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In this article, the two-dimensional radiative transport equation is considered for
the curved Dirac delta line source. In order to account this source type, Green’s
function of the radiative transport equation for the half-plane is derived in parts of
the ballistic and diffuse contribution as well as under consideration of the Fresnel
reflection at the boundary. The final results are verified with the Monte Carlo
method for different collimated beams and several curved sources such as the
elliptic and logarithmic spiral line source.

Introduction

The radiative transport equation (RTE) is the fundamental equation for describing the
propagation of waves and particles in random media. Important examples are the transport
of neutrons in reactor physics, the propagation of photons in material science, in astronomy,
or in biophotonics.[1–4] In recent time, the RTE has been solved for infinitely extended
and bounded media under consideration of commonly used source types such as directed
beams, isotropic point sources, and infinitely long straight line sources.[5–9] The more
general case of curved Dirac delta line sources has not been described analytically so far. In
general, the Dirac delta line function is often encountered in electromagnetic and biological
problems when a long and thin structure is involved. For example, a distribution of electric
charge along a curve or flexible structures such as elastic fibers can be treated as a smooth
curve.[10,11] Further applications in the acoustics field can be found in [12].

In this article, we describe the Dirac delta line function embedded in a plane where
the elliptic line is discussed in detail. In order to apply the line source formalism in
radiative transfer calculations, we afore provide an analytical half-space Green’s function
for the anisotropically scattering plane, the so-called flatland geometry. The flatland is in
principle a three-dimensional (3D) world where all objects are infinitely extended along one
direction. The corresponding physical phase space of the flatland is characterized by two
spatial and one angular variables. The derived Green’s function itself can be applied for real
two-dimensional (2D) problems, e.g. for studying the light propagation in thin films,[13]
for modeling the propagation of waves in surfaces with random impedances,[14] or for
describing wave scattering in the marginal ice zone.[15] In cases when the light beam is
incident perpendicularly to the axes of optically infinitely extended fibers, the scattered
photons remain in a plane, the flatland, so that the 2D RTE realistically models the transport
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2 A. Liemert and A. Kienle

process. An important example for this scenario is given by the carbon fiber-reinforced
materials. A formal derivation of the flatland RTE inclusive some further theoretical aspects
can be found in [16,17]. The corresponding diffusion equation with appropriate boundary
conditions (BC) is presented in [18].

In our recent study,[19] we already considered the 2D RTE where the effect of the
Fresnel reflection has not been taken into account and the final solutions are based on
inhomogeneous BC. The use of boundary sources however leads to numerical instabilities
which results in considerable limitations regarding the evaluation of the obtained equations.
Moreover, the case of an isotropic point source within a semi-infinite half-plane has also
not been discussed before. Therefore, our recent work is both extended and revised in view
of the numerical stability and the treatment of the BC. Besides direct applications of the
derived equations, a further important aspect is that it can be used for verification of other
RTE solvers such as the Monte Carlo method or the finite-volume method.[20,21] The
solution to the boundary-value problem in the bounded flatland geometry is successfully
verified with the Monte Carlo method.

Theory

Green’s function of the 2D RTE

The specific intensity or radiance G(ρ, φ) in the plane z = 0 caused by an unidirectional
light beam which radiates in direction ŝ0 = (cosφ0, sin φ0) obeys the 2D RTE

cosφ
∂G(ρ, φ)

∂x
+sin φ

∂G(ρ, φ)

∂y
+μt G(ρ, φ)=μs

∫
S1

G(ρ, φ′) f (ŝ·ŝ′)dφ′+δ(ρ)δ(φ−φ0),

(1)
whereμt = μa +μs is the total attenuation coefficient,μa the absorption coefficient,μs the
scattering coefficient, and φ0 is the azimuthal angle of the light beam relative to the x-axis.
The unit vector ŝ = (cosφ, sin φ) specifies the direction of the particle propagation and
f (ŝ · ŝ′) is the scattering phase function describing the direction of the scattered particles.

