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Analytical solution of the radiative transfer equation for infinite-space fluence
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This Brief Report presents the derivation of analytical expressions for the fluence of the steady state radiative
transfer equation in an infinitely extended and anisotropically scattering medium in arbitrary dimensions for
different source types. The fluence, which is composed of an infinite sum of diffusion-like Green’s functions,
was compared to the Monte Carlo method. Within the stochastic nature of the Monte Carlo simulations, an exact
agreement was found in the steady state and time domains. It is shown that the use of low-order approximations
is sufficient for many relevant cases.
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The radiative transfer equation (RTE) is used in many
different fields in physics such as astrophysics, climate
research, and biophotonics [1,2]. It is considered as the gold
standard for calculation of light propagation in random media,
for example, biological tissue, because it is for many cases a
valid approximation of the Maxwell equations [3,4], avoiding
the high demand for computer power needed for solving the
Maxwell equations. However, analytical solutions are known
only for the case of isotropic scattering [5–7]. Thus numerical
methods, especially Monte Carlo simulations, are applied to
solve the radiative transfer equation.

We derive analytical solutions of the radiative transfer
equation for anisotropic scattering. The derived solutions
enable a simple implementation and can be evaluated many
orders of magnitude (≈1010) faster than Monte Carlo simu-
lations. Expressions of the fluence for isotropically emitting
point, spherical-shell, and cylincrical-shell sources in infinitely
extended random media are obtained from the steady state
radiative transfer equation in all dimensions. These sources
and geometry are important, for example, for interstitial
measurements during laser therapy [8] and neutron transport
theory [9,10]. Solutions in the time domain are obtained via
Fourier transform. In both domains, the solutions are compared
with Monte Carlo simulations. The derived fluence represents
the particular solution and enables the implementation of
boundary conditions, for example, for a semi-infinite geometry
in combination with the homogeneous solution.

The planar-geometry version of the radiative transfer
equation for the radiance ψ(x,τ ) in the steady state domain is
given by [11]

τ
∂

∂x
ψ(x,τ ) + µtψ(x,τ ) = µs

∫ 1

−1
f (τ,τ ′)ψ(x,τ ′)dτ ′ + S(x)

2
,

(1)

where

f (τ,τ ′) =
∞∑

n=0

2n + 1

2
fnPn(τ )Pn(τ ′). (2)

Here µs is the scattering coefficient, µa is the absorption
coefficient, µt = µa + µs is the total interaction coefficient,
Pn are the Legendre polynomials, and τ is the cosine of the
angle between the direction of propagation and unit vector
oriented along the x axis. The expansion coefficients for an

azimuthally independent phase function are given by

fn =
∫ 1

−1
f (τ )Pn(τ )dτ . (3)

In the case of the Henyey-Greenstein function, they are
obtained by fn = gn ∀ n ∈ N0 with the anisotropy factor g.
The internal isotropic light source density is denoted as S(x).
Expanding the radiance in Legendre polynomials,

ψ(x,τ ) =
∞∑

n=0

2n + 1

2
φn(x)Pn(τ ), (4)

leads to an infinite set of ordinary differential equations for
n = 0,1, . . . ,N (N odd and N → ∞) [9]:

n + 1

2n + 1

d

dx
φn+1(x) + n

2n + 1

d

dx
φn−1(x)

+µanφn(x) = S(x)δn,0, (5)

where µan = µa + (1 − fn)µs are the absorption coefficients
of order n and φ−1 = φN+1 = 0. The solutions of this system
are the Legendre moments φn(x). The fluence corresponds
to the isotropic component of the radiance ψ(x,τ ) and is
given by the lowest order Legendre moment φ0(x). The source
distribution S(x) = δ(x) is used for obtaining the Green’s
function. In order to solve Eq. (5), we applied the plane wave
expansion for the Legendre moments

φn(x) = 1

2π

∫ ∞

−∞
φn(k)eikxdk, (6)

and, for the source distribution,

δ(x) = 1

2π

∫ ∞

−∞
eikxdk, (7)

which yields a system of N + 1 linear equations:

n + 1

2n + 1
ikφn+1(k) + n

2n + 1
ikφn−1(k) + µanφn(k) = δn,0.

(8)
In matrix notation, Eq. (8) becomes

T[φ0(k),φ1(k), . . . ,φN (k)]T = [1,0, . . . ,0]T , (9)
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with a symmetric tridiagonal system matrix

T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

µa ik 0 0 · · · 0

ik 3µa1 i2k 0 · · · ...

0 i2k
. . .

. . . · · · 0

0 0
. . .

