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Abstract: The inverse problem in three-layered scattering media is investigated using simulations. Instead of using the common diffusion approximation, the light propagation is modeled
using the spherical harmonics (PN ) approximation in the time domain. The optical properties
are determined by fitting the P3 approximation to solutions obtained by the P7 approximation,
representing an almost exact solution to the radiative transfer equation. Poisson noise is added to
the data to simulate time-correlated single photon counting measurements. It is shown that, with
simulated two-distance measurements, it is possible to derive the optical properties accurately,
especially the absorption coefficient of the third layer and the reduced scattering coefficient of
the upper layer. In the case of unknown layer thicknesses, solutions with different parameters but
very similar reflectance curves are found, which can lead to larger errors in the identified optical
properties. For known layer thicknesses, the retrieval of all properties improves. Altogether, the
use of the spherical harmonics approximation enables identifying optical properties from time
domain reflectance data much more accurately than using the diffusion equation.
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

Light is used for diagnostic purposes in a wide range of biomedical applications. The light
transport in human tissue is e.g. employed to reveal cancer and monitor cerebral hemodynamics
[1,2]. Clinically relevant parameters are deduced from optical properties of the tissue which
are determined using a theoretical model for the light propagation. A common model used for
biological tissue is the radiative transfer equation (RTE) [3,4]. Analytical solutions to the RTE
can be obtained applying different approximations. The most widely used one is the diffusion
approximation, which can be derived from the RTE [5,6]. The diffusion equation has been solved
for infinite, half space [7], layered and other geometries [8], but has limitations for short times,
small source-detector separations and large absorption.
Multi-layered solutions play an important role in medical applications and have been of
ongoing interest. Dayan et al. [9] analyzed the time and spatial dependence of the reflectance
employing a two-layered model with approximated solutions to the diffusion equation. Using
steady state and frequency domain reflectance data, the determination of the optical properties
was examined by Kienle et al. [10] for a two-layered medium with an exact solution to the
diffusion equation. They were able to determine the optical properties, but also point out the
limited accuracy of the diffusion equation. Alexandrakis et al. [11] tested the accuracy of the
same two-layered diffusion model and also indicated the need for a more accurate solution to the
RTE. A theoretical model for many-layered diffusive media in spatial frequency domain was
given by Ripoll et al. [12] and used for fitting optical properties. Liao and Tseng [13] proposed
an iterative algorithm for recovering the optical properties of two- and three-layered media using
a frequency domain diffusion model.
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The Fourier counterpart to the frequency domain are time domain measurements. They
provide more information than merely measuring at a single frequency and thus are used for
investigating layered structures, as well. Kienle et al. [14] studied the time domain approach in
more detail and also performed in vivo measurements [15]. Different procedures were proposed
to extract the optical properties from time domain measurements [16,17]. With single-distance,
time resolved measurements, Steinbrink et al. [18] were able to determine changes in the
absorption using a layered Monte-Carlo approach. Martelli et al. [19] used multi-distance, time
domain measurements to extract optical properties from phantoms. They also fitted a two-layered
diffusion model to the reflectance data. The theory was extended to three layers by Martelli et
al. [20]. Time domain measurements with a small source-detector separation were performed
by Pifferi et al. [21] to detect brain activity. Alerstam et al. [22] combined the injection and
detection of light into a single fiber for time-of-flight spectroscopy. Many of the above works
used the diffusion approximation to describe the light propagation, since it can be calculated
fast and easily. Others solved the RTE numerically with Monte-Carlo simulations [23] which is
computationally more expensive and incorporates statistical noise.
The spherical harmonics (PN ) method offers a better approximation than the diffusion theory
to solve the RTE. Especially, for increasing N, the PN solution approaches the exact RTE solution.
With the method of rotated reference frames [24,25], it has recently been derived for a slab
with matched boundary conditions [26], a semi-infinite medium using mismatched boundary
conditions and an improved treatment of the incident light beam [27,28] and layered geometries
[29]. The work of Hull and Foster [30] considers the P3 approximation with a simplified boundary
condition. Gardner et al. [31] solve the PN equations with a Fourier decomposition method.
Chin et al. [32] employed the P3 approximation to calculate the steady state, angularly resolved
radiance for the determination of the optical properties in the case of a spherically symmetric,
infinite turbid medium. The incomplete P5 approximation was used by Liu et al. [33] within a
very similar setup.
In this work, the determination of the optical properties of three-layered media is investigated
based on simulated time domain measurements. This is accomplished by fitting relevant optical
parameters to simulated data using the P3 approximation. It is shown that the determination of
the optical properties of a three-layered medium is in principle possible and superior to a model
using diffusion theory. Under certain conditions some challenges remain.
2.

