
� ��������� 	�
����	���
 ��� ��	������ � ����� �"!#��	���
 �$
&%
')( ���*������	�
+� 	�
 , 	���-��.�/	 ( �$- 0 	����21�.3

4 5 !6����	�� ��
��7�98�: �;%<��-�	�
+� �$
&% � !+!-�	 ( ����	���
&�

=6>�? >�@BADCFEHG�I JLKNM�OPEBQRCS@TETKNMUI VWAYX�ET@BEHCSADCFEBZ�[�JS@BI\ETJ]CF>�[U^
G�Z_OF^*I`@BIa^*C+G�Z�[

b ced fhg i fejkglcmj

n X"CLI`ET@T>�[U^ opEHZ_q�M7rsJSEBt
uv[�EHG�I`OPJSEHCxwAyCzuv@T?

{}|*|*|



b ~D�2fh�scej�� ~yjU��~�fhg��}jU� f�g �2��j �2��j��Df��

�_���l�_���_���R�������������L�������h���.���������e ¡ ¡�£¢B¤¦¥�����§_��¨���©�¤ª «��§_�L�� H�R�����£¢£��¬y��D��®;���¯¤¡¥h�±°²R³�´Tµ·¶¸´º¹»¹½¼2¾À¿¦ÁÃÂÄ¹½Åº¿¦Æ�ÇÀÈhÁÃÂÄ¹¸ÉeµÃ¿aÊN¶½ËÌÉmÁ·¿Í¾P¿ÏÎ�¿¦ÐÏµ·´ºÑ�ÐÏ¿\Ò_¿¦´ºÁ·ÉeÓÔ¿¦Õ`¿¦Ñ«µ·ÁNÖ�ÂºÓN×�ÂÄÑm¶¸Ñ£ÅT´ºÁ·¶½Åº¿xÊN¿ªµÃ¿ªÓÔÕD¶ÙØÑm´Tµ·¶½ÂÄÑ�ÂºÖ�µ·Úe¿aÛÜ³mµ·¶¸Ðª´º¹Ý²ÞÐª´TµÃµÃ¿ªÓÔ¶»ÑeßD´ºÑmÆ�Ç�È�ÁÃÂºÓ·³�µ·¶½ÂÄÑ�àLÂR¿ÏáyÐª¶½¿¦Ñ£µ·ÁPÂºÖ�âL¶¸ÂÄ¹½ÂºßÄ¶¸Ðª´º¹�ãP¶»Á·Á·Ée¿ºäåLæ«æhçÙèPé�æ�êëèÀì�í äïîºðTñTòBóRîºðÞôÏòöõ÷ô¦øºøºùÄúüû
�2ý��l�_���_���R���������/�������N�e ¦ ¡�R¢B¤¦¥h�±°þ Õ}³mÓ·Â¡Åº¿¦Æ�²RÂÄ¹¸Émµ·¶½ÂÄÑmÁÿÂºÖFµ·Úe¿�²RµÃ¿¦´ºÆe¼£Ø ²Rµ·´TµÃ¿Y´ºÑmÆ9µ·Úe¿2ãP¶¸Õ`¿ÏØ ¾À¿¦ÁÃÂÄ¹½Åº¿¦Æ"ÊÜ¶ÙËÌÉ�Á·¶½ÂÄÑ ��� Ém´Tµ·¶¸ÂÄÑmÁ Ö�ÂºÓ¾P¿ÏÎ�¿¦ÐÏµ·´ºÑ�ÐÏ¿ÍÖ�Ó·ÂÄÕ�´y²R¿¦ÕD¶ÙØ þ Ñ��hÑm¶½µÃ¿Nã�ÉeÓÔÈ�¶¸ÆYÒ�¿¦Æ�¶¸ÉmÕ�ä

� èSé�æÌêëè��
	��HèÝå�}è�å���� äÌîBò«ù¡óRî��Bò9õ÷ô¦øºø��ºúüû
�����l�_���_���R���������/�������N�e ¦ ¡�R¢B¤¦¥h�±°ÊN¿ªµÃ¿ªÓÔÕ}¶¸Ñm´Tµ·¶¸ÂÄÑ�ÂºÖxµ·Úe¿ ÛÜ³mµ·¶¸Ðª´º¹���Ó·Âº³Ì¿ªÓ·µ·¶¸¿¦ÁyÂºÖ\ã�ÉeÓ·È�¶¸Æ Ò_¿¦Æm¶¸´"Ö¯ÓÔÂÄÕz´ ²Þ¶¸ÑeßÄ¹½¿7Ò_ÂÄÑ«µÃ¿"àF´TÓÔ¹½Â²Þ¶¸ÕaÉm¹¸´Tµ·¶½ÂÄÑ�ä

����� � è"!$#&%Äè('*)+	Tç½è,�-� äïîºîºîÞôüóRîºîºî��7õ÷ô¦øºøºùÄúüû
�/.±�l�_���_���R���������/�������N�e ¦ ¡�R¢B¤¦¥h�±°ÊN¿ªµÃ¿ªÓÔÕ}¶¸Ñm´Tµ·¶¸ÂÄÑ7ÂºÖ±µ·Úe¿yÛN³�µ·¶¸Ðª´º¹0��Ó·Âº³Ì¿ªÓ·µ·¶½¿¦ÁNÂºÖP²R¿¦Õ}¶ÙØ þ Ñ1�hÑ�¶½µÃ¿xã�ÉeÓ·È�¶»Æ_Ò_¿¦Æm¶¸´2Ö�Ó·ÂÄÕ32eÓ·¿ � Ée¿¦ÑmÐÏ¼£ØÊNÂÄÕ}´º¶¸Ñ*¾À¿ÏÎ�¿¦ÐÏµ·´ºÑmÐÏ¿\àF¹½ÂÄÁÃ¿ÿµÃÂ}µ·Úe¿\²RÂÄÉeÓÔÐÏ¿ºä