. . .
. . . 0

... · · · · · · . . .
. . . iNk

0 · · · 0 0 iNk (2N + 1)µaN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(10)

Using Cramer’s rule,

φ0(k) = det(T0)

det(T)
, (11)

where T0 is a symmetric tridiagonal matrix obtained by
replacing the first column of T by the vector [1,0, · · · ,0]T ;
φ0(k) is derived and can be rewritten in the form

φ0(k) =
N+1

2∑
i=1

Ai

k2 + ν2
i

. (12)

The values of Ai and νi are found as follows. By setting
D0(λ) = 0 and D1(λ) = 1, the use of the recursively defined
polynomials for n = 1, . . . ,N ,

Dn+1(λ) = (2n + 1)µanDn(λ) + λn2Dn−1(λ), (13)

leads to the first polynomial P (λ):

P (λ) = DN+1(λ) =
N−1

2∑
l=0

alλ
l. (14)

For D0(λ) = 1 and D1(λ) = µa , Eq. (13) defines the second
polynomial Q(λ) as

Q(λ) = DN+1(λ) =
N+1

2∑
l=0

blλ
l. (15)

Note that the characteristic polynomial p(κ) needed for
the homogeneous solution is also given by setting p(κ) =
Q(−κ2). The polynomial equation Q(λ) = 0 gives, all in all,
(N + 1)/2 negative real-valued zeros λi . These zeros are used
for defining the values νi = √−λi . The coefficients Ai are
determined as

Ai = 1

bN+1
2

P (λi)∏ N−1
2

n=1,n�=i (λi − λn)
. (16)

The Green’s function of the one-dimensional diffusion
equation in plane wave expansion is [12]

G(x) = e−ν1|x|

2Dν1
= 1

2πD

∫ ∞

−∞

eikx

k2 + ν2
1

dk, (17)

where D = 1/(3µa1) denotes the diffusion coefficient. Thus
the fluence of the one-dimensional PN equations becomes

φ0(x) =
N+1

2∑
i=1

Ai

2

e−νi |x|

νi

. (18)

Using [13]

φ0(r) = − 1

2πr

d

dx
φ0(x)

∣∣∣∣
x=r

, (19)

the three-dimensional fluence is found from Eq. (18) as

φ0(r) =
N+1

2∑
i=1

Ai

e−νi r

4πr
. (20)

Therefore the exact solution of the radiative transfer equation
for the fluence is an infinite sum of diffusion-like Green’s func-
tions. The fluence caused by an isotropic line source is obtained
via integration of Eq. (20) over one spatial dimension as

φ0(ρ) =
∫ ∞

−∞
φ0(ρ,z)dz =

N+1
2∑

i=1

Ai

2π
K0(νiρ). (21)

The fluence for an arbitrary dimension s is obtained as

φ
(s)
0 (|x|) =

N+1
2∑

i=1

Ai

(2π )s/2

(
νi

|x|
) s

2 −1

Ks/2−1(νi |x|), (22)

where |x| =
√

x2
1 + x2

2 + · · · + x2
s and Kν(x) is the second

kind of modified Bessel function of νth order.
We derived the solutions of the RTE for an isotropic

spherical and cylindrical shell source with radii rs and ρs ,
respectively, as

φsph(r) = 1

8πrrs

N+1
2∑

i=1

Ai

νi

(e−νi |r−rs | − e−νi |r+rs |), (23)

φcyl(ρ) = 1

2π

N+1
2∑

i=1

AiI0(νiρ<)K0(νiρ>), (24)

where ρ< = min{ρ,ρs}, ρ> = max{ρ,ρs}, and I0(x) is the
modified Bessel function of the first kind.

For the time-dependent case, Eq. (5) becomes a system of
partial differential equations:(

1

c

∂

∂t
+ µan

)
φn(x,t) + n + 1

2n + 1

∂

∂x
φn+1(x,t)

+ n

2n + 1

∂

∂x
φn−1(x,t) = S(x,t)δn,0, (25)

where c is the speed of light. Solutions of this system can
be obtained using complex-valued nth-order absorption co-
efficients µan = µa + (1 − fn)µs + iω/c and by performing
the inverse Fourier transform [14,15]. In general, for many
relevant cases, approximations until order N = 7 lead to,
practically, the same results as the exact solution. For orders
N � 7, the zeros can be obtained analytically. For the case
of N = 7, the zeros of the fourth-order polynomial obtained
from Eq. (15),

λ4 + αλ3 + βλ2 + γ λ + ε = 0, (26)

where α = b3/b4, β = b2/b4, γ = b1/b4, ε = b0/b4, are
given explicitly. First, any real-valued zero of the cubic
equation

s3 − 1
2βs2 + 1

4 (αγ − 4ε)s + 1
8ε(4β − α2) − 1

8γ 2 = 0 (27)
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FIG. 1. (Color online) Steady state fluence in an infinite medium
for an isotropic point source obtained from the Monte Carlo method
(solid circles) and different orders of the analytical solution. The open
circles represent the diffusion theory; the dashed curve, the dash-
dotted curve, and the solid curve are generated by the P3, P7, and P39

equations, respectively. The optical properties are µ′
s = 1.0 mm−1,

µa = 0.1 mm−1, and g = 0.9. The inset shows the same curves for
smaller distances.

