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Investigation of two-layered turbid media with
time-resolved reflectance

Alwin Kienle, Thomas Glanzmann, Georges Wagnières, and Hubert van den Bergh

Light propagation in two-layered turbid media that have an infinitely thick second layer is investigated
with time-resolved reflectance. We used a solution of the diffusion equation for this geometry to show
that it is possible to derive the absorption and the reduced scattering coefficients of both layers if the
relative reflectance is measured in the time domain at two distances and if the thickness of the first layer
is known. Solutions of the diffusion equation for semi-infinite and homogeneous turbid media are also
applied to fit the reflectance from the two-layered turbid media in the time and the frequency domains.
It is found that the absorption coefficient of the second layer can be more precisely derived for matched
than for mismatched boundary conditions. In the frequency domain, its determination is further im-
proved if phase and modulation data are used instead of phase and steady-state reflectance data.
Measurements of the time-resolved reflectance were performed on solid two-layered tissue phantoms that
confirmed the theoretical results. © 1998 Optical Society of America
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1. Introduction

Many diagnostic and therapeutic applications of light
in medicine require information about the scattering
and the absorption properties of tissues. In deter-
mining these quantities, it is usually assumed that
the investigated tissue is homogeneous. In many
applications, however, this assumption is not valid.
It is thus necessary to interpret results obtained from
homogeneous models carefully or to improve the the-
oretical models.1 Because of the layered structure of
many parts of the body, the investigation of a layered
tissue model is especially promising. Potential ap-
plications of a layered model are, for example, optical
noninvasive glucose monitoring,2 near-infrared spec-
troscopy to measure the hemoglobin content or the
hemoglobin saturation in the brain or in muscles of
the extremities,3–5 or noninvasive determination of

hotosensitizer uptake in tissue.6 Solutions for a
semi-infinite and homogeneous turbid medium can
be readily found in the steady-state, frequency, and
time domains7–9 by use of the diffusion approxima-
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tion to the transport equation. Layered turbid me-
dia have been investigated with different
mathematical approaches. Several researchers
have derived solutions of the diffusion equation for
this geometry.11–13 A random-walk model for the
calculation of the photon migration in layered media
has also been developed.14,15 Monte Carlo simula-
tions were applied to solve the more exact transport
equation for layered media,16,17 but determining the
optical coefficients with this approach is time con-
suming if used in a nonlinear regression algorithm.18

We recently solved the diffusion equation by using
the Fourier-transform approach for a two-layered
turbid medium that has a semi-infinite second lay-
er.19 Unlike Dayan et al.,13 who introduced approx-
imations to obtain relatively simple expressions for
the reflectance, we avoided any approximation by cal-
culating the reflectance by using numerical integra-
tion. Moreover, the zero boundary condition was
replaced by the more accurate extrapolated boundary
condition. It was found that these results are close
to those obtained from Monte Carlo simulations in
the steady-state, frequency, and time domains. We
also showed that it is possible to derive the absorption
and the reduced scattering coefficients of both layers
from steady-state-domain and frequency-domain re-
flectance if the thickness of the first layer is known.
In the frequency domain, for example, it was found
that performing relative measurements of the phase
and the steady-state reflectance at three distances
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from the illumination point was sufficient to obtain
useful estimates of the optical properties.

In this study we investigate the possibility of de-
riving the optical properties of the two layers from
reflectance measurements in the time domain by fit-
ting the solutions of the two-layered diffusion equa-
tion to results obtained from this solution or from
two-layered Monte Carlo simulations and to experi-
mental data. Solutions of the diffusion equation for
a semi-infinite and homogeneous medium in the time
and the frequency domains were also used to fit the
theoretical and the experimental two-layered reflec-
tance data in order to investigate the conditions un-
der which these solutions can be applied to obtain the
optical coefficients of the second layer. Time-
domain measurements were performed on two-
layered solid tissue phantoms, with a mode-locked
Nd:YLF laser as source and a streak camera as de-
tector. We concentrated on determining the absorp-
tion coefficient of the second layer, because this
quantity is especially relevant in several applications
such as the determination of the hemodynamics in
the brain or in muscles. In order to be able to com-
pare the theoretical and the experimental results, we
chose the optical properties of the two-layered turbid
media in the theoretical investigations in accordance
with those determined from the measurements on
the tissue phantoms.

2. Theory

A. Diffusion Equation

In this section we present solutions of the diffusion
equation for two-layered ~Subsection 2.A.1! and for
homogeneous, semi-infinite turbid media ~Subsection
2.A.2! in the frequency and the time domains that are
used in Sections 4 and 5 for the determination of the
optical properties of two-layered turbid media. The
origin of the coordinate system is the point where the
beam enters the turbid medium. The z coordinate
has the same direction as the incident beam. The x
and the y coordinates lie on the surface of the turbid
sample and r 5 ~x2 1 y2!1y2. It is assumed that an
infinitely thin beam is incident upon the turbid me-
dium and that the beam is scattered isotropically at a
depth of z 5 z0 5 1y~m9s 1 ma!, where m9s and ma are the
educed scattering and the absorption coefficients,
espectively, of the turbid medium ~first layer of the

two-layered medium!. For all solutions the extrap-
olated boundary condition is used.8
1. Two-Layered Media
Recently we solved the diffusion equation for two-
layered turbid media that have a first-layer thickness
l and an infinitely thick second layer by using the
Fourier-transform approach.19 In order to obtain the
time-domain reflectance, we first derived the solutions
in the frequency domain. It was assumed that the
refractive indices n of the first and the second layer
were the same ~n1 5 n2! and that the source was si-
nusoidally modulated at frequency f 5 vy~2p!. For
the fluence rate in layer i, Fi~r, z, v! we obtained19

Fi~r, z, v! 5
exp~ jvt!