����� � è"!$#&%Äè('*)+	Tç½è,�54 ä�ô�6Tñeôüóhô�6Þô¦øöõ÷ô¦øºø��ºúüû
��7��<�_�À�����R�������Ü�.�������N�e ¦ ¡�R¢B¤¦¥h�±��8s�,9;:¥������¯ =<e�ÿ§_�À¬\��>�¤Ä�@?��P®��m�h���BA�£¢B�R¤º�N¨s�,Ce���ED��R�¬\�£¢B�GF±°×ÀÂÄÑ�¶¸Ñ«ÅT´ºÁ·¶½Åº¿ ÊN¿ªµÃ¿ªÓÔÕD¶¸Ñm´Tµ·¶½ÂÄÑ�ÂºÖ�µ·Úe¿aÛÜ³mµ·¶¸Ðª´º¹H��ÓÔÂº³�¿ªÓÔµ·¶½¿¦ÁSÂºÖ�ãJI]ÂTØLK�´¦¼º¿ªÓ·¿¦Æ�ã�ÉeÓ·È�¶¸ÆYÒ_¿¦Æm¶¸´ÞäåLæ«æhçÙèPé�æ�êëèÀìHM ä(���Tø¡ó1�TøÞô2õ÷ô¦øºø�6Äúüû
��N��l�_���_���R�������POD�Q?������"<SRs�����±��?���® ���h���BA�R¢B�£¤º��¨s�-Ce���TD��R��¬\�£¢B�GF±°þ Ñ£Åº¿¦ÁÃµ·¶½ßÄ´Tµ·¶¸ÂÄÑ*ÂºÖ�ãJI]ÂTØLK�´¦¼º¿ªÓ·¿¦Æ�ã�ÉeÓ·È�¶¸ÆYÒ_¿¦Æm¶¸´UIÀ¶¸µ·Ú�ãP¶¸Õ`¿ÏØ ¾À¿¦ÁÃÂÄ¹½Åº¿¦Æ*¾À¿ÏÎ�¿¦ÐÏµ·´ºÑmÐÏ¿ºäåLæ«æhçÙèPé�æ�êëèÀìHM äïù�6��ºî¡óRù�6ºùºî�õ÷ô¦øºø�6Äúüû
�WV��l�_���_���R�������POD�Q?������"<SRs�����±°þ ÑYXN¶½ÅºÂ�Ê�¿ªµÃ¿ªÓüÕ}¶¸Ñm´Tµ·¶½ÂÄÑ ÂºÖRµ·Úm¿LÛN³mµ·¶¸Ðª´º¹���Ó·Âº³Ì¿ªÓ·µ·¶½¿¦Á�ÂºÖRÒ�ÉmÁ·Ðª¹½¿QIÀ¶½µ·ÚÿãP¶¸Õ}¿ÏØ ¾P¿¦ÁÃÂÄ¹½Åº¿¦Æx¾P¿ÏÎ�¿¦ÐÏµ·´ºÑ�ÐÏ¿

Z ÁÔ¶¸Ñeß`´[KÝ´¡¼º¿ªÓ·¿¦Æ�Ò�ÂÞÆe¿¦¹ ä
����� � è"!$#&%Äè('*)+	Tç½è,�G� äïîºù�6ºø¡óRî��BñÄîöõ÷ô¦øºøºøÄúüû

��\��l�_���_���R���������/�������N�e ¦ ¡�R¢B¤¦¥h�±���À��]` ¦ Ä��§��L�Ì ¡�Þ�����R¢«°ÊN¿ªµÃ¿ªÓÔÕ}¶¸Ñm´Tµ·¶¸ÂÄÑ ÂºÖeµ·Úe¿F²ÞÐª´TµÃµÃ¿ªÓÔ¶¸ÑeßÿàLÂR¿ÏáyÐª¶½¿¦Ñ£µÝ´ºÑmÆ µ·Úm¿]ÇNÑm¶¸ÁÃÂºµÃÓ·Âº³R¼^2m´ºÐÏµÃÂºÓ�ÂºÖ_KÝ¶ � Ém¶»ÆmÁ þ ÑmÐª¹»ÉmÆm¶¸ÑeßâS¹½Â£ÂÞÆYÖ�Ó·ÂÄÕ`KÝ´ºÁ·¿ªÓ�ÊNÂº³m³�¹½¿ªÓ�²Þ³�¿¦ÐÏµÃÓü´ÞäåLæ«æhçÙèPé�æ�êëèÀì�í äïðBòÄñTòBóRðBòmô¦î�õ÷ô¦øºøºùÄúüû
��a��l�_���_���R��������§_��¨_��©�¤¦ Ä°×À¿bI ÛN³mµ·¶¸Õ}´º¹5c9´¡Åº¿¦¹½¿¦Ñeßºµ·Ú_Ö¯ÂºÓNãÝÓÔ¿¦´Tµ·Õ`¿¦Ñ«µÀÂºÖ0��ÂºÓ·µ*c ¶¸Ñm¿x²Rµ·´º¶¸ÑmÁ�dÄä

����� � è"!$#&%Äè('*)+	Tç½è,�
e ä�ô����ºø¡óhô����Tùöõ÷ô¦øºø��Äúüû
�_�gf��R�_���_���Þ�����h��§���¨_��©�¤ª Ä°ÛN³mµ·¶¸ÕD´º¹
��´TÓÔ´ºÕ}¿ªµÃ¿ªÓÔÁÀÖ�ÂºÓ*K�´ºÁÃ¿ªÓ�ã�Ó·¿¦´Tµ·Õ`¿¦Ñ£µPÂºÖhK�¿ªßDã�¿¦¹¸´ºÑeßÄ¶¸¿¦ÐÏµ·´ºÁ·¶¸´Þä

i(j � #lk � �gm1kon«è"!p#q%Äè*4ge äïðBò«ù¡óRð��ºð7õ÷ô¦øºø��ºúüû
�_�Ý�ï�º���*�����R�������9���*�L�������h�$rT�¸�_�ts��¯ =u����±� �/�����*�N�e ¦ ¡�R¢B¤¦¥h�±�9¬2�¯y��® ����¤¦¥h�±�s§_��¨_��©�¤ª Ä�§��L�Ì ¡�Þ�����R¢«°

c Ú£¼�ÊNÂ[X�¿¦¶¸ÑmÁPÇ�³m³Ì¿¦´TÓPâS¹¸Ée¿vd�Ç ×À¿bIwKÝÂ£Â�x�´TµÀ´ºÑ�ÛÜ¹¸ÆzyÜÉe¿¦Á·µ·¶½ÂÄÑïäåLæ«æhçÙèPé�æ�êëèÀì�í ä�ôºô��Þôüóhôºô¦ùTñ7õ÷ô¦øºøºùÄúüû
{



| }�~��T��~����

�������L���L�g�����_�����L�-���g���L�����P�p���Q�g���L� �
� � �"�����h���Q�������"� �
ý � �L�����P���(�Q���B��� �

�G� � ¡�¢¤£�¥5¦¨§-©1¢&ªY« ¬_H£Sª { ©1¥®�/�¯�/�¯�/�/�¯�/�¯�/�[�¯�/�/�¯�/�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯� °
�G�±� ² {´³ 5¦ { ©1¥�«v¬g5£Sª { ©1¥µ�[�/�¯�/�¯�/�/�¯�/�¯�/�[�¯�/�/�¯�/�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯� ¶
�G�·° ²U«vª¤« ¢¤¸ { ¥5£Sª { ©1¥�©�¹Qªlº5«[©1§Gª {¼» £�½�§
¢¤©1§"« ¢&ª { «v¦Y©�¹�ª { ¦¨¦¤5«¾�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯� ¿

�G�·°
�´� Àg« ¸ { ÁÂ{ ¥
ÃH¥ { ªl«@º5©1¸z©1Ä1« ¥
« ©15¦^ª¤5¢¤Å {´Æ ¸Ç« Æ5{ £ �¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯� È
�G�·°
�É� ¡�ÊË© Á ½+£�Ì1«v¢¤« Æ ªl5¢¨Å {¼Æ ¸z« Æ5{ £ �¯�/�[�¯�/�/�¯�/�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯����Í
�G�·°
�±° Î$5½´ª { Á ½¼£�Ì1« ¢¨« Æ ª¤5¢¤Å {´Æ ¸Ç« Æ5{ £;�¯�/�[�¯�/�/�¯�/�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯�����
�G�·°
�·¶ Ï�½¼©�Ê { ¥5Ätª¤5¢¤Å {¼Æ ¸Ç« Æ5{ £;�/�¯�/�¯�/�[�¯�/�/�¯�/�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯�����

