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The three-dimensional radiative transfer equation is solved in the spatial frequency domain for modeling the light
propagation due to a spatially modulated light source obliquely incident on a semi-infinite uniform medium. The
dependence of the derived solution on the spatial frequencies as well as on position and direction is found
analytically. The main computational procedure arises from the determination of several constants obtained by
a system of linear equations. The obtained equations are verified and illustrated by comparisons with Monte Carlo
simulations and the diffusion approximation, respectively. © 2012 Optical Society of America
OCIS codes: 170.3660, 010.5620, 000.3860.

The spatial frequency domain (SFD) method is a power-
ful imaging technique which is based on the projection of
structured light on turbid media for noninvasive charac-
terization of the optical properties over a large field of
view [1–3]. In recent years a variety of experimental set-
ups as well as theoretical models were developed for per-
forming SFD imaging [4–7]. From a theoretical point of
view the propagation of light in random media such as
biological tissue is mainly described by the radiative
transfer equation (RTE) [8,9]. Up to now solutions to the
RTE in the SFD for relevant geometries are obtained via
discrete Fourier transformation (DFT) of spatially re-
solved Monte Carlo (MC) results [6]. Recently, Gardner
and Venugopalan introduced an MC method for solving
the RTE in the SFD avoiding the use of discrete trans-
forms [7]. However, the currently available analytical so-
lutions and approaches used within SFD imaging are
restricted to the diffusion approximation (DA) [5,6,10].
In this Letter we present an analytical radiative trans-

fer model for studying the propagation of spatially modu-
lated light obliquely projected on a semi-infinite medium.
The final results obtained in the SFD depend analytically
on the spatial frequencies enabling accurate and rapid
processing of SFD images. The main computational
procedure regarding their evaluation is the solution of
several linear equations arising from the considered
boundary condition (BC). The derived equations are ver-
ified and illustrated by comparisons of the SFD reflec-
tance and the spatial phase shift with MC simulations
and the DA, respectively.
The three-dimensional homogeneous RTE for the

specific intensity I�r; ŝ� in cartesian coordinates is given
by [11]

ŝ ·∇I�r; ŝ� � μtI�r; ŝ� � μs

Z
f �ŝ · ŝ0�I�r; ŝ0�d2s0; (1)

where μt � μa � μs is the total attenuation coefficient, μa
the absorption coefficient and μs the scattering coeffi-
cient. The unit vector ŝ specifies the direction of the wave
propagation and the phase function f �ŝ · ŝ0� describes the

probability that a particle coming from the direction ŝ0 is
scattered into the direction ŝ.

Here it is supposed that the semi-infinite medium is
bounded by the plane z � 0 with the corresponding out-
ward normal vector n̂ � −ẑ. For modeling the light pro-
pagation in the scattering half-space z ≥ 0 Eq. (1) is
solved subject to the inhomogeneous BC

I�ρ; z � 0; ŝ� � exp�ik · ρ�δ�ŝ − ŝ0�; ŝ · ẑ > 0; (2)

where k � �kx; ky� is the wave vector of spatial modula-
tion and ŝ0 describes the direction of the incident light
source I inc�ρ; ŝ�. The caused specific intensity exhibits
the same spatial modulation and takes the form

I�r; ŝ� � exp�ik · ρ�I�z; ŝ�; (3)

where I�z; ŝ� is the corresponding Fourier component.
Inserting (3) in (1) and (2) yields the RTE in the SFD

cos θ
∂I�z; ŝ�

∂z
� −�ik sin θ cos�ϕ − ϕk� � μt�I�z; ŝ�

� μs

Z
f �ŝ · ŝ0�I�z; ŝ0�d2s0 (4)

with the associated BC

I�z � 0; ŝ� � δ�ŝ − ŝ0�; ŝ · ẑ > 0: (5)

Next, seeking solutions in form of the plane-wave mode

I�z; ŝ� � eξzI�ŝ�; (6)

where ξ and I�ŝ� are the unknown eigenvalue and eigen-
function, respectively, one obtains the following eigenva-
lue problem

�ŝ ·Q� μt�I�ŝ� � μs

Z
f �ŝ · ŝ0�I�ŝ0�d2s0 (7)

with the three-dimensional vector Q � �ik1; ik2; ξ�. In
order to solve this eigenvalue problemwe take advantage
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of our recent study [12] and hence arrive at the general
solution for the Fourier component of the specific
intensity

I�z; ŝ� �
X
λi>0

Ci�k� exp�−Qi�k�z�

×
XN
l�M

Xl

m�−l

ψ lm�kλi�Ylm�ŝ� exp�−imϕk�; (8)

where Qi�k� �
����������������������
k2 � 1 ∕λ2i

q
and Ylm�ŝ� are the spherical

harmonics. Here we note that all remaining quantities
such as λi and ψ lm�kλi� as well as a detailed derivation
of the above expression are explicitly given in [12].
The unknown constants Ci�k� are to be determined from
the BC (5). This leads to the following system of linear
equations labeled by the values m0 � 0; 1;…; N − 1 and
l0 � m0 � 1;m0 � 3;…; N

