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Scattering of light by multiple dielectric cylinders:
comparison of radiative transfer and Maxwell

theory
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We have compared radiative transfer theory with analytical solutions of the Maxwell equations for light
scattering by multiple infinitely long parallel cylinders at perpendicular incidence. The calculated scattering
cross sections for both methods show large differences, but the angle-dependent differential scattering cross-
section results are very similar for small cylinder densities, except close to the forward direction. In contrast
to recently published results, it is shown that the radiative transfer equation is a useful approximation for
small cylinder concentrations. © 2008 Optical Society of America
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In the field of biomedical optics the radiative transfer
theory is generally used to calculate the light propa-
gation in biological tissue. The radiative transfer
theory can be derived directly from the Maxwell
theory, giving general restrictions to the applicability
[1]. Still, the task of quantitatively examining these
restrictions for special problems remains. For ex-
ample, it is not clear under what conditions radiative
transfer theory can be used for the description of the
light propagation in biological tissue. Since it disre-
gards near-field scattering and other effects owing to
the wave nature of light, numerical solutions of the
Maxwell equations have also been applied [2]. One
way of solving the radiative transfer equation is by
Monte Carlo simulations [3,4]. Recently, a compari-
son between Monte Carlo simulations and numerical
solutions of the Maxwell equations for the scattering
of light by multiple spheres was presented, indicating
large differences in the calculated scattering cross
sections [5]. These results suggest that radiative
transfer theory would not be applicable, even for
small particle densities.

In this Letter we compare Monte Carlo simulations
with analytical solutions of the Maxwell equations
for the scattering of light by multiple cylinders. In
addition to the approach presented in [5] we calcu-
lated the angle-dependent differential scattering
cross sections (i.e., unnormalized phase functions).
Considering these results, we show that the radiative
transfer theory is indeed a useful approximation to
the Maxwell equations, provided that the cylinders
are randomly distributed and their concentration is
small.

The analytical solution of the Maxwell equations
for the scattering of obliquely incident light by mul-
tiple parallel infinitely long cylinders has been de-
scribed in [6]. For the case of perpendicular incidence
the nonzero elements of the amplitude scattering ma-
trix can be calculated as
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where � is the scattering angle, k is the wavenumber,
N is the number of cylinders, �lj denotes the angle be-
tween the position vectors of the lth and jth cylin-
ders, and their distance is represented by Rlj. In gen-
eral, the second sum goes from −� to �, but
convergence of the sum is achieved at some trunca-
tion number M, which has been estimated using Eq.
(25) in [7]. The unknown expansion coefficients ajn
and bjn are related to the single-cylinder scattering
coefficients ajn
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Here H is the Hankel function of the first kind, � de-
notes the Kronecker delta, and �j comprises the
phase shift of the incident wave at the jth cylinder
relative to the reference. The differential scattering
cross section, �, the total scattering cross section,
Csca, and the anisotropy factor, g, for unpolarized
light were calculated from the amplitude-scattering-
matrix elements with [8]
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We performed a series of simulations to compare
the Maxwell solutions for the scattering of light by
multiple cylinders with results of the Monte Carlo
method. For our simulation model we used infinitely
long parallel cylinders with a diameter of d=2 	m
and a refractive index of 1.33. The cylinders were lo-
cated in an outer medium with refractive index 1.52
and placed in a region of size A=20
20 	m2. We
note that the parameters were chosen to model tu-
bules in human dentin [3]. The vacuum wavelength
of the incident light was set to �=633 nm. We per-
formed calculations for different numbers of cylin-
ders, thus varying the cylinder density, �. One pre-
requisite of the applicability of the radiative transfer
theory is the randomness of the particle distribution.
The Maxwell solution for one certain cylinder distri-
bution gives a scattering pattern affected by speckles.
For a proper comparison we averaged our Maxwell
results over multiple cylinder distributions in order
to suppress the speckles. We solved the Maxwell
equations for 100 different realizations for each cyl-
inder number. For the preparation of the random dis-
tribution we used a method where we assigned ran-
domly generated positions to the parallel cylinders,
ensuring that they were located in the considered
area and did not overlap.

The details of our Monte Carlo code for the calcu-
lation of the light propagation in scattering media
containing cylinders were presented elsewhere [3,4].
The same geometrical and optical quantities as for
the solution of the Maxwell equations were used. An
area of 20
20 	m2 containing randomly positioned
cylinders was simulated. At the border of this area
matched boundary conditions were used. The qua-
dratic area was illuminated perpendicular to a bor-
der with a line source having a length of 20 	m. The
applied phase function was calculated from the
single-cylinder Maxwell solution using the param-
eters described above. The scattering coefficient was

Fig. 1. Simulation results of the scattering cross section
for different numbers of cylinders.
calculated using
	s = NCscad/A. �7�

The differential and total scattering cross sections
were obtained scoring the remitted and transmitted
photons versus emission angle.