�G�Ð¶ ÑU§
ª { ¸Ò£�½"§H£�¢¤£�¸z«vªl«v¢¤¦^¹�©1¢�ª¤¢¤«�£�ªl¸z« ¥�ªÓ©�¹�« » ªl£Sª {´»UÔ « ¦¨¦¤«v½¼¦Õ�/�¯�/�[�¯�/�¯�/�/�¯�/�¯����°
�G�±Ö ×�©1½¼©�¢�©�¹�Å5½¼©g© Æ�Ô « ¦¨¦¤« ½´¦Ø�¯�/�¯�/�/�¯�/�¯�/�[�¯�/�/�¯�/�¯�/�/�¯�/�[�¯�/�¯�/�/�¯�/�¯����¶

� Ù �_�����L�-���W�(ÚYÛ5�����B�����g� �GN
°
� � ���ï� Àg§H£Sª { £�½¼½ ÌÇÜÓ«v¦¤©1½ Ô « Æ$Ý Å
¦¤©1½´
ªl«/² {´³ 5¦¨«[ÜÓ«=ÞH« » ªb£�¥ » «tÎ$«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦ß�¯�/�¯����¿
°
�±� �Yý���à ¸z§5¢¨© Ô « Æ ÀG©1½´
ª { ©1¥5¦^©�¹Qªlº5«¯Àgª¤«�£ Æ Ì Á Àgªb£�ªl«/£�¥ Æ ªlº5«[¡ { ¸Ç« Á ÜY« ¦¤©�½ Ô « Æ �¯�/�¯�á��â
°
�·° �t��� ²U«=ªl«v¢¤¸ { ¥H£Sª { ©1¥Ò©�¹�ª¤º5«¯ÑU§
ª {´» £�½hãJ¢¨©1§-«v¢¨ª { « ¦^©S¹�¡Q5¢¤Å {¼Æ Îp« Æ5{ £ �¯�/�/�¯�/�¯�ä°1â
°
�Ð¶ �¯.�� ²U«=ªl«v¢¤¸ { ¥H£Sª { ©1¥Ò©�¹�ª¤º5«¯ÑU§
ª {´» £�½hãJ¢¨©1§-«v¢¨ª { « ¦^©S¹JÀG«v¸ {åÁ à ¥
Ã5¥ { ª¤«æ¡�5¢¨Å {¼Æ �¯�/�¯�ç¶�¿
°
�±Ö �t7��^è ©1¥ { ¥ Ô £�¦ {´Ô «¯²U«=ªl«v¢¤¸ { ¥H£Sª { ©1¥Ç©�¹�ª¤º5«¯ÑU§
ª {´» £�½�ã,¢¨©1§"« ¢¨ª { «v¦Ó©S¹�¡�ÊË© Áqé £�Ì1«v¢¤« Æ �ä¿1¿
°
�·¿ �tN���à ¥ Ô « ¦¨ª { Ä�£�ª { ©�¥$©S¹�¡�ÊË© Áqé £�Ì1«v¢¤« Æ ¡�
¢¤Å {´Æ Î$« Æ5{ £ØÊ { ªlº;¡ { ¸z« Á ÜÓ«v¦¤©1½ Ô « Æ �/�¯�äâ1Í
°
�±È �ØV���à ¥;ê { Ô ©z²U«vª¤« ¢¨¸ { ¥H£Sª { ©1¥�©�¹Qªlº
«�ÑU§
ª {¼» £�½hãJ¢¤©1§"« ¢&ª { « ¦Y©�¹ëÎp5¦ » ½¼« �/�/�¯�/�¯�äì��
°
�·â �t\�� ²U«=ªl«v¢¤¸ { ¥H£Sª { ©1¥Ò©�¹�ª¤º5«¯À » £�ª¤ªl«v¢ { ¥5ÄÇ×�©G«=í »v{ «v¥_ª@£�¥ ÆpÝ ¥ { ¦¨©�ªl¢¨©1§�Ì;Ï(£ » ª¤©1¢3�¯�^��Í1â
°
�·ì �ta��^è «vÊîÑæ§Gª { ¸Ç£�½"ï�£ Ô «v½¼«v¥5Ä�ªlº;¹�©1¢^¡Q¢¤« £Sªl¸z« ¥�ªÓ©�¹�ã�©1¢&ªÓï { ¥5«ð�¯�/�¯�/�/�¯�/�¯�^����â
°
� ��Í ���_f�� ÑU§
ª { ¸Ç£�½0ã�£�¢l£�¸z«vª¤« ¢¨¦Y¹�©�¢ é £S¦¤« ¢Y¡Q¢¤« £Sªl¸z« ¥�ªÓ©�¹ é «vÄØ¡�«v½+£�¥5Ä { « » ªb£�¦ { £ �/�¯�^��°1â
°
� �1� �����ï� ïñº�Ì$²U©tê,« { ¥5¦ Ý §5§"«�£S¢@òË½¼5«Ëó Ý è «=Ê é ©G©�ô�£SªÓ£�¥µÑU½ Æ$õ 5«v¦¨ª { ©1¥ �/�¯�^� ¶�â