X
λi>0

Ci�k�
XN
l�l̄

ψ lm0 �kλi�Rm0
l0l � RefYl0m0 �θ0;ϕ0 − ϕk�g; (9)

which was also explicitly derived in [12]. It can be seen
that the direction ŝ0 of the incident light source appears
only in the right-hand side of the matrix equation (9).
Thus, the computational cost for obliquely incident
sources is practically the same as in the case of perpen-
dicular illumination. Finally, the SFD reflectance R�k�
and the internal density Φ�k; z� as function of the spatial
frequencies k are obtained via integration of the specific
intensity [12] leading to

R�k� � cos θ0 −

������
4π
3

r XN
i�1

Ci�k�ψ10�kλi�; (10)

Φ�k; z� �
������
4π

p XN�1
2

i�1

Ci�k�ψ00�kλi� exp�−Qi�k�z�: (11)

The above derived expressions are also illustrated by
comparisons to the DA. The SFD reflectance in DA
caused by an obliquely incident modulated source with
ky � 0 and ϕ0 � 0 was developed in [5] and is given by

R�kx� �
μ0s

1� 2QD
μ0t � Q cos θ0 � ik sin θ0

�μ0t � Q cos θ0�2 � �k sin θ0�2
; (12)

where μ0t � μa � μ0s, D � 1 ∕�3μ0t� and Q �
������������������������
k2x � μa ∕D

p
.

Note that the above expression is based on the solution
of the SFD diffusion equation

D
d2Φ�z�
dz2

− �μa � Dk2�Φ�z� � −S�z� (13)

subject to the partial current BC [9] and an exponentially
decreasing source term.
The derived solution to the RTE is verified by compar-

isons with MC simulations [13]. An analog Monte Carlo
method was used applying typically 5 million photons
for each simulation. In the following the Henyey–Green-
stein phase function [9]

f �ŝ · ŝ0� � 1
4π

1 − g2

�1� g2 − 2g�ŝ · ŝ0��3 ∕2 (14)

with anisotropy parameter g � 0.9 is considered. The in-
cident light source is spatially modulated along the x
direction with kx whereas the illumination along the y
direction is assumed to be constant which entails
ky � 0. Thus, the resulting incident light source at the
interface becomes I inc�ρ; ŝ� � exp�ikx�δ�ŝ − ŝ0� with
k � kx. The MC results in the SFD are obtained via a
DFT of the spatially resolved reflectance generated by
an incident δ-function source. The spatial resolution in
the MC simulation was Δx � 0.025 mm. In all figures be-
low the derived analytical approach is denoted by solid
curves whereas the MC results and the DA are depicted
with symbols and dashed lines, respectively.

Figure 1 shows the SFD reflectance versus spatial
frequency caused by a spatially modulated light source
normally incident on the semi-infinite medium for three
different values of the scattering coefficient. It can be
seen that the reflectance obtained by the analytical solu-
tion of the RTE agrees with the MC results, whereas the
DA delivers significant differences. These differences are
mainly due to the photons which are reflected close
to the incident beam and which cannot be properly
described by the DA.

Next, the SFD reflectance caused by a perpendicular
illumination of the half-space medium is computed for
two relatively large absorption coefficients and shown in
Fig. 2. Analogously to Fig. 1, the MC simulations agree
with the analytical RTE solutions. However, due to the
relatively large absorption the relative differences of
the DA are increased.

Next, we consider a spatially modulated light source
obliquely incident on the semi-infinite medium. The polar
and azimuthal angles of incidence are assumed to be
θ0 � π ∕3 and ϕ0 � 0, respectively. The amplitude jR�k�j
of the SFD reflectance and the spatial phase shift are
shown in Fig. 3 for the absorption coefficient μa �
0.005 mm−1 and two different scattering coefficients. It
can be seen in Fig. 3 that both solutions of the RTE agree
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Fig. 1. (Color online) Reflectance versus spatial frequency
due to a modulated light source that is incident perpendicularly
on a semi-infinite medium having an absorption coefficient of
μa � 0.01 mm−1.
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well, but the DA shows significant differences especially
for the spatial phase shift.
In conclusion, we have derived an exact solution of the

RTE in the SFD which is more precise compared to the
currently available analytical methods used within SFD

imaging. To this end the RTE in the SFD was solved
for the boundary-value problem in the semi-infinite
geometry where we also considered results of our recent
publication [12]. The obtained expressions for the speci-
fic intensity, the SFD reflectance and the internal density
are given in terms of analytical functions such as the
Wigner d function enabling a rapid and accurate evalua-
tion, which is especially important for solving inverse
problems. The calculation time for one spatial frequency
k � �k;ϕk� is in the order of several milliseconds using a
MATLAB script. Numerical results for the SFD reflec-
tance were verified with MC simulations. In addition,
the results were compared to the DA.

We also note that the derived method is not restricted
to a semi-infinite geometry. It can be extended for exam-
ple to a layered radiative transport model considering,
additionally, the BCs between the interfaces of the opti-
cal different layers. In addition, the derived solutions for
the semi-infinite geometry can be applied to a pertuba-
tion approach in order to consider z-dependent scatter-
ing or absorbing inhomogeneities [9]. Further, the
obtained solutions can also be used for the calculation
of the propagation of fluorescent light.
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Fig. 2. (Color online) Reflectance versus spatial frequency
due to a modulated light source that is incident perpendicularly
on a semi-infinite medium having a scattering coefficient of
μs � 10 mm−1.
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Fig. 3. (Color online) Reflectance amplitude and spatial phase
shift versus spatial frequency caused by a modulated light
source obliquely incident on the semi-infinite medium.
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