In the following Green’s function is separated into its ballistic and diffuse contribution
according to G(ρ, φ) = Gb(ρ, φ)+ I (ρ, φ). Substituting this ansatz in (1) leads to the first
RTE

cosφ
∂Gb(ρ, φ)

∂x
+ sin φ

∂Gb(ρ, φ)

∂y
+ μt Gb(ρ, φ) = δ(ρ)δ(φ − φ0), (2)

whose solution gives the ballistic component

Gb(ρ, φ) = e−μtρ

ρ
δ(φρ − φ0)δ(φ − φ0). (3)

Taking into account this component, the second RTE for the diffuse part is obtained as

cosφ
∂ I (ρ, φ)

∂x
+ sin φ

∂ I (ρ, φ)

∂y
+ μt I (ρ, φ)

= μs

∫
S1

I (ρ, φ′) f (ŝ · ŝ′)dφ′ + μs
e−μtρ

ρ
δ(φρ − φ0) f (ŝ · ŝ0), (4)

which must be solved subject to the BC defined in the angular domain ŝ · x̂ > 0

I (x = 0, y, φ) = R(φ)I (x = 0, y, π − φ). (5)
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Waves in Random and Complex Media 3

Here R(φ) = R(−φ) is the Fresnel reflection coefficient which is given by

R(φ) = 1

2

(
sin2(φ − φ′)
sin2(φ + φ′)

+ tan2(φ − φ′)
tan2(φ + φ′)

)
, |φ| < φc (6)

and R(φ) = 1 when |φ| > φc. Moreover φc = arcsin(1/n) is the value for the critical
angle of total reflection, φ′ = arcsin(n sin φ) is the angle of refraction given by Snell’s law,
and n denotes the relative refractive index. If n < 1 the critical angle becomes φc = π/2.
The RTE (4) can be translated into a system of coupled partial differential equations by
expanding all angular-dependent quantities according to

I (ρ, φ) =
N∑

m=−N

ψm(ρ)e
imφ, (7)

with ψm(ρ) = 0 ∀ |m| > N and N is the expansion order. The rotationally invariant
scattering phase function is given by the Fourier series

f (ŝ · ŝ′) = 1

2π

N∑
m=−N

f|m|eim(φ−φ′) = 1

2π
+ 1

π

N∑
m=1

fm cos[m(φ − φ′)], (8)

where the expansion coefficients are defined as

fm =
∫ 2π

0
f (cos θ) cos(mθ)dθ. (9)

The specific intensity is a real quantity and hence the spatial-dependent moments satisfy
the condition ψm(ρ) = ψ∗−m(ρ). Inserting (7) in (4) leads to the following 2N + 1 coupled
equations (

∂

∂x
− i

∂

∂y

)
ψm−1(ρ)+

(
∂

∂x
+ i

∂

∂y

)
ψm+1(ρ)+ 2σmψm(ρ)

= μs
e−μtρ

πρ
δ(φρ − φ0) f|m|e−imφ0 , (10)

where σm = μa + (1 − f|m|)μs . By performing the one-dimensional Fourier transform

ψm(ρ) = 1

2π

∫ ∞

−∞
ψm(x, k)eikydk (11)

we obtain a system of ordinary differential equations for ψm = ψm(x, k)

dψm−1

dx
+ dψm+1

dx
+ k(ψm−1 − ψm+1)+ 2σmψm = μs

π

e−
0x

cosφ0
�(x) f|m|e−imφ0 , (12)

where
0 = μt/ cosφ0 + ik tan φ0 and�(x) is the Heaviside step function. The symmetry
condition in Fourier space is ψm(x, k) = ψ∗−m(x,−k). The particular solution of the above
system can be evaluated efficiently by seeking a similar solution in the scattering domain
x > 0 according to ψ(p)m (x, k) = e−
0x Im(k). Therefore, we obtain

(k −
0)Im−1(k)− (k +
0)Im+1(k)+ 2σm Im(k) = μs

π
f|m|

e−imφ0

cosφ0
. (13)
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4 A. Liemert and A. Kienle

The general solution to the homogenous problem which vanish for x → ∞ has the form
ψ
(h)
m (x, k) = e−ξ xψm(k). In order to avoid a numerical solution of a k-dependent eigenvalue

problem (EVP), we perform the product ansatzψm(k) = amϕm . Inserting this ansatz in (12)
and setting the right-hand side equal to zero leads to