ö ��÷��L�L�(ø(��Û5���-ù �g7"a
�ú��ûh�Q�güÇ�L�g�Pø"�gýþ�g�-��� �
V��

{´{





| ÿ ��� �T��� �
� ~�����}	� 
 �E���}�~

ÏH©1¢ » « ¥�ªl5¢ { «v¦��g§5º�ÌG¦ {¼» ¦ËºH£S¦J¦¨ªl¢¨©1¥5Ä1½ Ì { ¥
ÞH5«v¥ » « Æ ¸Ç£�¥�Ìt©�ª¤º5« ¢J¦ » { «v¥�ª { Ã » ¢¨« ¦¨«�£�¢ » ºÇÃH«v½ Æ ¦��g¦¨ » ºÇ£�¦
{ ¥G¹�©1¢¤¸Ç£Sª { ©1¥Øªl« » º
¥5©1½¼©�Ä { «v¦^£�¥ Æ « ¥
Ä { ¥5«v« ¢ { ¥5Ät¦ » { « ¥ » « ¦ ��À { ¸ { ½+£�¢¨½´Ì���¸Ç£�¥�Ì { ¸z§-©1¢&ªb£�¥�ª Æ5{ ¦ » © Ô «v¢ { « ¦
{ ¥ §
º_Ìg¦ {¼» ¦úº5£ Ô « Å-«v« ¥ñ¢l£�§ {¼Æ ½ Ì�«��G§5½¼© { ªl« Æ Å_Ì�ªlº5« ¸z« Æ
{¼» £S½ » ©1¸Ç¸�5¥ { ªÂÌ�� ÀG©1¸z«�©�¹[ªlº5« Å"« ¦&ª
ô_¥5©�ÊY¥�«��5£S¸Ç§5½´« ¦Ø£�¢¨«ú5½´ª¤¢l£�¦¨©15¥ Æ ��� Á ¢l£�Ìg¦���£�¥ Æ ¸Ç£�Ä1¥5«=ª {¼» ¢¤« ¦¨©1¥H£�¥ » « { ¸Ç£�Ä { ¥
Ä5� à ¥ ª¤º5«;½+£�¦&ª
Æ « » £ Æ «v¦��0ª¤º { ¦ Ê�£�¦[£�½´¦¤©Òª¤º5« » £�¦¤« { ¥µªlº5«¯ÃH« ½ Æ ©�¹,Å { ©�¸Ç« Æ5{¼» £�½P©1§
ª {´» ¦���ªlº5«�¸Ç« Æ5{¼» £�½�£S§5§5½ {´» £Sª { ©1¥
©�¹^½ { Ä1º�ª { ¥Tªlº
«Ò5½ ªl¢l£ Á Ôg{ ©1½´«vª��h©1§
ª {´» £�½��P©1¢ { ¥
¹�¢l£S¢¤« Æ Ê�£ Ô « ½¼«v¥5Ä�ª¤º�¢l£�¥
Ä1« ¦v� Ý ½´ª¤º5©15Ä1º ªlº5«Ç5¦¤«Ç©�¹
¦¤
¥ú½ { Ä�º_ª,¹�©1¢*ªl¢¨«�£Sª¤¸Ç«v¥_ª�£�¥ Æ�Ôg{ ¦ { Å
½¼«Y½ { Ä1º�ª { ¥5¦¤§"« » ª { ©�¥Ç¹�©1¢ Æ5{ £SÄ1¥5©1¦ { ¦*Ä1©G«v¦�ÅH£ » ôzª¤©�ªlº5« Æ £�ÊY¥ú©�¹
¸Ç£�¥5ô { ¥ Æ � { ª@Ê�£�¦U¥5©SªU5¥�ª { ½Qª¤º5« { ¥ Ô « ¥�ª { ©1¥�©�¹Jª¤º5«�½¼£�¦¤«v¢U£�¥ Æ ªlº5« Æ « Ô « ½¼©�§5¸Ç«v¥�ªæ©�¹J¥5«=Ê¾©1§
ª {´» £�½
ªl« » º5¥5©1½´©1Ä { « ¦��g¦¤ » ºú£�¦�¦¨« ¥5¦ { ª {´Ô « £�¥ Æ ¹L£�¦¨ª Æ «vª¤« » ªl©1¢¨¦�©1¢*©1§
ª {´» £�½5Ã5Å-«v¢¤¦��gªlºH£�ªËª¤º5«@
¦¤«U©�¹�½ { Ä1º�ª*¹�©�¢
¸z« Æ5{´» £�½G£�§5§5½ {¼» £Sª { ©1¥5¦PºH£�¦ëÅ"« » ©1¸z«�5Å { ¬_ { ª¤©15¦ ��¡�© Æ £�Ì��1ª¤º5«�½¼£�¦¤«v¢ { ¦�5¦¤« ÆW{ ¥W£S½¼¸z©1¦¨ª�£�½¼½_¸z« Æ5{´» £�½
Æ5{ ¦ » { §5½ { ¥5« ¦v��ÏH©1¢�¸Ò£�¥�Ì/ªl¢¨«�£Sª¤¸Ç«v¥_ª¤¦�� { ª { ¦�ª¤º5« { ¥
¦¨ªl¢¨5¸z« ¥�ªJ©�¹ » º5© {´» «���¦¤ » ºÇ£�¦ » ©1£�Ä15½¼£Sª { ©1¥�©�¹(ª¤º5«
¢¤«=ª { ¥H£��5¹L£ Æ5{ ¥5ÄØ©�¹ë§"©1¢&ªÓÊ { ¥5«/¦¨ªb£ { ¥5¦��-£S¥ ÆpÆ
{ ¦¤¢¨5§
ª { ©1¥$©�¹�ª¤º5«/¦ » £�ª¤ªl«v¢ { ¥5ÄÇ¸z« ¸�Å5¢l£�¥
« { ¥$ª¤º5«/«vÌ1«S�
¡^º5«v¢l£�§"« 
ª {¼» £�½^£�§5§
½ {¼» £Sª { ©1¥�©�¹Óªlº
«ú½+£�¦¨« ¢ { ¥ Ô ©1½ Ô « ¦ Æ5{´³ « ¢¨« ¥�ªØ§5º�Ìg¦ {´» £�½^§5¢¨© » « ¦¨¦¤« ¦Øªlº5£Sª » £�¥ Å"«
Æ5{ ÔG{´Æ « Æµ{ ¥�ªl©�§
º5©�ªl© » º5«v¸ {´» £�½��"§
º5©�ªl©Sªlº5«v¢¤¸Ç£�½��"§5º5©�ª¤©�£�Å5½¼£Sª { Ô «���£�¥ Æ ©1§
ªl©�¸Ç« » ºH£�¥ {´» £�½P§5¢¨© » « ¦¤¦¨« ¦
Æ «v§-«v¥ Æ5{ ¥
Äp©1¥ ªlº
« { ¥�ªl« ¢¤£ » ª { ©1¥ ª { ¸z«W£�¥ Æ ªlº5«Ø§"©�Ê�«v¢ Æ «v¥5¦ { ªÂÌ ©�¹ { ½¼½´5¸ { ¥H£Sª { ©1¥�� ���B�����
£�¸z§5½¼«v¦
£�¢¨«W§5º5©�ª¤© Æ Ìg¥H£S¸ {´» ªlº5«v¢l£�§�Ì � » ©�£�Ä1
½+£Sª { ©1¥�©S¹*ª¤5¸z©1¢¤¦��"! Æ ¢ { ½´½ { ¥
Ä#!(©�¹,ªl« «=ªlº$�Q£�¥ Æ ¹�¢¤£�Ä1¸z« ¥�ªb£�ª { ©�¥
©�¹�5¢ { ¥5«æ©1¢YÅ { ½¼«U¦&ªl©1¥5«v¦��(¢¤«v¦¤§"« » ª {´Ô « ½ Ì1�

ò�« ¦ {¼Æ «v¦Wªlº5«v¦¤«;ªlº5«v¢l£�§"« 
ª {¼» £�½�ªl¢¨«�£Sª¤¸Ç«v¥�ªl¦��*¢¤«v¦¤« £�¢ » º { ¥�ªlº
«;Ã5« ½ Æ ©�¹@Å { ©1¸Ç« Æ5{¼» £�½*©1§
ª {´» ¦ { ¦
{ ¥ » ¢¤« £�¦ { ¥5Ä1½ ÌW¹�© » 5¦¤« Æ ©1¥ Æ5{ £SÄ1¥5©1¦&ª {¼» £�½Hªl« » º5¥ { ¬_5«v¦ �,¡^º5«[£ ÆGÔ £S¥_ªl£�Ä1«v¦�©�¹P©1§
ª {¼» £�½(¸Ç«=ªlº5© Æ ¦ » ©1¸ Á
§H£�¢¨« Æ ªl©w¸Ò£�¥�Ìñ©�ª¤º5« ¢;ªl« » º5¥ { ¬g
« ¦�£S¢¤« ªlºH£Sª;ª¤º5«T§
¢¤© » « Æ 5¢¤«v¦�£�¢¨«T¥5©�¥ ÁÂ{ ¥ Ô £�¦ {´Ô « ©�¢µ£Sª$½´«�£�¦&ª
¸ { ¥ { ¸Ò£�½´½´Ì { ¥ Ô £�¦ {´Ô «�£�¥ Æ ªlº5£Sª@ª¤º5«/5¦¤«¯©�¹ë©1§Gª {¼» £�½h©1¢ { ¥
¹�¢¤£�¢¤« Æ ½ { Ä1º�ª { ¦@ºH£S¢¤¸z½¼« ¦¨¦ �YÎ$©1¢¤«v© Ô « ¢�� { ª
{ ¦,¥5©SªË©�¥5½´ÌW§"©1¦¨¦ { Å
½¼«^ªl©/©1Å
ªl£ { ¥Ø¦¨ª¤¢¤ » ªl5¢¤£�½ { ¥
¹�©�¢¤¸Ç£Sª { ©1¥tÅ5
ª�£�½´¦¤©æ¹�5¥ » ª { ©�¥H£�½ { ¥G¹�©1¢¤¸Ç£Sª { ©1¥$�S¦¤ » º
£�¦�ª¤º5« Æ «=ªl« » ª { ©1¥�©�¹YÅ { ©1½´©1Ä {¼» £�½J§5¢¨© » « ¦¤¦¨« ¦tÊ { ªlº { ¥Tªlº
«�Å-© Æ Ì �ëªlº5«�©�¥5¦¤«=ªW©�¹ Æ5{ ¦¤«�£S¦¤« ¦��,£�¥ Æ ª¤º5«
¸z«�£�¦¨5¢¤«v¸Ç«v¥_ªY©S¹�Å
½¼©g© Æ Þ5©�Ê ©1¢�©%�gÌgÄ1« ¥5£Sª { ©1¥úÅ�Ì Æ «=ªl« » ª { ¥5ÄWªlº5«æ¢¨« ¸ { ¦¤¦ { ©1¥Ò©�¹Q« ½+£S¦¨ª {´» ¦ » £Sª¨ªl« ¢¨« Æ
£�¥ Æ ¬g5£�¦ {åÁ « ½¼£�¦¨ª {¼» ¦ » £Sª¤ª¤« ¢¨« Æ ½ { Ä1º�ª%�5ÞH
©1¢¤«v¦ » «v¥ » «��P£�¥ Æ §5º5©1¦¨§5º5©1¢¨« ¦ » « ¥ » «�� à ¥ £ Æ5Æ5{ ª { ©1¥&�H©1§
ª {´» £�½
{ ¥
¦¨ªl¢¨5¸z« ¥�ªl¦Ó£�¢¨«æ§-©�ª¤« ¥�ª { £�½¼½ ÌÒ¦¨¸Ò£S½¼½��g§"©1¢¨ªl£�Å5½¼«[£S¥ Æ;{ ¥5«��
§"« ¥
¦ {´Ô «��

ÑU¥5«Ç©S¹�ªlº
«Ç¸Ç£ { ¥ Ä1©1£�½¼¦[©�¹Ëªlº5« Æ5{ £SÄ1¥5©1¦&ª {¼» £�½ë¢¨« ¦¤« £�¢ » º�£ » ª {´Ôg{ ª { « ¦ { ¦/ª¤º5«('*)+,'*+ -W¸z«�£�¦¨5¢¤« Á
¸z« ¥�ªW©�¹^ª¤º5« » ©1¥ » « ¥�ª¤¢l£Sª { ©1¥�©S¹@«v¥ Æ ©1Ä�« ¥5«v©15¦tª { ¦¤¦¨5« » ©1¥
¦¨ª { ªl5«v¥�ªl¦��,¦¨ » ºw£�¦t©%�gÌ Á £�¥ Æ Æ «v©,�gÌ Á

