fig. 2. Similar as in Fig. 1 the DE shows systematic differences
compared to the MC especially at small distances to the source.
The relative differences between the SHM and the MC simulations

(2013), http://dx.doi.org/10.1016/j.anucene.2013.05.007
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Fig. 1. Internal fluence versus radial distance due to a isotropic line source in an
infinitely extended anisotropically scattering medium. The properties of the infinite
medium are g, =0.01 mm !, gs=5mm~! and g=0.8.

10

relative difference

o] (mm_1)

10

0 5 10 15
p (mm)

Fig. 2. Internal fluence versus radial distance in the semi-infinite medium due to a
isotropic line source which is perpendicular to the boundary. The anisotropically
scattering half-space is characterized by the parameters y,=0.01 mm~', u;=2.5
mm !, g=0.6and n=14.

can be further reduced by increasing the number of simulated
particles.

4. Conclusions and discussion

In this article we derived an analytical framework for accurate
modeling the transport of neutrons within an anisotropically
scattering semi-infinite medium including the effect of internal
reflection. To this end the line source problem was solved by
making use of integral transforms as well as under consideration
of results from our earlier publication. In the results section the
Henyey-Greenstein function was applied as scattering function,

but the derived equations can be used for an arbitrary rotationally
invariant scattering phase function.

The obtained equations were successfully verified and illus-
trated with comparisons to the MC method and the DA for the case
of the isotropic line source. However the general theory is expand-
able to more complicated source types such as the exponential
decaying line source having the same angular distribution as the
applied scattering phase function f(S - §'). Besides the direct appli-
cation of the derived equations for solving different line source
problems in radiative transfer it can also be used for validation of
standard commercial reactor physics computer codes or to esti-
mate the accuracy of the applied approximation order within the
conventional spherical harmonics method.

5. Uncited reference
Liemert and Kienle (2012).
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