−(ξ − k)am−1ϕm−1 − (ξ + k)am+1ϕm+1 + 2σmamϕm = 0. (14)

A further condition is needed so that we can require (ξ − k)am−1 = (ξ + k)am+1. One
solution of this difference equation is given by am = [(ξ − k)/(ξ + k)]m/2. Taking into
account this solution leads to the following simplified EVP for |m| ≤ N with ϕ|m|>N = 0√

ξ2 − k2ϕm−1 +
√
ξ2 − k2ϕm+1 − 2σmϕm = 0. (15)

In matrix notation we can write (νA − S2) |ϕ〉 = 0, where S is a diagonal matrix with
elements Smm′ = √

2σmδmm′ and ν = √
ξ2 − k2. By applying the inverse S−1 having the

diagonal elements S−1
mm′ = δmm′/

√
2σm , the EVP becomes

(
S−1 AS−1

)
S |ϕ〉 = S |ϕ〉 /ν.

Thus, if λ is an eigenvalue of S−1 AS−1 corresponding with the eigenvector |u〉, one
obtains ν = 1/λ and hence ξ = √

k2 + 1/λ2. The corresponding eigenvectors are given
by |ϕ〉 = S−1 |u〉 so that the k-independent solution of (15) becomes ϕm = um/

√
2σm .

The matrix S−1 AS−1 is symmetric and tridiagonal having 2N + 1 real-valued eigenvalues
0,±λ1,±λ2, . . . ,±λN . Note that the eigenvectors |u〉 are assumed to be normalized to unity
which is required later. The complete homogenous solution is now given via superposition

ψ(h)m (x, k) =
N∑

i=1

Ci (k)ϕ
(i)
m e

−
√

k2+1/λ2
i x
[√

1 + (kλi )2 − kλi

]m
, (16)

where Ci (k) = C∗
i (−k) are the N unknown constants which are determined by using the

BC, see below. Here the homogeneous solution is completed by the N positive eigenvalues
λi > 0 because λ0 = 0 is impossible and λi < 0 leads to the same eigenfunctions as the
positive values. The resulting moments in Fourier space become ψm(x, k) = ψ

(h)
m (x, k)+

ψ
(p)
m (x, k). The unknown constants within the homogenous solution (16) in Fourier space

are determined by setting Marshak-type conditions [22]∫
ŝ·x̂>0

I (0, k, φ)e−inφdφ =
∫

ŝ·x̂>0

R(φ)I (0, k, π − φ)e−inφdφ, (17)

so that we can create a system of N linear equation for |n| = 0, 2, . . . , N − 1 in order to
find N unknown constants. By inserting the Fourier series in (17) and integrating both sides
over the semicircle ŝ · x̂ > 0, one can write

N∑
m=−N

ψm(0, k) sinc

(
m − n

2

)
= 1

π

N∑
m=−N

(−1)mψm(0, k)
∫

ŝ·x̂>0

R(φ) cos[(m + n)φ]dφ,

(18)
where sinc(x) = sin(πx)/(πx). Taking into account the symmetry relations above we
obtain the spatial-dependent moments for the specific intensity (7) as

ψm(ρ) = 1

2π

∫ ∞

0
ψm(x, k)eiky + ψ∗−m(x, k)e−ikydk. (19)
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Waves in Random and Complex Media 5

At this stage the solution becomes complete by adding the ballistic contribution (3).
In many applications, the reflectance and the internal fluence are quantities of particular

interest. By making use of the derived specific intensity, we find for the current

J(ρ) =
∫

2π

ŝG(ρ, φ)dφ = e−μtρ

ρ
δ(φρ − φ0)

(
cosφ0
sin φ0

)
+
(

Jx (ρ)

Jy(ρ)

)
, (20)

where Jx (ρ) = 2π Re[ψ1(ρ)] and Jy(ρ) = −2π Im[ψ1(ρ)]. The reflected light at the
boundary x = 0 of the scattering half-plane is given by the emergent current component
R(y) = J(0, y) · (−x̂) = −Jx (0, y), whereas the internal fluence becomes