Method

In Fig. 1 a schematic view of the simulated time domain measurement is shown. A pulsed laser
beam is incident on a laterally-infinite, three-layered medium. An infinitely short laser pulse is
simulated with a Gaussian spatial beam profile


ρ2
2
w (ρ) =
exp −2 2 ,
(1)
πρ2w
ρw
where the beam radius was chosen as ρw = 0.75 mm. The first two layers have finite thicknesses
l1 and l2 , respectively. The third layer extends infinitely. All layers are assumed to have the same
refractive index n = 1.4 and anisotropy factor g = 0.8. Above the top layer, air with n = 1.0 is
presumed. Different refractive indices for the individual layers are not feasible with the current
version of the employed model. Changes in the refractive index between the layers complicate
the boundary conditions and impose the problem of additional reflections amid the boundaries.
The layers may differ in their thicknesses, in the absorption coefficients µai and the reduced
scattering coefficients µsi0 (i ∈ {1, 2, 3}). For a given distance ρ from the source and a given time
t, the reflectance at the surface R(t, ρ) can be calculated using the analytical solutions derived
by Liemert et al. [29]. This approach uses the PN method [24] to obtain the solution to RTE,
where N denotes the order of the approximation. The PN approximation approaches the exact
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solution for high orders N. Already for orders N ≥ 3 it offers significant improvements over the
diffusion approximation [29], especially at short times. For the given configuration, choosing
N = 7 results in a practically exact solution to the RTE.

Fig. 1. Schematic view of the three-layered medium used in the PN approximation. The
first and second layers have fixed thicknesses l1 and l2 , respectively. The third layer extends
infinitely. All three layers have the same refractive index n but differ in the absorption
0 coefficients (i ∈ {1, 2, 3}). The signal is detected at the surface at a
µai and scattering µsi
distance ρ from the incident beam.

Using multiple points in time t1 ,. . . , tM a time dependent reflectance measurement can be
simulated. These time domain curves depend on the optical properties of the layers. The goal
is to recover the unknown optical properties from a time dependent measurement. Therefore,
a curve fitting algorithm using the Ceres Solver library [34] was implemented. It can fit the
reflectance curves in the time domain adapting the optical parameters.
To investigate the retrieval of the optical properties from time-resolved reflectance curves,
1000 combinations of different parameters were created by randomly choosing values within
the ranges of typical biological tissue [35] shown in Table 1. For all data sets, a time-resolved
reflectance curve at times ranging from 5 × 10−11 s to 1.2 × 10−8 s, in steps of 1 × 10−11 s, was
calculated for two distances ρ1 = 8 mm and ρ2 = 16 mm using the P7 approximation. In
time-correlated single photon counting measurements the number of photons per time bin is
counted. This leads to a Poisson distribution in the measured counts per bin [36]. To simulate
such measurements, the reflectance curves were scaled to have a certain maximum count rate
Rmax (typically Rmax = 1 × 105 counts). To account for the statistical nature of the measurement
process, Poisson noise was added to the curves. For each point in time, a random number
was generated following the Poisson distribution with the expectation value equal to the scaled
reflectance at that time, resulting in a noisy reflectance curve. In real experiments, effects of the
measuring system like the impulse response function (IRF) need to be considered. Those are
neglected in this study. It was not the goal of this work to study the influence of the IRF on the
determination of the optical properties. In this sense, the ideal case without the influence of the
measuring system was investigated. Convolution with the IRF may considerably deteriorate the
results.
After the data were generated, the unknown parameters were fitted to the curves using the P3
approximation. Although the data generation and the fitting both rely on the PN approximation,
the systematic error due to the incomplete approximation is strongly reduced with the higher
order N = 7. For the given optical properties and geometry several time resolved reflectance
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Table 1. The optical parameters and layer thicknesses are randomly chosen, between min and max.
The start value for the fit-algorithm is also presented.
0 to µ0 in mm−1
µs1
s3