2p *
0

`

fi~z, v, s!sJ0~sr!ds, (1)

here J0 is the zeroth-order Bessel function and f1~z,
v, s! is given by
where we assumed that l . z0, and for f2~z! we got

f2~z! 5
sinh@a1~zb 1 z0!#exp@a2~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
.

(4)

Di 5 1y3~mai 1 m9si! is the diffusion coefficient; ~Re-
cently it was found20–22 that it is more exact to use Di
5 1y3m9si. However, this is not relevant in this study
because m9si .. mai.!; m9si and mai are the reduced scat-
tering and the absorption coefficients of layer i, re-
spectively; and ai

2 5 ~Dis
2 1 mai 1 jvyc!yDi. The

velocity of light in the medium is c and j 5 =21.
The extrapolated boundary is located at z 5 2zb,
where

zb 5
1 1 Reff

1 2 Reff
2D1. (5)

Reff represents the fraction of photons that are inter-
nally diffusely reflected at the boundary. Reff equals
0.493 for a refractive index of no 5 1 outside and of
ni 5 1.4 inside the turbid medium.8 According to
the experimental situation, the matched boundary
condition ~no 5 ni! is mainly used in this paper,
where we have Reff 5 0.

The integration in Eq. ~1! is performed numerically
by application of Gauss’s formula. The frequency-
f1~z, v, s! 5
sinh@a1~zb 1 z0!#

D1a1

D1a1 cosh@a1~l 2 z!# 1 D2a2 sinh@a1~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
2

sinh@a1~z0 2 z!#

D1a1
, 0 # z , z0; (2)

1~z, v, s! 5
sinh@a1~zb 1 z0!#

D1a1

D1a1 cosh@a1~l 2 z!# 1 D2a2 sinh@a1~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
, z0 , z , l, (3)
1 October 1998 y Vol. 37, No. 28 y APPLIED OPTICS 6853
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domain reflectance R~r, v! is calculated as the inte-
gral of the radiance over the backward hemisphere8:

R~r, v! 5 *
2p

dV@1 2 Rfres~u9!#
1

4p FF1~r, z 5 0, v!

1 3D1

]

]z
F1~r, z, v!uz50 cos u9Gcos u9, (6)

here Rfres~u9! is the Fresnel reflection coefficient for
a photon with an incidence angle u9 relative to the
normal to the boundary. For ni 5 1.4 and no 5 1,
Eq. ~6! gives9

R~r, v! 5 0.118F1~r, z 5 0, v!

1 0.306D1

]

]z
F1~r, z,v!uz50, (7)

and for the matched boundary condition we get

R~r,v! 5
1
4

F1~r, z 5 0, v! 1
1
2

D1

]

]z
F1~r, z, v!uz50.

(8)

The phase angle u between the source and the de-
tected signal and the modulation M is given by

u 5 tan21 Im@R~r, v!#

Re@R~r, v!#
, (9)

M 5 H@Im R~r, v!#2 1 @Re R~r, v!#2

@R~r, v 5 0!#2 J1y2

. (10)

The steady-state reflectance R~r! is calculated with
Eq. ~8! @Eq. ~7!#:

R~r! 5 R~r, v 5 0!. (11)

The time-domain reflectance R~r, t! is obtained by
calculation of the real and the imaginary parts of the
reflectance in the frequency domain R~r, v! at many
frequencies and by fast Fourier transforms of these
data.19

2. Semi-Infinite and Homogeneous Media
The fluence rate for semi-infinite and homogeneous
turbid media in the frequency domain is8

F~r, z, v! 5
exp~ jvt!

4pD Sexp$2k@~z 2 z0!
2 1 r2#1y2%

@~z 2 z0!
2 1 r2#1y2

2
exp$2k@~z 1 z0 1 2zb!

2 1 r2#1y2%

@~z 1 z0 1 2zb!
2 1 r2#1y2 D , (12)

here k 5 @~mac 1 iv!yDc#1y2. We calculate the re-
flectance by inserting Eq. ~12! into Eq. ~7! or Eq. ~8!
nd the phase, modulation, and steady-state reflec-
ance are obtained with Eqs. ~9!, ~10!, and ~11!, re-
pectively.
854 APPLIED OPTICS y Vol. 37, No. 28 y 1 October 1998
The time-domain fluence rate is given by

F~r, z, t! 5
c

~4pDct!3y2 exp~2mact!

3 HexpF2 ~z 2 z0!
2 1 r2

4Dct G
2 expF2 ~z 1 z0 1 2zb!

2 1 r2

4Dct GJ . (13)

e calculate the time-domain reflectance by insert-
ng Eq. ~13! into Eq. ~7! or Eq. ~8! ~where v has to be

replaced by t!.