�(ρ) =
∫

2π

G(ρ, φ)dφ = e−μtρ

ρ
δ(φρ − φ0)+ 2πψ0(ρ). (21)

At this stage, the infinite-space Green’s function in Fourier space for the isotropic point
source S(ρ, φ) = δ(ρ)/(2π) is provided which is needed in the next section. To this end,
we at first take the 2D Fourier transform ψm(x, y) 
−→ Gm(k1, k2) of system (10) which
is given by

(ik1 + k2)Gm−1(k)+ (ik1 − k2)Gm+1(k)+ 2σm Gm(k) = δm0

π
. (22)

Similar as in the case of the homogenous solution a product ansatz can be used to obtain
a simplified system which is only dependent on the length of the vector k. An appropriate
ansatz is Gm(k) = χm(k) exp(−imφk) with tan φk = k2/k1 so that the system of linear
equations becomes

ikχm−1(k)+ ikχm+1(k)+ 2σmχm(k) = δm0

π
. (23)

Taking into account the normalized eigenvectors from the homogenous solution (16), we
find the elements of Green’s function in the 2D Fourier domain according to

Gm(k) = e−imφk

π

N∑
i=1

ϕ
(i)
0 ϕ

(i)
m

λ2
i

1 + (−1)m − i
√

k2
1 + k2

2λi [1 − (−1)m]
k2

1 + k2
2 + 1/λ2

i

. (24)

Next, we have to perform the 1D inverse Fourier transform Gm(k1, k2) 
−→ Gm(x, k)
which can be carried out analytically. The result of the integration is

Gm(x, k) = 1

π

N∑
i=1

ϕ
(i)
0 ϕ

(i)
m

λ2
i

[sgn(x)
√

1 + (kλi )2 − kλi ]m e
−
√

k2+1/λ2
i |x |√

k2 + 1/λ2
i

, (25)

where sgn(x) is the signum function. Therefore, the particular solution of the 2D RTE
caused by a isotropic point source located at the origin of an infinite scattering medium
becomes in Fourier space

I (x, k, φ) =
N∑

m=−N

Gm(x, k)eimφ. (26)
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6 A. Liemert and A. Kienle

The Dirac delta line function

In this section, we describe the Dirac delta line function and integrate the obtained results
in radiative transfer calculations. The 2D Dirac delta line function associated with the curve
C can be defined as

δC (x) = 1

L

∫
C
δ(x − x(s))ds, (27)

where x(s) is an arbitrary contour in arc length parametrization and L = ∫
C ds denotes the

length of the curve. For the test function f (x), we get∫
δC (x) f (x)dx = 1

L

∫
C

f (x(s))ds. (28)

In the limit L → 0 we obtain the point source located at the starting point x0 according to

lim
L→0

δC (x) = δ(x − x0). (29)

In particular when the line source is given explicitly by a function y = f (x) defined in
x ∈ [x1, x2] Equation (27) can be alternatively written as

δC (x) = 1

L
δ(y − f (x))

√
1 + f ′(x)2. (30)

Asimilar expression can also be obtained for curves in polar form. The 2D Fourier transform
of the delta line function is given by

δC (k) = 1

L

∫
C

e−ik·x(s)ds. (31)

Let g(x) be Green’s function in two dimensions then the response f (x) to an arbitrary
curved line source becomes

f (x) = 1

L

∫
C

g(x − x(s))ds. (32)

In the following, we consider as an example an elliptic Dirac delta curve centered at the
spatial point (x0, 0) with semi-major axis a and semi-minor axis b. The elliptic delta curve
in parameter form is given by x(t) = (x0 +a cos t, b sin t), where it is assumed that x0 ≥ a.
The last restriction ensures that the elliptic curve is located completely in the half-plane
x ≥ 0. Figure 1 shows the elliptic line source located in the scattering half-plane for the
values x0 = 2 mm, a = 1 mm and b = 6 mm.