µa1 to µa3 in mm−1

l1 and l2 in mm

min

0.5

0.003

2

max

2

0.05

5

start

1.25

0.0122

3.5

curves were compared to Monte-Carlo-simulations which confirmed the negligible error on the
P7 approximation. For other configurations, like angularly resolved radiance comparison, higher
orders may still be needed. Only the part of the reflectance curve starting at 0.8Rmax before the
maximum value up to 10−3 Rmax after the maximum was taken into account. The fit parameters
are the optical properties and optionally the layer thicknesses and scaling factors k. As shown in
Table 1, the starting values of the fit parameters were fixed within the allowed interval. The least
square fitting algorithm was also restricted to vary these parameters only within the range given
in Table 1 to reduce the total cost χ2 :
χ2 =

2
M 
1 Õ Rs,j − Rt,j
,
M − P j=1
wj

(2)

where Rs,j is the noisy, simulated data and Rt,j is the predicted value by the P3 -solution for a given
data point. M is the number of data points in the data set and P is the number of fit parameters.
The weights wj of the least squares are estimated to be the square root of the data points of the
scaled, noisy curves, due to the Poisson statistic. They are explicitly taken from the noisy data to
resemble measurements, where the weights also have to be estimated from the noisy signal. The
properly chosen weights lead to a total cost χ2 that has a value around unity, if the correct fit
parameters are found.
After fitting all 1000 different parameters sets, a post selection is performed. First, only
problems where the algorithm converged within 100 iterations are selected. Second, the cost χ2
of the curve fitting problem is considered. As stated above, the cost should be around 1. But
some problems still have a cost which is >1.5. This is a hint that the algorithm was not able
to find the global minimum and those problems are excluded as well. If there are systematic
deviations in the model, even for the global minimum, the cost χ2 can be significantly larger than
1.5 (e.g. for the diffusion theory). Anyway, we opted for the χ2 ≤ 1.5 criterion to identify the
convergence to global minima, with the downside of possibly missing some useful information.
For a model without systematic deviations this criterion can substantially improve the results
by excluding fits that converged to a local minimum with very different reflectance curves. We
will refer to these problems, where the fit algorithm converged and the scaled cost was ≤ 1.5, as
“good problems” or “good fits”. The evaluation of the errors in the fit parameters will consider
only those “good problems”.
To evaluate the curve fitting problems, the absolute values er of the relative errors of the fit
parameters of each problem i were calculated in the following way:
er =

pf − pr
,
pr

(3)

where pr is the true value and pf is the found value of a parameter. Afterwards, the mean, the
standard deviation σ and the median of the er were taken over all “good problems”.
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Results and discussion

3.1.

Fits including layer thicknesses

Fitting both layer thicknesses, the absorption coefficients and reduced scattering coefficients, the
parameters can be obtained reasonably well. From the 1000 fitting problems 828 fulfilled the
criteria for “good fits” with Rmax = 1 × 105 , the errors in the fit parameters are shown in Table 2.
The reduced scattering coefficient of the first layer and the absorption coefficient of the third
layer can be obtained with mean errors less than 2 %, the other properties are more difficult to
retrieve. Especially the layer thickness and the absorption coefficient of the second layer show
large errors. It is also noticeable that the standard deviation can be quite large showing that some
problems with very wrong parameter estimates exist. In practice, often only relative reflectance
data are measured. For the absolute fit, the amplitude of the measured reflectance signal must be
known. This can be difficult in practice since a reference must be measured to incorporate the
energy of the laser pulse. Often, the energy is not constant over time which further complicates
the measurement of an absolute reflectance signal. With relative measurements, only the shape
of the signal is obtained (up to a scaling factor). Therefore, two scaling parameters were included
in the fitting process (one for each distance).
Table 2. Comparison of the mean, the standard deviation σ and the median of the absolute values
of the relative errors in the fit parameters for “good fits”. The layer thicknesses are fitted.
0
µs1