B. Monte Carlo Simulations

In Section 4 the solutions of the diffusion equation are
fitted to reflectance data obtained from Monte Carlo
simulations. The Monte Carlo method of photon
transport in turbid media has been thoroughly de-
scribed in literature.23 The essential features of our
code are listed below. For illumination of the two-
layered tissue, a pencil beam was used. The Henyey–
Greenstein24 phase function, which has an anisotropy
factor g of 0.8, was used for calculation of the scattering
angle. A refractive index of 1.4 was applied to both
layers and to the surrounding medium ~matched
oundary condition!. The Monte Carlo simulations

were performed in the time domain. The fast Fourier
transform was used to obtain the steady-state reflec-
tance, the phase, and the modulation. R~r, t!, for dif-
ferent absorption coefficients in the second layer, was
obtained from one simulation by the scoring of the
lengths of the photon paths in the second layer and
application of Beer’s law.25,26

C. Nonlinear Regression

A combination of the gradient search method and the
method of linearizing the fitting function27 was imple-
mented for the nonlinear regression. The logarithm
of the reflectance was fitted for the investigations in
the time domain. The time range for the nonlinear
regression of R~r, t! was chosen as follows: the start
ime was variable and the end time was Rmaxy1000,

where Rmax is the maximum value of the reflectance
curve. The end time was reduced if the Monte Carlo
simulations or the experiments showed large statisti-
cal noise in this time range. Relative phase values
~the phase difference determined at adjacent distanc-
es! and relative steady-state reflectance or modulation
values ~the ratio determined at adjacent distances!
were used for the investigations in the frequency do-
main. For all data points, equal weights were applied
in the fitting procedure.

3. Materials and Methods

In Section 5 the solutions of the diffusion equation
are used to fit experimental results obtained from
measurements on solid phantoms in the time do-
main. 70-ps-pulses at a wavelength of l 5 528 nm,
generated from a mode-locked and frequency-doubled
Nd:YLF laser ~Antares 76-YLF, Coherent, Palo Alto,
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Calif.!, were incident upon the surface of the phan-
oms by an optical fiber with a 600-mm core diameter.
he same type of fiber collected the scattered light at
istances between r 5 14 and 25 mm from the source.

black cylindrical probe was manufactured and
laced onto the phantom. Holes were drilled into
he probe to hold the detection and the source fibers
n contact with the surface of the phantom and at a
recise distance from each other. The black probe
lso served as a photon sink. The detector was a
treak camera ~C4334, Hamamatsu, Hamamatsu
ity, Japan! with a maximum temporal resolution of
5 ps, coupled to a spectrograph. The detector part
as described in detail in Ref. 28. It can be used in

he analog mode and in the photon-counting mode.
he analog mode of the streak camera was applied for
he experiments presented here because it is faster,
nd, furthermore, both modes were found to be
qually accurate in determining the optical coeffi-
ients from experiments.

To determine the optical properties in the time
omain with nonlinear regressions, we considered
he duration of the incident laser pulse by convolving
he measured laser pulse with the theoretical solu-
ions for the time-resolved reflectance ~which were
erived for a delta pulse!. For this purpose, the la-
er pulse was measured with the streak camera be-
ore each experiment on the phantoms. We did this
y replacing the phantom with a black sheet of alu-
inium that was positioned several centimeters be-

ow the fibers and by measuring the reflected pulse.
e were able to determine the time when the pulse left

he source fiber by knowledge of the distance between
he fibers and the sheet. The zero time of the reflec-
ance measurements on the phantoms could thus be
btained from these measurements. This procedure
equires a stable laser source with a small jitter.

The time-resolved reflectance measurements were
ade on two-layered solid tissue phantoms.19,29

The basic medium was two-component transparent
silicone, which cures at room temperature. Before
the base and the catalyst were mixed, the scattering
and the absorbing particles were added. Polysty-
rene spheres with a 2.5-mm diameter and graphite
powder were used as scattering and absorbing mate-
rial. Two two-layered phantoms were manufac-
tured, one consisting of a 2-mm-thick first layer
~phantom 1! and the other of a 6-mm-thick first layer
~phantom 2!. The first layer of phantom 1 ~phantom
2! was made from the same material as that of the
second layer of phantom 2 ~phantom 1!. Thus mea-
surements on the side of the second layer of the two
phantoms allowed us to derive the optical properties
of the layers separately. The solution of the diffu-
sion equation for a semi-infinite medium could be
applied in these measurements, because the first
layer does not influence the light propagation. The
lateral dimensions of the smaller phantom were
9 cm 3 9 cm and the height was 6 cm, which elimi-
nated any influence from the lateral boundaries.
Below we considered mainly the phantom with a
thickness of 6 mm because it is more difficult to ob-
tain the optical properties of the second layer when
the first-layer thickness is great.

The black probe that served as a holding device for
the fibers was made of polyoxymethylene, which has a
refractive index of no 5 1.48. The refractive index of
the tissue phantoms is close to ni 5 1.4.29,30 The frac-
tion of photons that are internally reflected is low for
this boundary condition ~Reff 5 0.010! because of the
bsence of total internal reflection. For the measure-
ents, the matched boundary condition is assumed

the polyoxymethylene probe stuck to the phantoms so
hat no air layer was formed between them!, because it

was found that this approximation causes errors of less
than 1% in determining the optical properties.

4. Determination of the Optical Properties from
Nonlinear Regression to Solutions of the Diffusion
Equation or to Monte Carlo Simulations

In this section we present the optical properties ob-
tained from nonlinear regressions of the solution of
the diffusion equation for a two-layered turbid me-
dium and of the semi-infinite and homogeneous so-
lutions to results calculated with the two-layered
diffusion equation or with two-layered Monte Carlo
simulations. Unless otherwise stated, the matched
boundary condition was used. For the investigated
two-layered turbid media, the reduced scattering co-
efficients of the first and the second layers and the
absorption coefficient of the first layer were chosen
according to those of phantom 2. The absorption
coefficient of the second layer was varied to simulate
measurements of the hemodynamics, for example, in
the brain or in muscles.