is determined. By setting

p = 1
12β2 − 1

4 (αγ − 4ε),

q = − 1
108β3 + 1

24β(αγ − 4ε) + 1
8ε(4β − α2) − 1

8γ 2, (28)

Cardano’s formula [16] leads to the root

s = 2

√
p

3
cos

(
ϕ

3

)
+ β

6
, (29)

0 1 2 3 4 5 6 7
10

−8

10
−6

10
−4

10
−2

10
0

10
2

distance (mm)

flu
en

ce
 (

m
m

−
2 )

FIG. 2. (Color online) Steady state fluence vs distance from
the isotropic point source for two different anisotropy factors. The
symbols are data points generated by the Monte Carlo method, and the
solid curves are generated by the P5 equations. The filled circles are
calculated for g = 0.9 and the open triangles for g = 0. The diffusion
theory is shown by the dash-dotted curve. The optical properties are
µ′

s = 1.0 mm−1 and µa = 1.0 mm−1.
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FIG. 3. (Color online) Steady state fluence vs distance from the
cylindrical shell source with diameter 1 mm. The optical properties
are µ′

s = 1.0 mm−1, µa = 0.01 mm−1, and g = 0.9.

where

ϕ = arccos

(
− 3q

2p

√
3

p

)
. (30)

Finally, the values

a1(2) = (α ±
√

8s + α2 − 4β)/2
(31)

b1(2) = s ± (αs − γ )(8s + α2 − 4β)−1/2

are used for solving two quadratic equations

λ2 + aiλ + bi = 0, i = 1,2 (32)

to find the four required zeros of Eq. (26).
The derived analytical solutions were compared with Monte

Carlo simulations [2], which are in the limit of an infinitely
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FIG. 4. (Color online) Time-resolved fluence calculated with the
Monte Carlo method (solid circles) and the P7 equations (solid
curves). The dash-dotted curves are obtained by diffusion theory.
The optical properties are µ′

s = 1.0 mm−1, µa = 0.01 mm−1, and
g = 0.9. The upper curves present the fluence at distance r = 3.5 mm
and the lower curves at distance r = 4.5 mm.
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large number of simulated photons, an exact solution of the
radiative transfer equation. The Henyey-Greenstein function
was used for the analytical solutions and in the Monte Carlo
simulations. Figure 1 shows the fluence versus distance from
the isotropic point source in an infinitely extended medium
obtained from the diffusion theory, the PN equations (N =
3,7,39), and the Monte Carlo method for relatively small
distances. It can be seen that the derived expressions converge
to the exact solution of the radiative transfer equation. While
the diffusion theory has large differences to Monte Carlo
simulations, we found for the P39 solution relative differences
in the range of 3 × 10−5 because of the Monte Carlo noise,
which is caused by the finite number of calculated photons
(≈4 × 109).

Figure 2 shows the steady state fluence for two different
anisotropy factors calculated with the Monte Carlo method,
the P5 solution, and the diffusion equation. The comparison
with the Monte Carlo results shows that, also, the dependence
of the fluence on the anisotropy factor is accurately described
with the derived equations. Interestingly, large differences of
the fluence are obtained for different g values because of the
relatively large absorption coefficient.

Figure 3 shows the fluence caused by a cylindrical shell
source versus the distance perpendicular to the cylinder axis.
The solution calculated with Eq. (24) (solid curve) agrees
perfectly with the corresponding Monte Carlo simulation

(solid circles), whereas diffusion theory (dashed curve) per-
forms much worse.

The time-resolved fluence for two different distances
obtained from Monte Carlo simulations and the P1 and P7

equations are shown in Fig. 4. Again, the derived equations
are in excellent agreement with the Monte Carlo simulations.
In addition, as the distances are larger compared to those
shown in Fig. 1, already, the P7 solution delivers practically
exact results. The relative difference between the P7 and P35

equations for this case are in the range of 10−7, whereas dif-
fusion theory has large differences compared to Monte Carlo
simulations.

In conclusion, we derived solutions of the radiative transfer
equation for the steady state fluence in arbitrary dimensions.
The derived solutions were compared with Monte Carlo
simulations. Within the stochastic nature of the Monte Carlo
method, an exact agreement was found in the steady state and
time domains. We note that we provide a MATLAB script for
calculation of the fluence on the Internet [17]. In many relevant
cases, low-order approximations of the derived solutions are
almost exact. For the P7 approximation, we gave analytical
formulas for the zeros; for the P5 approximation, the zeros
can be calculated from our earlier publication [18]. Future
important steps are the derivation of the radiance and the
inclusion of the exact boundary conditions for obtaining
the solution of finite geometries.
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