For the further proceeding relation (32) is considered in the transformed space (x, y) 
−→
(x, k) which results in

f (x, k) = 1

L

∫
C

g(x − x(s), k)e−iky(s)ds. (33)

Here we intentionally take the test function g(x, k) = e−ξ |x | which is in view of the
variable x strongly related to the derived elements (25) of Green’s function. We evaluate
the response along the boundary x = 0 so that the obtained result can be directly applied
e.g. for evaluation of the reflectance caused by an elliptic line source.

The response at the boundary is given by

f (0, k) = e−ξ x0

L

∫ 2π

0
e−ξa cos t e−ikb sin t |ẋ(t)|dt, (34)
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Waves in Random and Complex Media 7
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Figure 1. (Color online) Elliptic delta line source located in the scattering half-plane.

where |ẋ(t)| =
√

a2 sin2 t + b2 cos2 t . In order to evaluate the above integral, we set

|ẋ(t)| = 1

2π

∞∑
m=−∞

Ame−imt , (35)

where the coefficients are

Am =
∫ 2π

0
|ẋ(t)|eimt dt. (36)

Due to the given symmetry of the integrand the coefficients satisfy A−m = Am and vanish
when m is an odd number. The length L of the ellipse corresponds with the value A0. For
the further procedure we have to evaluate the following integral

1

2π

∫ 2π

0
e−ξa cos t e−ikb sin t e−imt dt = 1

π

∫ π

0
e−ξa cos t cos(kb sin t + mt)dt . (37)

By introducing ‘formally’ hyperbola coordinates according to

aξ = R cosh ϕ, (38)

bk = R sinh ϕ, (39)

the integral can be written as

1

2π

∫ 2π

0
e−R cos(t−iϕ)e−imt dt, (40)

for all R, ϕ ∈ C and evaluated analytically by taking into account the Laurent series

f (z) = e
w
2 (z+1/z) =

∞∑
m=−∞

Im(w)z
m, (41)

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ita
et

 U
L

M
 -

 K
iz

],
 [

A
nd

re
 L

ie
m

er
t]

 a
t 2

2:
38

 0
5 

N
ov

em
be

r 
20

13
 



8 A. Liemert and A. Kienle

wherew, z ∈ C, |z| > 0 and Im(w) is the modified Bessel function. The result of integration
is

1

2π

∫ 2π

0
e−R cos(t−iϕ)e−imt dt = (−1)memϕ Im(R), (42)

where R = √
(aξ)2 − (bk)2 and ϕ = ln[R/(aξ − bk)]. The response of the test function

to the elliptic delta source evaluated at the boundary becomes in the 1D Fourier space

f (0, k) = e−ξ x0 I0(R)+ e−ξ x0
2

A0

∞∑
m=1

A2m cosh(2mϕ)I2m(R). (43)

In addition, by setting ξ = −ik1, k = k2, and x0 = 0, we obtain directly the 2D Fourier
transform of the elliptic line source centered at the origin according to

δC (k) = J0(R)+ 2

A0

∞∑
m=1

A2m cos(2mϕ)J2m(R), (44)

where R = √
(ak1)2 + (bk2)2, tan ϕ = bk2/(ak1) and Jm(x) is the Bessel function of the

first kind. In the special case of a circle with radius ρ0 Equations (43) and (44) simplify to
f (0, k) = e−ξ x0 I0(ρ0

√
ξ2 − k2) and δC (k) = J0(ρ0|k|), respectively. Note that the result

for an ellipse which is centered at the point (x0, y0) with y0 
= 0 can be directly obtained
by multiplying the right-hand side of Equation (43) with e−iky0 .

Verification

In this section, the derived equations are verified and illustrated by comparisons with the
Monte Carlo (MC) method. In the figures shown below the absorption coefficient and
the reduced scattering coefficient of the semi-infinite medium are assumed to be μa =
0.01 mm−1 and μ′

s = (1 − g)μs = 1.0 mm−1, respectively. Furthermore, as an example
we consider the Henyey–Greenstein (HG) scattering phase function for 2D media [23]

f (ŝ · ŝ′) = 1

2π

1 − g2

1 + g2 − 2g(ŝ · ŝ′)
= 1

2π

∞∑
m=−∞

g|m|eim(φ−φ′). (45)