To demonstrate the influence of the two layers on
the time-resolved reflectance, Fig. 1 shows R~r, t!
from a two-layered medium @Rt~r, t!, solid curve# and
he reflectance from two semi-infinite and homoge-
eous turbid media that have the same optical prop-
rties as the first layer @R1~r, t!, short-dashed curve#

and the second layer @R2~r, t!, long-dashed curve! of
the two-layered turbid medium. These curves were
calculated with the corresponding solutions of the
diffusion equation presented in Subsection 2.A.
~For the optical coefficients and the thickness of the
first layer we used the values of phantom 2.! For
comparison the Monte Carlo simulation for the two-
layered medium ~open circles! is also shown. It can
be seen that Rt~r, t! is almost identical to R1~r, t! until
t ' 250 ps, indicating that the photons propagated
predominantly in the first layer. For longer times,
Rt~r, t! is located between R1~r, t! and R2~r, t!. Fi-
nally, Rt~r, t! approaches a similar slope as R2~r, t!.
This means that these late-arriving photons propa-
gated mostly in the second layer. Therefore it is
possible, in several cases, to determine the absorption
coefficient of the second layer by using a semi-infinite
and homogeneous model.16 The reflectance calcu-
lated with the Monte Carlo method is close to Rt~r, t!
for times greater than t ' 200 ps. For earlier times
the differences are caused by the failure of the diffu-
sion approximation.
1 October 1998 y Vol. 37, No. 28 y APPLIED OPTICS 6855
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A. Nonlinear Regressions by Use of Solutions of the
Two-Layered Diffusion Equation

In this subsection we investigate what information can
be obtained from measurements of the reflectance
from a two-layered medium in the time domain if no
approximations in the theoretical model are made.
For this purpose, we used the solution of the two-
layered diffusion equation in the time domain pre-
sented in Subsection 2.A.1 for nonlinear regression to
data that were calculated with the same solution. It
was assumed that the time-resolved reflectance was
measured at two distances from the source.

We first examined the possibility of determining the
absorption and the reduced scattering coefficients of
the two layers and the thickness of the first layer. For
this purpose absolute time-resolved reflectance data at
two distances were used. It was found that these five
parameters can, in principle, be determined, but the
convergence of the nonlinear regression is slow and, in
addition, the start parameters must be close to the real
ones. We note that similar results were obtained
from investigations in the steady-state and the fre-
quency domains.19,31 Thus we assume below that the
thickness of the first layer is known.

Next we investigated the possibility of deriving the
optical coefficients with relative time-resolved reflec-
tance measurements at two distances. This means
that six parameters, the absorption and the reduced
scattering coefficients of the two layers and a multipli-
cative constant for the time-resolved reflectance at
each distance, were fitted. It was found by nonlinear
regressions to data calculated with the diffusion equa-
tion that these optical parameters can be correctly ob-
tained and that the convergence is faster than in the
case in which the first layer thickness is also fitted.

For examining more realistic situations, the time-
856 APPLIED OPTICS y Vol. 37, No. 28 y 1 October 1998
domain solution of the two-layered diffusion equation
was used to fit reflectance data at two distances ob-
tained from the more exact two-layered Monte Carlo
simulations. Thus the influence of the diffusion ap-
proximation and that of statistical noise arising from
the Monte Carlo simulations could be investigated.
The number of photons used in the Monte Carlo sim-
ulations was chosen so that the statistical noise of the
time-domain reflectance was comparable with the ex-
perimental noise of the measurements with the
streak camera. Reflectance data that begin at R~r,
! 5 9y10Rmax ~before the maximum reflectance value

Rmax! were used for the nonlinear regressions. Mea-
surements of the relative time-resolved reflectance
were assumed, i.e., six parameters were fitted. Fig-
ure 2 shows the absorption coefficients of the second
layer ~m*a2! obtained from the nonlinear regressions.
Time-resolved reflectance curves at r 5 14.5 and 19.5
mm were used. The correct values of ma2 are also
depicted in the figure. Figure 2 shows that it is
possible to determine the absorption coefficients of
the second layer with errors of less than a few per-
cent. The differences between the derived and the
correct values are caused mainly by the uncertainties
in the Monte Carlo simulations. The other optical
coefficients ~not shown! have greater errors, espe-
ially the absorption coefficient of the first layer,
hich shows differences of up to 20%. This is caused
y the relatively small contribution of ma1 to the
hape of the time-domain reflectance curve.

B. Nonlinear Regressions by Use of Solutions of the
Homogeneous and Semi-Infinite Diffusion Equation

In this subsection the homogeneous and semi-infinite
solutions presented in Subsection 2.A.2 are used to fit
two-layered reflectance data calculated with the so-
Fig. 1. Time-resolved reflectance from a two-layered turbid me-
dium calculated with the diffusion equation ~solid curve! and with
Monte Carlo simulations ~open circles! are shown. The thickness
of the first layer is l 5 6 mm. The optical parameters are m9s1 5
1.28 mm21, ma1 5 0.0074 mm21, m9s2 5 0.67 mm21, and ma2 5
0.019 mm21. Also shown are R~r, t! for semi-infinite and homo-
eneous media calculated with m9s 5 1.28 mm21, ma 5
.0074 mm21 ~short-dashed curve! and m9s 5 0.67 mm21, ma 5

0.019 mm21 ~long-dashed curve!. The matched boundary condi-
tion is assumed ~ni 5 no 5 1.4!, and the distance r equals 14.5 mm.
Fig. 2. Estimated absorption coefficients ~m*a2! ~open circles! of the
second layer determined by nonlinear regressions of time-resolved
reflectance by use of the two-layered solution of the diffusion equa-
tion to Monte Carlo data are shown versus the true absorption
coefficient of the second layer used in the Monte Carlo simulations
~ma2!. The optical parameters of the Monte Carlo simulations are
m9s1 5 1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and
ma2 is varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21.

he thickness of the first layer is l 5 6 mm. The line indicates
a2. Relative time-resolved reflectance data at distances r 5 14.5
nd 19.5 mm were used in the nonlinear regression.
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lutions of the two-layered diffusion equation ~Subsec-
tion 2.A.1!. Examinations in the time domain are
followed by investigations in the frequency domain.