0
µs2

0
µs3

µa1

µa2

µa3

l1

l2
10.4 %

absolute fits (“good fits” 828 out of 1000)
mean

0.444 %

3.72 %

6.0 %

4.49 %

13.4 %

1.48 %

5.16 %

σ

0.548 %

7.20 %

13.6 %

7.58 %

38.5 %

2.75 %

9.87 %

14.6 %

median

0.291 %

1.57 %

2.5 %

1.90 %

4.5 %

0.73 %

2.23 %

5.6 %

mean

1.36 %

8.9 %

3.33 %

14.4 %

20.4 %

relative fits (“good fits” 698 out of 1000)
22.1 %

26.4 %

32.1 %

σ

1.55 %

12.8 %

30.4 %

43.2 %

68.9 %

5.25 %

20.0 %

23.6 %

median

0.88 %

5.4 %

10.8 %

14.4 %

11.3 %

1.36 %

6.7 %

12.3 %

Using these relative fits, the retrieval of the parameters deteriorated. The reduced scattering
coefficient of the first layer and the absorption coefficient of the third layer can still be obtained
with fair accuracy.
3.2.

Fits for fixed layer thicknesses

When the layer thicknesses are known a priori, the other parameters are obtained quite well in
most cases for absolute fits. From the 1000 fitting problems 995 fulfilled the criteria for “good
fits” with Rmax = 1 × 105 and the results are shown in Table 3. The parameters with the best
0 . If relative fits are performed, only the reduced scattering coefficient
results are still µa3 and µs1
of the first and second layer and the absorption coefficient of third layer show very small relative
errors for most fitting problems. In this case 899 problems directly converged as “good fits”.
All the simulations were also preformed with a lower level of noise, which improved the results.
The corresponding data can be found in Appendix A.1, Table 5 and 6.
Since the diffusion approximation is widely used for describing light propagation in tissue,
the same data were also fitted using a three-layered diffusion model [37]. Due to systematic
discrepancy of the diffusion model to the P7 approximation, only few of the fitting problems
showed a χ2 ≤ 1.5 for absolute fits. For relative fits, the majority of the fit problems can satisfy
the “good fits” criteria, after all. Nevertheless, the fit parameters are obtained with a significantly
lower accuracy. The data are shown in Appendix A.2, Table 7. The given source-detector
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Table 3. Comparison of the mean, the standard deviation σ and the median of the absolute values
of the relative errors in the fit parameters for “good fits”. The layer thicknesses are held constant.
0
µs1

0
µs2

0
µs3

mean

0.283 %

0.92 %

2.76 %

σ

0.195 %

1.09 %

median

0.249 %

0.57 %

µa1

µa2

µa3

2.34 %

2.51 %

0.67 %

4.36 %

2.62 %

4.16 %

1.11 %

1.27 %

1.39 %

1.14 %

0.37 %
1.09 %

absolute fits (“good fits” 995 out of 1000)

relative fits (“good fits” 899 out of 1000)
mean

0.598 %

2.42 %

9.0 %

10.2 %

7.2 %

σ

0.794 %

5.03 %

17.6 %

23.2 %

18.8 %

1.55 %

median

0.399 %

1.19 %

4.4 %

3.9 %

2.8 %

0.60 %

separations limit the validity of the diffusion approximation within the given range of optical
properties. For larger distance or longer times, the diffusion theory approximates the RTE more
accurately. Even for those cases, the P3 approximation is still superior, albeit not as substantial.
As the shorter distances and times contain more information about the upper layers, switching to
larger distances is not always advisable, since it can hinder the retrieval of the optical properties
of the top layers.
The mean computation time for one inversion varied with the number of fit parameters. On
a server with a total of 16 threads, fitting only the optical properties took around 4 minutes
per problem using the PN approximation with N = 3. With an explicit P3 solution [38], the
computation time can be further reduced by a factor of nearly 5. The diffusion approximation is
still over an order of magnitude faster to compute.
The results indicate that determination of the optical properties with the diffusion equation
is mainly limited by its inaccurate approximation of the RTE. With the P3 solution, although
still an approximation, the close determination of the optical properties is substantially hindered
by the remaining level of noise in the data. This demonstrates that the P3 approximation has a
substantial advantage over the diffusion theory for the considered setup, since the leftover errors
in the fit parameters are not significantly caused by a systematic discrepancy.
3.3.