In Fig. 1 the scattering cross sections versus the
cylinder number for the Maxwell and the Monte
Carlo solutions are depicted. One can see a large dif-
ference between the two methods. The scattering
cross section for the Monte Carlo results for large N
converges to 20 	m, which is the illuminated cross
section. The deviation from the linear increase �N
5� is due to multiple scattering. From the Maxwell
solution for single-cylinder scattering it is known
that the scattering cross section may exceed the geo-
metrical cross section considerably and is equal to
twice the geometrical cross section for large particles
�d���.

In Fig. 2 the differential scattering cross sections
for different numbers of cylinders are shown. For
angles larger than about 10° good agreement be-
tween the results of the two distinct methods can be
seen. We note that in the Monte Carlo simulation for
a specific cylinder number there is a distribution of
the actual number of scattering events performed by
each photon. For example, for the scattering by a
single cylinder there is also a certain probability of
the occurrence of zero, two, or more scattering
events. This explains the differences between the
Maxwell and the Monte Carlo results for small num-
bers of cylinders. We calculated a corrected differen-
tial scattering cross section for one- and five-cylinder
scattering by weighting the Maxwell results accord-
ing to the distribution of cylinder numbers corre-
sponding to the Monte Carlo simulations (Fig. 2, bold
curves). Owing to dependent scattering, which is not
treated by the Monte Carlo simulations, the differ-
ences between the Maxwell and the Monte Carlo so-
lutions get larger as the cylinder density increases.
We note that a coherent backscattering peak is ob-
served for the Maxwell solutions [1].

The largest disagreement between the two meth-
ods is observed close to the forward direction. Figure
3 shows the differential scattering cross sections of
Fig. 2 in more detail for 0° to 20°. A strong forward-
scattering peak and oscillations can be seen for the
Maxwell solution that are caused mainly by two pro-
cesses. The first is coherent forward scattering [1].

Fig. 2. Differential scattering cross section versus scatter-

ing angle for different numbers of cylinders.
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The impact of this effect is reduced by multiple scat-
tering. Second, since we have a finite volume that is
illuminated by an infinite plane wave, diffraction ef-
fects occur. The diffraction pattern of a slit of 20 	m
width is sketched in Fig. 2 (gray curve). One can see
a correlation between the oscillations in the scatter-
ing patterns of the multiple cylinder and the slit so-
lutions. These two processes, coherent forward scat-
tering and diffraction by the finite volume, cannot be
accounted for by the radiative transfer theory. How-
ever, finite volume diffraction can be neglected in a
typical situation where the scattering of a light beam
by an infinite slab is calculated. Additionally, since
the width of the beam, D, is in general much larger
than the wavelength, coherent forward scattering is
concentrated in a narrow forward peak and is for D
→� indistinguishable from the unscattered light in
Monte Carlo simulations.

To do an adequate comparison, we investigated a
simple approach to neglect the coherence and diffrac-
tion effects in the calculation of the scattering cross
section for the Maxwell results. For this purpose we
replaced the differential scattering cross-section val-
ues in Eq. (5) for angles smaller than 7° by the corre-
sponding Monte Carlo results. The angle has been
somewhat arbitrarily chosen, but other reasonable
cutoff angles did not change the presented results
significantly. With these modifications we get good
agreement between the two theories for up to 60 cyl-
inders, as can be seen in Fig. 1 (squares). In addition,
we made the same modifications for the calculation of
the anisotropy factor. As can be seen in Fig. 4, the
raw anisotropy factor from the Maxwell solution dif-
fers largely from the Monte Carlo results. The modi-
fied data fit well with the Monte Carlo results for
small numbers of cylinders but have larger differ-
ences than the modified scattering cross section, es-

Fig. 3. Differential scattering cross section versus scatter-
ing angle for different numbers of cylinders in forward-
scattering direction.
pecially for high concentrations. We note that we got
similar results when we used different refractive in-
dices or different extents of the simulation area.

In summary, we showed that the main differences
between radiative transfer and Maxwell solutions
are due to coherent forward scattering and finite vol-
ume diffraction. By neglecting these effects we could
calculate modified scattering cross section and aniso-
tropy factor values that fit well with the Monte Carlo
results for small concentrations. In conclusion, con-
trary to results in literature, we found that the radia-
tive transfer theory is a good approximation to the
Maxwell equations for scattering by multiple cylin-
ders if the cylinder density is reasonably small ��
10% �. For higher concentrations the errors get
larger owing to dependent scattering. We note that
for mean tubule concentrations in human dentin of
�
12.5%, a small but systematic error is obtained
when the radiative transfer theory is applied (
2.5%
for �1−g�, which is the relevant quantity for effective
scattering).
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