In the time domain, ma, m9s, and a multiplicative
onstant were fitted. Figure 3 shows the absorption
oefficients obtained from nonlinear regression of Eq.
8! @Eq. ~13!# at one distance to two-layered reflec-
ance data. Results from nonlinear regressions at
hree distances, r 5 14.5, 19.5, and 24.5 mm, are
hown. The absorption coefficient obtained from the
emi-infinite model equals that of the second layer
rom the two-layered model for ma2 5 0.01 mm21.

For larger ma2, the derived absorption coefficients are
smaller than ma2 because the number of remitted
photons that have been in the second layer decreases
when the absorption of the second layer is increased.
This behavior has already been reported by Hielscher
et al.16 Figure 3 shows that m*a is closer to ma2 if the
distance between the source and the detector is in-
creased, because of the increase in the penetration
depth of the remitted photons.

In the frequency domain, several methods exist to
determine the optical coefficients of turbid media.
For example, it is possible to use any combination of
at least two quantities of the phase, the modulation,
and the steady-state reflectance at one modulation
frequency. In addition, the phase or the modulation
at different modulation frequencies can also be
used.32 In general, all methods result in different
optical properties when applied to two-layered media.

In order to examine some of these methods quan-
titatively, we fitted the solutions of the homogeneous
and semi-infinite diffusion equation in the frequency
domain to reflectance data calculated with the two-
layered diffusion equation. A modulation frequency
of 195 MHz was used for these investigations. Fig-
ure 4 shows the absorption coefficients obtained for
the same turbid two-layered media that were de-
scribed in Fig. 3. The phase difference and the
steady-state reflectance ratio ~filled circles! as well as
he phase difference and the modulation ratio ~open
ircles! between r 5 14.5 mm and r 5 24.5 mm were
sed in the nonlinear regression. Relative values of
he phase, modulation, and steady-state reflectance
t two distances were applied because the determi-
ation of the optical coefficients from absolute quan-
ities at one distance is not always unique.33 Figure

4 shows that the absorption coefficients obtained
from the two methods are considerably different.
Whereas m*a determined from the phase difference
and the steady-state reflectance ratio is much lower
than ma2, the absorption coefficients derived from the
phase difference and the modulation ratio have er-
rors of less than 15%. Comparing Fig. 3 with Fig. 4,
we can see that the absorption coefficients obtained
from the time-domain investigations are between
those that have been obtained in the frequency do-
main. Similar investigations of two-layered media
that have other optical properties and thicknesses of
the first layer have been performed. In general, the
same behavior as described above was observed for
all investigated media.

Figure 4 also shows m*a derived from the same tur-
bid media by use of modulation and phase data, but
now the mismatched boundary condition is used ~no
5 1.0, ni 5 1.4! ~crosses!. When the results are
ompared with the corresponding matched data
Fig. 3. Estimated absorption coefficients ~m*a! determined by non-
inear regressions of time-resolved reflectance with the homoge-
eous solution of the diffusion equation to two-layered data are
hown versus the true absorption coefficient of the second layer
ma2!. The optical parameters of the two-layered medium are m9s1

5 1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2

is varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
thickness of the first layer is l 5 6 mm. The line indicates ma2.
Results for time-resolved reflectance data at distances r 5 14.5
open circles!, r 5 19.5 ~filled circles!, and r 5 24.5 mm ~crosses! are

shown.
Fig. 4. Estimated absorption coefficients ~m*a! determined by non-
inear regressions of the homogeneous solution of the diffusion
quation in the frequency domain to two-layered data are shown
ersus the true absorption coefficient of the second layer ~ma2!.

The optical parameters of the two-layered medium are m9s1 5
1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2 is
varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
hickness of the first layer is l 5 6 mm. The line indicates ma2.

Results from nonlinear regression by phase and steady-state re-
flectance ~filled circles! and phase and modulation data ~open cir-
cles! are depicted. The matched boundary condition is used ~no 5
ni 5 1.4!. Also shown are m*a determined from the same two-
layered media by use of modulation and phase data, but the mis-
matched boundary condition ~no 5 1.0, ni 5 1.4! is applied
~crosses!. Relative data between r 5 14.5 and 24.5 mm are used
in the nonlinear regression.
1 October 1998 y Vol. 37, No. 28 y APPLIED OPTICS 6857
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~open circles!, it can be stated that m*a is closer to ma2
for the matched than for the mismatched boundary
condition if ma2 is large. This effect was also ob-
served for all investigated turbid media. For this
behavior to be explained, it has to be taken into con-
sideration that the penetration depth of the photons
is greater for the matched than for the mismatched
boundary condition. For demonstrating this effect,
the mean optical path length in layer i@^Li~r!&# was
calculated versus r for a two-layered medium.
Li~r!& can be obtained from the modified Beer’s law34:

^Li~r!& 5 2D@ln R~r!#yDmai, (14)

where R~r! is calculated with Eq. ~11!, with Eq. ~7! for
the mismatched and Eq. ~8! for the matched bound-
ary condition. The results for a two-layered medium
that has the same optical properties as those of phan-
tom 2 can be seen in Fig. 5. Matched ~no 5 ni 5 1.4,
dashed curves! and mismatched ~no 5 1.0, ni 5 1.4,
solid curves! boundary conditions were applied.
Figure 5 shows that, for all distances, the mean op-
tical path length of the first layer is greater for the
mismatched boundary condition than it is for the
matched boundary condition, whereas it is vice versa
for ^L2~r!&. The apparent smaller penetration depth
or the mismatched boundary condition is caused by
he total reflection of the photons that approach the
oundary from inside the turbid medium.
The reduced scattering coefficients obtained from

the nonlinear regressions that are presented in Fig. 4
for the matched boundary condition are depicted in
Fig. 6. It can be seen that, in contrast to the deter-
mination of the absorption coefficients, the reduced
scattering coefficients, obtained from the nonlinear
regression of the phase and steady-state reflectance
~solid circles!, are closer to the values of the second
ayer ~m9s2! compared with the coefficients obtained

from the phase and modulation data ~open circles!.
The reduced scattering coefficients obtained from the
858 APPLIED OPTICS y Vol. 37, No. 28 y 1 October 1998
investigation in the time domain at r 5 19.5 mm
presented in Fig. 3 are also depicted in Fig. 6. Here,
the reduced scattering coefficients are even larger
than m9s1 except for ma2 5 0.01 mm21.

It is obvious that the determination of the absorp-
tion coefficient of the second layer by use of homoge-
neous and semi-infinite models becomes problematic
when the thickness of the first layer is increased.
Figure 7 shows the absorption coefficients derived
from the same turbid media as those used for Fig. 4,
but the thickness of the first layer is increased to
10 mm. Phase difference and steady-state reflec-
tance ratio ~solid circles! and phase difference and
modulation ratio ~open circles! are used in the non-
linear regression. As expected, the obtained absorp-
tion coefficients are smaller than those presented in
Fig. 4 ~with the exception of ma2 5 0.01 mm21!, but
m*a, determined from phase and modulation data, are
still closer to ma2 than m*a, determined from phase and
steady-state reflectance data. Similar to those in
Fig. 4, the m*a determined with the matched boundary
condition are closer to ma2 than those obtained with
the mismatched boundary condition.

5. Determination of the Optical Properties from
Nonlinear Regressions to Time-Resolved
Measurements on Phantoms

Time-resolved reflectance measurements were car-
ried out on the side of the two-layered phantoms to
derive their optical coefficients. Figure 8 shows
time-resolved reflectance measurements on the side
of phantom 1 at three distances r equal to 14, 18, and
20 mm ~solid curves!. As explained in Section 3, the
emi-infinite model can be used for these measure-
Fig. 5. Mean optical path lengths in the first and the second
layers of a two-layered medium versus distance r by use of
matched ~dashed curves! and mismatched ~solid curves! boundary
conditions. The optical parameters of the two-layered medium
are m9s1 5 1.28 mm21, ma1 5 0.0074 mm21, m9s2 5 0.67 mm21, and

a2 5 0.019 mm21. The thickness of the first layer is l 5 6 mm.
Fig. 6. Estimated reduced scattering coefficients ~m9*s! determined
by nonlinear regressions of the homogeneous solution of the diffu-
sion equation in the frequency domain to two-layered data are
shown versus the true absorption coefficient of the second layer
~ma2!. The optical parameters of the two-layered medium are m9s1

5 1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2

is varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
thickness of the first layer is l 5 6 mm. The line indicates m9s2.
Results from nonlinear regression by phase and steady-state reflec-
tance ~solid circles! and phase and modulation data ~open circles! are
shown. Relative data between r 5 14.5 and 24.5 mm are used.
Also shown is m9*s obtained from nonlinear regressions in the time
omain at r 5 19.5 mm. The matched boundary condition is used.
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ments. Thus Eq. ~8!, with Eq. ~13!, was applied to
etermine the optical coefficients from R~r, t! at one
istance. The parameter s of the Gaussian curve
as determined by nonlinear regression to the mea-

ured pulse profile. Time-resolved measurements
ere made at several distances. For each measure-
ent the optical coefficients were determined. In

ddition, for each measurement, ma and m9s were de-
termined for different start values of the time-

Fig. 7. Estimated absorption coefficients ~m*a! determined by non-
inear regressions of the homogeneous solution of the diffusion
quation in the frequency domain to two-layered data are shown
ersus the true absorption coefficient of the second layer ~ma2!.

The optical parameters of the two-layered medium are m9s1 5
1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2 is
aried between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
hickness of the first layer is l 5 10 mm. The line indicates ma2.

Results from nonlinear regression by use of phase and steady-state
reflectance ~solid circles! and phase and modulation data ~open
circles! are depicted. The matched boundary condition is used ~no

5 ni 5 1.4!. Also shown are m*a determined from the same two-
ayered media by use of modulation and phase data, but the mis-

atched boundary condition ~no 5 1.0, ni 5 1.4! is applied
~crosses!. Relative data between r 5 14.5 and 24.5 mm are used
in the nonlinear regression.

Fig. 8. Time-resolved reflectance measurements on the side of
phantom 1 ~semi-infinite and homogeneous geometry! at three
distances r 5 14, 18, and 20 mm ~solid curves! are shown. The
theoretical time-resolved reflectance is also depicted ~dashed
curves!. The optical parameters used in the calculations are m9s 5
1.28 mm21 and ma 5 0.0074 mm21. The theoretical curves are
onvolved with a Gaussian curve with s 5 60 ps.
resolved reflectance curve. The absorption and the
reduced scattering coefficients and a multiplicative
factor were fitted. For the second layer of phantom
1 we obtained m9s 5 1.28 6 0.10 mm21 and ma 5
0.0074 6 0.0005 mm21. Figure 8 shows the theo-
retical time-resolved reflectance calculated with
these optical parameters ~dashed curves!. The ex-

erimental data were normalized to the maximum
alue of the theoretical curves. The theoretical
urves are close to the experiments, except in the
arlier times, when the experiments show higher val-
es than those of the theory. These differences are
aused by the scattering of photoelectrons in the
treak camera. The optical properties of the second
ayer of phantom 2 were determined in the same

anner. We obtained m9s 5 0.67 6 0.07 mm21 and
ma 5 0.019 6 0.001 mm21.