Ambiguity problem

The above errors in the fitted parameters may show a large spread, which is indicated by the high
values for the standard deviation as well as the difference between the mean and the median
values. In Fig. 2 the distribution of the er in µa3 is illustrated in a histogram for relative fits with
unknown layer thicknesses. Although the majority of the found absorption parameters has an
absolute relative error clearly below 5 %, the largest error found is 42 %. Further investigation of
the specific fitting problems that have large errors in the found parameters shows that a second
set of parameters may exist that exhibit nearly the same reflectance curves (as shown in Fig. 3
and Table 4). This is mainly the case, if more fit parameters are involved (e.g. layer thicknesses
and scaling parameters). Similar problems were already encountered by Pham et al. [39].
Another source of error is a low sensitivity of the reflectance data in some fit parameters. If
e.g. the top layers are thick and highly absorbing and scattering, the properties of the lower layer
have little influence on the obtained reflectance. Even for the case with the best results (known
layer thicknesses and absolute reflectance curves) the errors in µa3 can reach up to 18.8 %.
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Fig. 2. The distribution of the absolute values er of the relative errors in µa3 for “good fits”.
Relative fits to reflectance data were performed.

Fig. 3. Reflectance curves for different sets of parameters (see Table 4) at distances
ρ1 = 8 mm and ρ2 = 16 mm. For the noisy data, only every fifth data point is plotted.
Table 4. Differences between the found values and the values used for the forward calculation for
an example with higher errors. The reduced scattering and the absorption coefficients are in units
mm−1 , the layer thicknesses are in units mm. The scaling factors k1 and k2 correspond to distances
of 8 mm and 16 mm, respectively. The values represent one example for the problems, where
ambiguity in the reflectance curves appears.

true value
found value

0
µs1

0
µs2

0
µs3

µa1

µa2

µa3

0.694

1.117

1.323

0.0050

0.0045

0.0352

0.0218

0.0499

0.736

1.279

0.500

0.0058

l1

l2

k1

k2

true value

2.884

2.569

0.030

0.978

found value

4.926

4.863

0.033

0.943
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Summary and conclusion

The determination of the optical properties of a three-layered turbid medium using simulated
time domain measurements was investigated. Using the three-layered P3 -approximation, time
domain reflectance data were fitted at two source-detector separations simultaneously. At large, it
was possible to determine the optical properties, but not for all configurations with high accuracy.
Specifically for unknown layer thicknesses and relative fits, the absorption coefficients of the first
two layers and the reduced scattering coefficient of the third layer were difficult to retrieve with
low uncertainty. If the layer thicknesses were known, the accuracy in the determination of the
optical properties improved. In addition, it was shown that absolute reflectance measurements can
further enhance the results. The absorption coefficient of the deepest layer is effectively identified
with good accuracy. If the first two layers are merely surface layers, where one is not interested in
the absorption coefficients, this can readily be exploited in many applications. One main caveat
that was found during the investigation is the ambiguity of the time-resolved reflectance curves
within the given level of noise. For some sets of parameters, a second set of parameters might be
found that results in nearly the same reflectance curves at the considered distances. Recently,
García et al. [40] presented a state-estimation instead of a curve fitting algorithm to approach this
ambiguity problem by providing prior information. They used the diffusion approximation, but
underline the generality of the inverse method. The P3 approximation is an adequate substitution
in this case. It does display much lower systematic approximation errors and is also suited in
the regime were the diffusion approximation fails (short times and small distances from the
source). For real life applications other challenges remain. The impulse response function of
the measuring device has to be taken into account and a different geometry compared to the
assumed layered model may lead to further discrepancies. Nevertheless, the P3 approximation is
a promising tool for time-resolved reflectance measurements and offers a large improvement over
the diffusion theory.
A.

Appendix

A.1.