We start with the verification of the derived half-space Green’s function of the
2D RTE by comparisons with the MC method. For the first comparison, we consider the
case of perpendicular incident light beams assuming different spatial intensity distribu-
tions namely the Gaussian distribution (G), the uniform distribution (U) and the logistic
distribution (L) which are given by

SG(y) = 1√
2πη

e
− y2

2η2 , (46)

SU (y) = 1

2η
rect

y

2η
, (47)

SL(y) = 1

η

e−y/η

(1 + e−y/η)2
, (48)

where rect(x) = �(x + 1/2)−�(x − 1/2) is the rectangular function and η denotes the
radius of the beams. The corresponding characteristic functions in Fourier space are given
by
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Waves in Random and Complex Media 9

SG(k) = e−η2k2/2, (49)

SU (k) = sin(ηk)

ηk
, (50)

SL(k) = πηk

sinh(πηk)
. (51)

Due to the convolution theorem we have to multiply the right-hand side of (17) with the
above characteristic functions. Figure 2 displays the spatially-resolved reflectance caused by
the above light beams. The derived solution (solid lines) coincidences with the reflectance
obtained from the MC simulation (noisy curve).

For the next comparison, we consider an obliquely incident Gaussian beam with a radius
ηi = 0.1 mm and the angle of incidence φi = 60◦ for both matched and mismatched BC.
Note that in the case of refractive index mismatch at the boundary Snell’s law leads to the
angle of propagation φ0 = arcsin(1/n sin φi ) ≈ 38.21◦ and the beam radius projected onto
the boundary becomes η = ηi/ cosφi = 0.2 mm. In Figure 3, the solid lines correspond
with the derived analytical solution whereas the noisy curves are the result obtained from
the MC simulation. Both method are in agreement for matched and mismatched BC.

Next, we consider the case of an elliptic Dirac delta line source centered at the spatial
point (x0, y0) = (2 mm, 0 mm) having a semi-major axis a = 1 mm in x-direction and
different semi-minor axes b in y-direction, see for example Figure 1. Figure 4 shows the
reflectance caused by the elliptic line source for both the derived analytical solution (solid
lines) as well as for the MC simulation (noisy curves).

A sinusoidally Dirac delta line source given by the equation x(y) = x0 − a sin(by) is
considered in the strip |y| ≤ π/b. Figure 5 shows for illustration the line source for the
geometrical parameters x0 = 2 mm, a = 1.8 mm and b = 0.5.

The resulting reflected light from the boundary is computed via the derived Green’s
function as well as the MC method and the results are depicted in Figure 6. For illustration,
we additionally included the case a = 0 when the sinusoidally line source becomes the finite
length straight line source δC (x) = δ(x − 2) rect[y/(4π)]/(4π). The analytical solution is
given by the solid lines whereas the noisy curves are the result of the MC simulation.

0 0.5 1 1.5 2

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

y (mm)

R
 (m

m
−1

)

U

G

L

Figure 2. (Color online) Spatially-resolved reflectance as function of y for perpendicularly incident
light beams with different spatial intensity distributions, where η = 0.5 mm. The anisotropy factor
of the HG phase function is g = 0.2. The relative refractive index is n = 1.4.
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−5 −4 −3 −2 −1 0 1 2 3 4 5

10−1

10−2

y (mm)

R
 (m

m
−1

)

n = 1.0

n = 1.4

Figure 3. (Color online) Spatially-resolved reflectance as function of y for an obliquely incident
Gaussian beam with radius ηi = 0.1 mm. The anisotropy factor of the HG phase function is g = 0.8.
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b = 6 mm

b = 3 mm

Figure 4. (Color online) Spatially-resolved reflectance as function of y due to different elliptic Dirac
delta line sources. The anisotropy factor of the HG phase function is g = 0.8 and the relative refractive
index is n = 1.4.

Finally, we consider the logarithmic spiral line source in the parameter form

x(t) = x0 − aebt sin t, (52)

y(t) = y0 + aebt cos t, (53)

where 0 ≤ t < 2π . Figure 7 shows the corresponding line source for the geometrical
parameters x0 = 2 mm, a = 1 mm, and b = ln(6)/(2π) ≈ 0.2852.