Figure 9 shows measurements of the time-resolved
reflectance on the top of phantom 2 ~two-layered ge-
ometry! at three distances r equal to 15, 20, and 25
mm. For comparison, theoretical curves are also
shown in Fig. 9. They were calculated with the so-
lution of the diffusion equation for two-layered media
by use of the optical coefficients that had been deter-
mined from the measurements on the side of the
phantoms. The experimental curves were normal-
ized to the maximum of the theoretical curves. The
zero times of the experimental curves were obtained
by measurement of the pulse before each experiment
on the phantoms, as described in Section 3. To de-
termine the optical coefficients of the two-layered me-
dia, we used the solution of the diffusion equation for
two layers to perform nonlinear regressions to the
experimental data shown in Fig. 9. Time-resolved
measurements at two distances ~15 and 20, 15 and
25, or 20 and 25 mm! were used. In addition, we
varied the fitting range by changing the start times of
R~r, t! in the nonlinear regression. Six parameters,
Fig. 9. Time-resolved reflectance measurements on the top of
phantom 2 ~two-layered geometry! at three distances r 5 15, 20,
and 25 mm ~solid curves! are shown. The theoretical time-
resolved reflectance ~dashed curves! is also depicted. The optical
parameters used are m9s1 5 1.28 mm21, ma1 5 0.0074 mm21, m9s2 5
0.67 mm21, and ma2 5 0.019 mm21. The thickness of the first
ayer is l 5 6 mm. The theoretical curves are convolved with a
aussian curve ~s 5 60 ps!.
1 October 1998 y Vol. 37, No. 28 y APPLIED OPTICS 6859
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Table 1. Optical Coefficients Derived from Measurements on the Top

6

the absorption and the reduced scattering coefficients
of both layers and a multiplicative constant for each
time-resolved reflectance curve, were fitted. We
found that m9s1 and ma2 could be determined within
0% of the values derived from the measurements on
he semi-infinite media, whereas the errors in deter-
ining m9s2 and ma1 were considerably greater. In

ddition, the derived m9s2 and ma1 depended on the
start parameters of the nonlinear regression. This
behavior is not surprising, considering the results of
the nonlinear regressions to Monte Carlo data dis-
cussed in Subsection 4.A.

We note that the optical coefficients of phantom 1
were derived in the same way as those of phantom 2.
From the nonlinear regressions to the measurements
on the two-layer medium ~with the two-layer model!

9s1, m9s2, and ma2 could be determined within 10% of
the values obtained from the measurements on the
semi-infinite media. However, no reasonable value
was derived for the absorption coefficient of the first
layer, as this parameter has a relatively small influ-
ence on the time-resolved reflectance curve.

As in Subsection 4.B, the semi-infinite equations in
the time and the frequency domains were also used to
derive the optical properties from the measurements
on phantom 2. Table 1 summarizes the optical co-
efficients obtained from the nonlinear regression of
Eq. ~8! with Eq. ~13! to the experiments performed at
r equal to 15, 20, and 25 mm. The results obtained
from fitting these equations to reflectance data, cal-
culated with the two-layered solution of the diffusion
equation, are shown for comparison. The optical co-
efficients, derived from the experimental data, are
close to those obtained from the theoretical data.

Finally, we compared the optical coefficients de-
rived with the semi-infinite and the homogeneous
solutions in the frequency domain. The time-
domain reflectance measurements at r equal to 15,
20, and 25 mm were Fourier transformed, and phase,
modulation, and steady-state reflectance data were
obtained. As in Subsection 4.B we fitted the phase
difference and the modulation ratio and the phase
difference and the steady-state reflectance ratio be-
tween two distances ~15y20 mm, 15y25 mm, or
20y25 mm! at f 5 195 MHz. We note that it is not
necessary to deconvolve the time-domain reflectance
measurements with the laser pulse because the
phase difference between different distances is calcu-

of Phantom 2 ~Two-Layered Geometry, l 5 6 mm! by Use of the
Semi-Infinite Model in the Time Domain in the Nonlinear Regression

and the Results from Nonlinear Regressions to Data Obtained from the
Two-Layered Diffusion Equations

r
~mm!

Experiment Diffusion Equation

ms9
~mm21!

ma

~mm21!
ms9

~mm21!
ma

~mm21!

15 1.56 0.0183 1.44 0.0181
20 1.39 0.0184 1.37 0.0184
25 1.38 0.0192 1.28 0.0186
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lated and therefore the effect of the deconvolution
cancels out. The mean optical absorption coeffi-
cient, derived from nonlinear regressions to phase
and modulation data ~phase and steady-state reflec-
tance! at the different combinations of distances, was
found to be ma 5 0.022 6 0.002 mm21 ~ma 5 0.014 6
0.002 mm21!. The corresponding value from nonlin-
ar regressions to frequency-domain reflectance cal-
ulated with the two-layered diffusion equation is ma

5 0.021 6 0.001 mm21 ~ma 5 0.014 6 0.001 mm21!
and thus within the standard deviation of the exper-
imental data.