Results with lower noise

In addition to the above used Rmax = 1 × 105 , the same reflectance curves were additionally scaled
to Rmax = 1 × 106 before adding the Poisson noise. The reduced level of noise led to an improved
determination of the optical properties. In Table 5 the fits including the layer thicknesses are
shown, corresponding to Table 2. Table 6 contains the results for fixed layer thicknesses in
comparison to Table 3. The low number of “good fits” in the case of relative fits with unknown
layer thicknesses is the result of the fit algorithm converging to local minima of the cost function
χ2 . Repeating the fit with different start values increases the number “good fits” significantly.
Table 5. Comparison of the mean, the standard deviation σ and the median of the absolute values
of the relative errors in the fit parameters for “good fits”. The layer thicknesses are fitted
(Rmax = 1 × 106 ).
0
µs1

0
µs2

0.346 %

1.90 %

0
µs3

µa1

µa2

µa3

l1

l2

0.65 %

3.33 %

6.23 %

absolute fits (“good fits” 794 out of 1000)
mean

2.58 %

2.98 %

7.2 %

σ

0.413 %

4.11 %

5.74 %

5.15 %

18.8 %

1.29 %

8.07 %

9.84 %

median

0.255 %

0.93 %

1.06 %

1.43 %

2.7 %

0.27 %

1.67 %

3.27 %
13.1 %

relative fits (“good fits” 550 out of 1000)
mean

0.686 %

4.85 %

12.2 %

16.6 %

19.8 %

1.70 %

9.02 %

σ

0.882 %

7.11 %

20.4 %

25.8 %

47.0 %

3.12 %

16.6 %

20.1 %

median

0.395 %

2.31 %

4.3 %

7.0 %

5.3 %

0.57 %

3.03 %

5.5 %
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Table 6. Comparison of the mean, the standard deviation σ and the median of the absolute values
of the relative errors in the fit parameters for “good fits”. The layer thicknesses are held constant
(Rmax = 1 × 106 ).
0
µs1

0
µs2

0
µs3

µa1

µa2

µa3

absolute fits (“good fits” 755 out of 1000)
mean

0.289 %

0.767 %

1.71 %

2.26 %

1.80 %

0.301 %

σ

0.144 %

0.740 %

2.45 %

2.06 %

2.77 %

0.406 %

median

0.265 %

0.564 %

0.95 %

1.60 %

0.88 %

0.179 %

3.43 %

0.436 %

relative fits (“good fits” 869 out of 1000)
mean

0.301 %

1.11 %

3.65 %

5.67 %

σ

0.310 %

1.71 %

7.80 %

8.54 %

8.43 %

0.770 %

median

0.228 %

0.55 %

2.04 %

2.73 %

1.73 %

0.208 %

A.2.

Results with diffusion theory

The time resolved reflectance data were furthermore fitted using a three-layered diffusion model
[37]. Only after several times changing the start values randomly, the majority of the relative fits
had a χ2 ≤ 1.5. As seen in Table 7, the optical properties are obtained with a significantly lower
accuracy compared to the results obtained with the P3 solution. The noise was the same as in the
main part of the work (Rmax = 1 × 105 ), relative fits were performed.
Table 7. Comparison of the mean, the standard deviation σ and the median of the absolute values
of the relative errors in the fit parameters for “good fits”, assuming relative measurements.
Diffusion theory is used (Rmax = 1 × 105 ).
0
µs1

0
µs2

0
µs3

µa1

µa2

µa3

l1

l2
29.8 %

fitted layer thicknesses (“good fits” 628 out of 1000)
mean

6.75 %

16.5 %

43.2 %

129 %

37.6 %

5.49 %

22.9 %

σ

4.97 %

12.5 %

49.6 %

165 %

55.9 %

6.91 %

21.6 %

25.6 %

median

5.84 %

13.9 %

28.0 %

63 %

25.1 %

3.13 %

16.7 %

24.0 %

mean

6.22 %

10.3 %

-

-

fixed layer thicknesses (“good fits” 512 out of 1000)
33.2 %

124 %

21.7 %

3.52 %

σ

4.58 %

8.4 %

42.1 %

173 %

19.5 %

4.22 %

-

-

median

5.23 %

8.4 %

18.8 %

60 %

16.2 %

2.25 %

-

-
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