Figure 8 displays the resulting reflectance from the boundary of the half-plane caused
by two different line sources. The figure contains both the analytical solution and the result
of the MC simulation which is indicated by the circles.

We note that the transformation of the uniformly distributed random numbers
 ∈ [0, 1)
in the MC simulation leads in the case of the ellipse and the sinusoidally line source to an
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sinusoidally line source

boundary x = 0

Figure 5. (Color online) Sinusoidally Dirac delta line source located in the scattering half-plane.
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Figure 6. (Color online) Spatially-resolved reflectance as function of y for a sinusoidally Dirac delta
line source. The anisotropy factor of the HG phase function and the relative refractive index are
g = 0.8 and n = 1.0, respectively.

elliptic integral which must be inverted numerically. For the logarithmic spiral line source,
this inversion can be carried out analytically so that the relation between the generated
random number 
 and the curve parameter t is given by t (
) = ln[1 + (e2πb − 1)
]/b.

Discussion

In this article, the 2D RTE was solved for modeling the photon transport in the anisotropically
scattering half-plane where the effect of Fresnel reflection at the boundary has also been
taken into account. At the beginning, the half-space Green’s function was derived in parts
of the ballistic and diffuse contribution for the anisotropically scattering medium in the
most probably maximal possible analytical form. Thus, it can be evaluated rapidly and
accurately. Based on these results, we described analytically the photon propagation caused
by arbitrary curved Dirac line sources where the elliptic curve was discussed in detail.
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 logarithmic spiral
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boundary x = 0

Figure 7. (Color online) Logarithmic spiral line source located in the scattering half-plane.
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Figure 8. (Color online) Spatially-resolved reflectance as function of y for two different logarithmic
spiral line sources. The geometrical parameters of the curves are a = 1 mm, b1 = ln(6)/(2π) ≈
0.2852 and b2 = ln(2)/(2π) ≈ 0.1103. The anisotropy factor of the HG phase function and the
relative refractive index are g = 0.8 and n = 1.0, respectively.

The derived equations were successfully verified by comparisons with MC simulations
showing, within the stochastic nature of the simulations, a good agreement. In the results
section the Henyey–Greenstein function was applied as scattering phase function, but
the derived equations can be used for an arbitrary rotationally invariant scattering phase
function. We additionally note that although in this study we considered a curve embedded
in a plane, the line source formalism can be directly extended to the 3D medium by changing
the parametrization of the curve. The derived formulae can be applied for studying radiative
transfer in anisotropically scattering half-planes, where external and internal sources can be
considered. In addition, an important aspect is that it can be used for verification of results
obtained by numerical methods for solving the RTE and/or to estimate the accuracy and the
convergence of the applied approximation order.
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14 A. Liemert and A. Kienle

Appendix: Transformation of Cartesian to elliptic coordinates
This appendix contains as an adjunct the formulae for transforming Cartesian into elliptic coordinates.
The elliptic coordinate are related to the Cartesian by

x = f cosh ξ cos η (54)

y = f sinh ξ sin η, (55)

where ξ ≥ 0, η ∈ [0, 2π) and f > 0 is an arbitrary real number. For a given point (x, y), the
corresponding coordinates (ξ, η) can be found by considering for w = ξ + iη the real and imaginary
parts of the function

f (w) = coshw = cosh ξ cos η + i sinh ξ sin η, (56)

which are equal to (x + iy)/ f . Therefore, the elliptic coordinates are obtained via inversion

ξ + iη = arcosh

(
x + iy

f

)
. (57)

Setting α = (x2 + y2 + f 2)/(2 f 2) and β = x2/ f 2 and taking the principal value of the inverse
hyperbolic cosine leads to

ξ = arcosh

√
α +

√
α2 − β, (58)

η =
{

arccos[x/( f coshξ)] y ≥ 0
−arccos[x/( f coshξ)] y < 0. (59)

In addition, the Dirac delta line source in elliptic coordinates is given by

δC (ξ, η) = 1

L

δ(ξ − ξ0)

f
√

cosh2 ξ − cos2 η

, (60)

where ξ0 = artanh(b/a).
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