6. Discussion

The solution of the diffusion equation for a two-
layered turbid medium has been used to investigate
the determination of the optical properties from time-
resolved reflectance at two distances from the source.
It was found that the absorption and the reduced
scattering coefficients of both layers and the thick-
ness of the first layer can, in principle, be derived if
absolute measurements of R~r! are made at two dis-
tances from the source. However, similar to the re-
sults obtained in the steady-state and the frequency
domains,19 the convergence of the nonlinear regres-
sions was slow and the start parameters of the fit had
to be close to the true optical coefficients.

Thus we concentrated on the determination of the
absorption and the reduced scattering coefficients,
knowing the thickness of the first layer. We showed
that, by fitting the solution of the diffusion equation
for two-layered media to Monte Carlo simulations, it
is possible to obtain the four optical parameters from
relative ~a multiplicative constant was fitted for each

istance! time-resolved reflectance measurements at
wo distances. The optical coefficients were deter-
ined with errors of less than a few percent for op-

ical properties that are typical of biological tissue.
Measurements of the time-resolved reflectance
ere performed on turbid two-layered phantoms.
irst we derived the optical properties of the phan-
om layers by measuring the relative reflectance from

semi-infinite geometry at one distance. The re-
uced scattering and absorption coefficients could be
ound with differences of '10% and less than 10%,
espectively, as judged through the comparison of
xperiments at different distances. For the two-
ayered geometry we could show that the measured
~r, t! was close to the theoretical reflectance, calcu-

ated with the optical properties determined from the
easurements in the semi-infinite geometry. We
tted the solution of the diffusion equation for two-

ayered turbid media to the experimental reflectance
easured at two distances and determined ma2 and

m9s1 with errors of less than 10%, whereas the errors
in deriving the other optical properties were greater.
This is caused by systematic errors in the measure-
ments that influence mainly the optical properties,
which do not strongly determine the shape of the
reflectance curve. However, ma2, which is important
for many applications, could be accurately derived.
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We can improve the results by measuring R~r, t! at
ore distances35 and by measuring the absolute R~r,

t!. Absolute reflectance can, for example, be ob-
tained from additional measurements of R~r, t! from
phantoms with known optical coefficients. These
improvements might be necessary for the investiga-
tion of biological tissue, because it does not consist of
homogeneous layers with flat borders.

In the literature, mostly semi-infinite and homoge-
neous models are used to derive the optical properties
of tissue. We investigated the obtained optical coef-
ficients when semi-infinite and homogeneous models
in the frequency and the time domains are applied to
reflectance from two-layered turbid media. We
found, experimentally and theoretically, that the dif-
ferent methods for the determination of ma and m9s
from semi-infinite models in the time and frequency
domains show considerable differences in these quan-
tities. For large ma2 and l it is possible to derive the
absorption coefficient of the second layer more pre-
cisely from phase and modulation than from phase
and steady-state reflectance, whereas the absorption
coefficients obtained from the time-domain reflec-
tance are between these values. In general, this be-
havior can easily be used to check as to whether the
investigated turbid medium is homogeneous; this be-
ing the case, the derived optical properties would be
the same.

The determination of the optical coefficients of two-
layered turbid media with semi-infinite models was
also investigated for different refractive indices of the
turbid medium and the surrounding medium. For
large ma2 and l it was shown that the absorption
oefficient of the second layer can be obtained more
recisely for the matched than for the mismatched
oundary condition. This can be explained by the
reater penetration depth of the light remitted at a
ertain distance from the source, if the matched
oundary condition is applied. Another possibility
f increasing the penetration depth of photons is to
easure at greater distances from the source, but the

nfluence on the determination of ma2 is relatively
small. For example, the improvement in determin-
ing ma2 by increasing r from 15 to 35 mm ~data not
hown! is smaller than that obtained by changing no

from 1.0 to 1.4 ~ni 5 1.4! for phantom 2. Whereas
the refractive index of the surrounding medium can
easily be changed, the increase of the distance be-
tween the source and the detection results in a de-
crease of the measured signal and of the spatial
resolution.

The time-resolved measurements were performed
with a mode-locked Nd:YLF laser. Before each ex-
periment on the phantoms, the pulse of the laser was
measured in order to derive the pulse duration and
the calibration of the time when the photons are in-
cident upon the phantoms. This procedure is de-
manding on the stability of the laser pulses. We
recommend measuring the pulse and the reflectance
from the phantom simultaneously, in the same ex-
periment, in order to be less dependent on the stabil-
ity of the laser output.
The optical properties of the phantoms used in this
study were recently measured with absolute steady-
state spatially resolved reflectance.19 The optical co-
efficients for phantom 2 measured at l 5 543 nm were
m9s1 5 1.05 mm21, ma1 5 0.009 mm21, m9s2 5 0.52 mm21,
and ma2 5 0.024 mm21. @This wavelength is close to
he one used for the time-domain measurements in
his study ~l 5 528 nm!. Thus no significant differ-

ences are expected because of the different wave-
lengths because the reduced scattering coefficient of
polystyrene and the absorption coefficient of graphite
are smooth functions of the wavelength in this l
range.# The comparison of these values with those
obtained in the time domain revealed that the reduced
scattering coefficients are smaller and the absorption
coefficients are greater by ;20%–30%. This effect
can be explained by delayed scattering. Yaroslavsky
et al.36 derived that the product ma~ma 1 m9s! is constant
for the optical coefficients obtained with measure-
ments in both the steady-state and the time domains.
~For a semi-infinite geometry the condition r .. zb, z0
must be fulfilled.! Remarkably, this is true for our
measurements with errors smaller than 1% for both
layers.
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liver, “Réflectance résolue dans le temps et dans l’espace ap-
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