�



º5«v¸Ç©1Ä�½¼©1Å { ¥$�J¸�Ì�©1Ä1½¼©�Å { ¥$� » Ìgª¤© » º
¢¤©1¸z«;©,�gÌ Æ £�¦¨« ��¹L£�ª%�*Ä1½¼ » ©1¦¤«;©1¢W«��G©1Ä1« ¥
« ©15¦ » º5¢¤©�¸Ç©1§
º5©1¢¤«v¦
½ { ô�« Æ ¢¤
Ä1¦U5¦¨« Æ ¹�©1¢@§5º5©�ª¤© Æ Ìg¥H£S¸ {´» £�½hªlº
« ¢l£S§_Ìp©1¢ » º5« ¸z©�ªlº
« ¢l£S§_Ì��/.@¥5½ { ôS«/ªÂÌg§ {´» £�½�©1§
ª {´» £�½Q£�Å Á
¦¤©�¢¤§
ª { ©1¥$¦¤§"« » ªl¢¤©�¦ » ©�§_Ì;ÊYº5«v¢¤«�ò�« «v¢�!Ð¦@½¼£�Ê » £�¥$Å"«¯5¦¨« Æ ªl©z©1Å
ªb£ { ¥úªlº5«¯£�Å5¦¨©1¢¤§Gª { ©�¥ » ©G«=í » { «v¥�ªl¦
£�¥ Æ �"º
« ¥ » « �-ª¤º5« » ©1¥ » « ¥�ªl¢¤£Sª { ©1¥5¦Ó©�¹ë¦¨5Å5¦&ªb£�¥ » « ¦���ªlº5«/¦ { ªlH£�ª { ©�¥ { ¦Y¸Ç©1¢¨« » ©1¸z§5½ {´» £Sª¤« Æ;{ ¥;ª { ¦¤¦¨5«
Æ 5«$ªl©T¦ » £�ª¤ªl«v¢ { ¥5Ä0�Ð�1�B�ð¡^º { ¦ { ¦Ç£�½¼¦¨©þ£�¥�©1Å5¦&ªb£ » ½¼« { ¥�¢¨« ½¼£Sªl« Æ £�§5§
½ {¼» £Sª { ©1¥5¦��Ë¦¨ » ºñ£�¦z©1§
ª {´» £�½
{ ¸Ç£�Ä { ¥5Ä�©�¹Ëª { ¦¤¦¤
«���²U
«Øª¤©$ª¤º5« Æ « «v§þ§"« ¥5«=ªl¢l£�ª { ©�¥T©�¹�¢¤« Æ £�¥ Æ ¥5« £�¢ Á { ¥
¹�¢¤£�¢¤« Æ ½ { Ä1º�ª { ¥ ª { ¦¨¦¤5«��
{ ª { ¦/§"©1¦¨¦ { Å
½¼«Øªl©$§-«v¢¨¹�©1¢¨¸Õ©1§
ª {´» £�½J¸z«�£S¦¤5¢¨« ¸z« ¥�ªl¦/ªlº5¢¨©15Ä1º ªlº5«Ø¹�« ¸Ç£�½¼«ØÅ5¢¨«�£�¦&ªW£�¥ Æ ªlº
«Çº5« £ Æ
©�¹Ë¥5« ©�¥H£Sªl«v¦���£�¥ Æ ¦¤« Ô « ¢¤£�½ » « ¥�ª { ¸z«vªl«v¢/£ » ¢¨©1¦¤¦æªlº
«zº
«�£ Æ ©�¹^£ Æ 5½´ª¤¦��h«v¥H£�Å5½ { ¥5Äúªlº
« Æ «vªl« » ª { ©1¥ ©�¹
Å5¢¨«�£�¦&ª*ª¤5¸z©1¢¤¦��g©�¢Jº5« ¸z©1¢¤¢¨ºH£�Ä1«v¦*£�¥ Æ ¸Ç«v¥_ªl£�½H¦¨ª { ¸t
½+£Sª { ©1¥5¦ { ¥Wªlº
«ÓÅ
¢l£ { ¥0�32Ó©�ÊË« Ô « ¢��Gªlº
«Ó¦&ªl¢¨©1¥5Ä
ª { ¦¤¦¨5« ¦ » £Sª¨ªl« ¢ { ¥5Ä�¦ { Ä�¥ { Ã » £�¥�ªl½ ÌØÅ5½¼5¢¨¦Ëª¤º5« ©1ÅGªb£ { ¥5« Æ�{ ¸Ò£SÄ1« ¦v��¡^º_5¦��
¸Ò£Sª¤º5« ¸Ç£Sª {¼» £S½5ªlº5«v©1¢ { « ¦Ë¹�©�¢
¸z© Æ «v½ { ¥5Ä�½ { Ä1º�ª^§5¢¨©1§H£�Ä1£Sª { ©1¥ { ¥úÅ { ©1½´©1Ä {¼» £�½Hª { ¦¤¦¤
«¯£S¢¤«æ¥5« » « ¦¨¦l£�¢&Ìúªl©Ø¦¤«v§H£�¢¤£Sªl«[£�Å
¦¤©1¢¨§
ª { ©1¥ú¹�¢¤©1¸
¦ » £Sª¤ª¤« ¢ { ¥5Ä#�Ë£�¥ Æ ªl© §"« ¢¨¹�©�¢¤¸ { ¸Ò£�Ä�«�¢¤« » ©1¥5¦&ªl¢¨ » ª { ©1¥0� à ª { ¦ØÄ1«v¥5« ¢¤£�½¼½ Ì £ »v» «v§
ªl« Æ ªlº5£SªØ§5º5©�ª¤©1¥
§5¢¨©1§H£�Ä�£�ª { ©�¥ { ¥ ª¤5¢¤Å {¼Æ ¸z« Æ
{ £ » £�¥þÅ-« Æ « ¦ » ¢ { Å"« Æ Å�Ì ªlº
«Çªl¢¤£�¥5¦¨§-©1¢&ª[ªlº5«v©1¢¨Ì �J£�¥ Æ ªlºH£Sª { ª » £�¥
Å"«t£�§5§
¢¤©%� { ¸Ç£Sªl« Æ�{ ¥$ªlº5«¯¢¤« Æ £S¥ Æ ¥5« £�¢ Á { ¥
¹�¢¤£�¢¤« Æ ¦¤§"« » ªl¢¤£�½�¢¨« Ä { ©1¥$�(ÊYº5« ¢¨«W£�Å5¦¨©1¢¤§
ª { ©1¥ { ¦@¸t » º
ÊË«�£�ôS« ¢YªlºH£�¥$¦ » £Sª¤ª¤« ¢ { ¥5Ä#�HÅ�Ì�ª¤º5« Æ5{´³ 5¦ { ©1¥�ª¤º5« ©1¢&Ì��Ð°4�5¶#�"Ö5�B�

à ¥�£ Æ
Æ5{ ª { ©1¥$�Gªlº5«/Ä1« ©�¸Ç«=ªl¢¨Ì�5¦¤« Æ ¹�©1¢^¸z© Æ «v½ { ¥5Ätªlº5«/½ { Ä1º�ªY§5¢¤©�§H£�Ä�£Sª { ©1¥ { ¥;ª { ¦¨¦¤5« { ¦ { ¸z§"©1¢ Á
ªb£S¥_ª � Ï(©�¢6'*)7+,'*+ -z¸Ç« £�¦¤5¢¨« ¸z« ¥�ªl¦�� { ª { ¦¯ªÂÌg§ {´» £�½´½´ÌT£�¦¤¦¨5¸z« Æ ªlºH£�ª�ª { ¦¤¦¨5« { ¦¯º5©1¸z©1Ä1« ¥
« ©15¦�¦¤©
ªlº5£SªÓ©1¥5½´Ì$£S¥µ£ Ô «v¢l£�Ä�« Ô £�½¼
«[¹�©�¢Yª¤º5«¯£�Å5¦¤©�¢¤§
ª { ©1¥p£�¥ Æ ¦ » £�ª¤ªl«v¢ { ¥5Ä » ©G«=í » { «v¥�ªl¦ { ¦Y©1Å
ªb£ { ¥5« Æ �^ÑU¥
ªlº
«z©Sªlº5«v¢æºH£�¥ Æ �P¸Ç£�¥�Ì ¢¤«v¦¤« £�¢ » ºTÄ1¢¤©1
§5¦[£�¢¤«WÊË©1¢¤ô { ¥5Ä { ¥ ªlº5«tÃ5« ½ Æ ©�¹Ë©1§
ª {¼» £�½ Æ5{ ³ 5¦¨«tªl©1¸z©1Ä Á
¢l£S§5º�Ì��,ÊYº5« ¢¨« � { ¥ §5¢ { ¥ »v{ §5½´« �J¥5© Ä1«v©1¸z«vªl¢ {¼» £�½�¢¨« ¦¨ª¤¢ {´» ª { ©1¥ { ¦ { ¸z§-©1¦¨« Æ ©�¥ ª¤º5« Æ5{ ¦¨ªl¢ { Å5Gª { ©�¥�©�¹
ªlº
«�£�Å
¦¤©1¢¨§
ª { ©1¥$£�¥ Æ ¦ » £�ª¤ªl«v¢ { ¥5Ä » ©G«=í » { «v¥�ªl¦8�Ð¿��"È9�(â��(ì��B� à ¥�ªl«v¢¤¸z« Æ5{ £Sªl«[¸z© Æ « ½¼¦�ª¤ºH£Sª@£�¢¨«/¸z©1¢¨«
Ô «v¢¤¦¤£Sª { ½¼« ª¤ºH£�¥Òª¤º5«æº5©1¸z©1Ä1«v¥5« ©1
¦^£�§5§5¢¨©�£ » º;£�¥ Æ ¸Ç©1¢¨« « £�¦ { ½´ÌØªl¢¤£ » ªl£�Å5½¼«ÓªlºH£S¥ú§55¢¤« ©1§
ª {´» £�½(ªl© Á
¸z©1Ä1¢l£S§5º�Ì�£�¢¨«æ£�½´¦¤© { ¥ Ô « ¦&ª { Ä1£Sªl« Æ �*Ï(©�¢�«:�
£�¸z§5½´« �Gª¤¢¤« £Sª { ¥5Ä�ªlº
«Uª { ¦¨¦¤5«[£S¦^£ » ©1¸z§"©1¦ { ªl« ©S¹�½¼£�Ì1« ¢¨¦
{ ¦^«v¦¤§"« »v{ £�½´½´Ì�§
¢¤©1¸ { ¦ { ¥5Ä Æ 5«æªl©Wªlº5«[½¼£�Ì�« ¢¨« Æ ¦&ªl¢¨ » ª¤5¢¤«/©�¹�¸Ò£�¥�ÌÒ§H£�¢¨ª¤¦Y©�¹�ª¤º5«[Å-© Æ Ì��

¡^º5« Æ «=ªl«v¢¤¸ { ¥H£Sª { ©1¥;©�¹J£�Å5¦¤©�¢¤§
ª { ©1¥p£�¥ Æ ¦ » £Sª¨ªl«v¢ { ¥
Ä » ºH£�¢¤£ » ª¤« ¢ { ¦¨ª {¼» ¦ { ¥pª { ¦¤¦¨5« { ¦��(ªlº5«v¢¤«=¹�©1¢¤«��
£ Ä1©�£�½*¹�©1¢t¸Ç£�¥�Ì Æ5{ £�Ä1¥5©�¦¨ª {´» £�§5§
½ {¼» £Sª { ©1¥5¦v�þÑU¥ ªlº
«ú©�ªlº5«v¢WºH£�¥ Æ �Ëô_¥5©�ÊY½¼« Æ Ä1«;©�¹Yªlº
«ú©1§
ª {´» £�½
§5¢¨©1§-«v¢¨ª { « ¦W©S¹@ª { ¦¤¦¨5«$£�½¼½´©�ÊY¦t©1¥5«úªl© » £�½ » 5½+£Sª¤«Òªlº
«$§
¢¤©1§H£SÄ�£Sª { ©1¥ ©�¹Ó½ { Ä1º�ª { ¥ ª { ¦¤¦¨5« �,ÊYº {´» º { ¦
{ ¸z§"©1¢¨ªl£�¥�ª*ª¤©�©1§Gª { ¸ {<; «^ªlº5«v¢l£�§"« 
ª {¼» £�½�£S§5§5½ {´» £Sª { ©1¥
¦ � à ¥Çªlº { ¦*ª¤º5« ¦ { ¦��gÊ�« ¢¤« §"©1¢&ª�©1¥�Å"©�ª¤º�£�¢¨«�£�¦v�
¡^º5« Æ «vªl«v¢¤¸ { ¥H£�ª { ©�¥Ç©�¹hª¤º5« ©�§
ª {´» £�½(§5¢¨©1§-«v¢¨ª { « ¦Ë©�¹hª { ¦¤¦¨5« { ¦ { ¥ Ô « ¦¨ª { Ä�£�ªl« Æ ¹�©1¢Ëº
©1¸Ç©�Ä1« ¥5«v©15¦�£�¥ Æ
¹�©1¢*½+£�Ì1«v¢¤« Æ Ä1« ©1¸z«vª¤¢ { « ¦��G£�¥ Æ ªlº5«@¢¤« ¦¨5½´ª¤¦�©�¹0ª¤º5« ¦¨« { ¥ Ô « ¦¨ª { Ä�£�ª { ©�¥5¦�£S¢¤« 
¦¤« Æ ¹�©�¢�©1§
ª { ¸ {<; £Sª { ©1¥W©�¹
ªlº
« ¢l£S§-«v
ª {´» £�½0§
¢¤© » « Æ 5¢¤«v¦ �

�



| ÿ ��� �T��� =
> �ë�T��
 � }?� ��3���

×�ºH£�§Gªl« ¢æ�z¦¨ªl£�¢¨ª¤¦@Ê { ªlº £�¥ { ¥�ªl¢¨© Æ  » ª { ©1¥$ªl©Çª¤º5«�ª¤¢l£�¥5¦¨§-©�¢¨ª £�¥ Æ ª¤º5« Æ5{ ³ 
¦ { ©�¥µ« ¬_H£�ª { ©�¥5¦A@�¦¤« »�Á
ª { ©1¥5¦U�G�´��£�¥ Æ �G�±��B��"ÊYº {´» º » ©1¥
¦¨ª { ªl
ª¤«�ªlº
«�ÅH£�¦ {¼» ¹�©1¢¤¸t
½+£z¹�©�¢Óª¤º5« Æ «v¦ » ¢ { §
ª { ©1¥µ©�¹,½ { Ä1º�ª@§
¢¤©1§H£ Á
Ä�£Sª { ©1¥ { ¥ Å { ©1½´©1Ä {¼» £�½�¸z« Æ
{ £��P£�½´¦¤©$ô_¥5©�ÊY¥�£�¦[ª { ¦¤¦¤
«Ç©1§Gª {¼» ¦ �Øïþ«���ª¤º5« ¥$�Q¦¤
¸Ç¸Ç£�¢ {C; «W©1
¢/ÊË©1¢¤ô
§5¢¨« ¦¤«v¥�ªl« Æ { ¥ » º5£�§
ªl«v¢ °D@ �_�(Ey�_�Ý� B^£�¥ Æ ¦¤º5©�Ê`º5©�Ê { ª { ¦Y¢¤«v½+£Sª¤« Æ ªl©Øªlº5«/½ { ªl« ¢¤£Sªl
¢¤«F@L¦¨« » ª { ©�¥5¦
�G�·°��(�G�Ð¶z£�¥ Æ �G�±Ö�B=�
GIHº{ J OPA2[�JSq Z�OSC#ILKö>UAyCSEBZ�[
éh{ Ä1º�ª@§5¢¤©�§H£�Ä�£Sª { ©1¥ { ¥pÅ { ©�½¼©1Ä {´» £�½"ª { ¦¤¦¤
« { ¦�� { ¥µÄ1«v¥5« ¢¤£�½�� Æ «v¦ » ¢ { Å"« Æ Å�Ì;ªlº
«¯ªl¢¤£�¥5¦¨§-©1¢&ªU«v¬g5£Sª { ©1¥
©�¹h¢¤£ Æ5{ £Sª { Ô «Yªl¢l£S¥5¦¨¹�«v¢�©1¢ { ªl¦Ë£�§5§
¢¤©%� { ¸Ç£Sª { ©1¥$��ªlº5« Æ5{´³ 5¦ { ©1¥Ç« ¬_H£Sª { ©1¥0��¡^º5« ªl¢¤£�¥5¦¨§-©1¢&ª�«v¬g5£Sª { ©1¥
» £S¥ÒÅ"« Æ « ¢ { Ô « Æ ¹�¢¤©�¸ ªlº5«Ó¸z©1¢¤«Y«:�
£ » ª^Îp£1�gÊ�«v½¼½ Á « ¬_H£Sª { ©1¥
¦*Å�Ìz£�¦¨¦¤5¸ { ¥
Ä/ª¤ºH£Sª,ªlº5«Ó§"« ¢¤¸ { ª¨ª { ÔG{ ªÂÌ
» ©�¥5¦ { ¦¨ªl¦�©�¹"£ » ©1¥
¦¨ªb£S¥_ª�ªl« ¢¨¸ £S¥ Æ £�¥W£ Æ
Æ5{ ª { ©1¥H£S½_ª¤« ¢¨¸¾ª¤ºH£Sª { ¥ » ½´ Æ «v¦ë¦¤¸Ç£�½¼½_¦¨§H£Sª { £�½¼½ Ì Æ « §"« ¥ Æ « ¥�ª
ÞH » ªlH£�ª { ©�¥5¦M�å��Í9�h�1���B�

à ¥pª¤º5« » ©1¥�ªl«��gª ©�¹�ªlº5«æª¤¢l£�¥5¦¨§-©�¢¨ªÓ« ¬_H£Sª { ©1¥;ªlº
«[Ê�£ Ô «¯¥H£Sªl
¢¤«[©�¹ë½ { Ä1º�ª { ¦ Æ5{ ¦¨¢¤« Ä1£�¢ Æ « Æ �(£�¥ Æ �
ªlº_5¦�� { ¥�ªl«v¢¨¹�«v¢¤« ¥ » «�« ³ « » ªl¦ë£�¢¤«�¥
©�ª�ªl£�ô�«v¥ { ¥�ªl© £ » » ©15¥�ª��ë¡^º
«�¦¤ »v» «v¦¤¦,©�¹5ª¤º5«�ªl¢¤£�¥5¦¨§-©1¢&ªë«v¬g5£Sª { ©1¥
¹�©1¢ ª¤º5« Æ «v¦ » ¢ { §
ª { ©1¥ ©S¹Ë½ { Ä1º�ª §5¢¤©1§5£�Ä�£Sª { ©1¥ { ¥ ©�ªlº
« ¢Uªl
¢¤Å {´Æ ¸Ç« Æ5{ £��-¦¤ » ºT£�¦ { ¥ © » «�£�¥5¦�� { ¥�ª¤º5«
£Sª¤¸Ç©1¦¨§5º5«v¢¤« ��©1¢ { ¥�¦¨ªl«v½¼½¼£�¢�©�¢ { ¥�ªl«v¢¤¦&ªl« ½´½+£�¢Q¸Ç£Sªl«v¢ { £S½���£�¦�ÊË« ½´½5£�¦�ª¤º5«�¢¨« ¦¤
½´ªl¦�©1Å
ªb£ { ¥5« Æ ¦¤©U¹L£�¢Q¹�¢¤©1¸
ªlº
« { ¥ Ô « ¦&ª { Ä�£Sª { ©1¥5¦ { ¥�ª { ¦¤¦¤
« �H¦¤«v« ¸z¦^ªl©Ø§5¢¤© Ô « { ªl¦^£�§
§5½ {´» £�Å { ½ { ªÂÌW¹�©1¢^Å { ©�½¼©1Ä {´» £�½(¸z« Æ5{ £t§5¢¤© Ôg{¼Æ « Æ
ªlº5£Sª^ªlº5«/£�§
§5¢¤©%� { ¸Ç£Sª { ©1¥5¦�ª¤ºH£SªÓºH£ Ô «[Å"« «v¥µ5¦¨« Æµ{ ¥ { ª¤¦ Æ « ¢ {´Ô £Sª { ©1¥;£�¢¨«/ôS« §
ª { ¥ú¸ { ¥ Æ �

Ý ½ ªl« ¢¨¥H£Sª {´Ô «v½´Ì ª¤© { ª¤¦ Æ «v¢ { Ô £�ª { ©�¥�¹�¢¤©�¸ ªlº5« Îp£1�gÊ�«v½¼½ Á « ¬_H£Sª { ©1¥
¦���ªlº
«pªl¢¤£�¥5¦¨§-©1¢&ª�«v¬g5£Sª { ©1¥
» £S¥µ«�£S¦ { ½ Ì�Å"« Æ « Æ  » « Æ Å�Ì » ©1¥5¦ {´Æ « ¢ { ¥5ÄØªlº
«¯«v¥5« ¢¨Ä�Ì;ÅH£�½¼£�¥ » « { ¥µ£Ø¦¤¸Ç£�½¼½ Ô ©1½´5¸Ç«æ©S¹�ªlº
«/ª¤5¢¤Å {´Æ
¸z« Æ5{ 5¸N� ���4�H°1� �*ÏH©1¢�ª¤º5«æª { ¸z« Á Æ « §"« ¥ Æ « ¥�ªYªl¢¤£�¥5¦¤§"©1¢&ªY« ¬_H£Sª { ©1¥;Ê�«[ºH£ Ô «

�O"PRQ @�ST�U SV UXW B
P W Y SV7Z1[ Q @�ST9U SV UXW B

\�] @_^$` Y ^bacB Q @�ST9U SV UXW B Y ^ba#d4egf Æ Vih:j @ SV h U SV B Q @�ST9U SV h UXW B Y7k @�ST4U SV UXW B U @B�G�´�,B
°



ÊYº5«v¢¤« Q @�ST9U SV UXW B { ¦Ëªlº5«æ«v¥5« ¢¨Ä�Ìú¢l£ Æ5{ £�¥ » « �GÊYº {¼» º;¢¤«v§5¢¤«v¦¤«v¥_ª¤¦Óª¤º5«[£�¸z©15¥�ªY©�¹Q« ¥
« ¢¤ÄSÌ�ÞH©�Ê { ¥5Ä { ¥
ªlº
«Ò5¥ { ª[ª { ¸z«Fl W Ê { ª¤º { ¥T£p5¥ { ª¯¦¤©1½ {¼Æ £�¥5Ä1½´« { ¥ Æ
{ ¢¤« » ª { ©1¥ SV ªlº5¢¨©15Ä1ºþ£�¥þ
¥ { ª�£�¢¤« £µ£SªmST ��^$`
£�¥ Æ ^$a £�¢¨«�ªlº5«t£�Å5¦¤©�¢¤§
ª { ©1¥ £�¥ Æ ¦ » £�ª¤ªl«v¢ { ¥5Ä » ©g«ví » { « ¥�ªl¦�� j @�n B@¢¤«v§5¢¤«v¦¤«v¥_ª¤¦æªlº5«W§5º5£�¦¤«=¹�5¥ » ª { ©1¥&�
ÊYº {´» ºµ« ¬_H£S½¼¦^ªlº5«[§5¢¨©1ÅH£�Å { ½ { ªÂÌ Æ
{ ¦¨ª¤¢ { Å5
ª { ©1¥ú©�¹�ªlº5«[¦ » £Sª¤ª¤« ¢ { ¥5ÄÇ£�¥5Ä1½´« � O \ O�o:p�q { ¦�ª¤º5« Ô « ½´© »v{ ªÂÌ
©�¹ ½ { Ä�º_ª { ¥ ªlº5«;ªl5¢¨Å {¼Æ ¸z« Æ5{ 5¸D�,ÊYº5«v¢¤« O:o { ¦Wªlº5« Ô «v½¼© » { ªÂÌ ©�¹U½ { Ä1º�ªr'*)s+1t9u:vw-;£S¥ Æ q { ¦Wª¤º5«
¢¤«=¹�¢l£ » ª { Ô « { ¥ Æ «:� ©S¹Ëª¤º5«Wªl5¢¨Å {¼Æ ¸z« Æ5{ 5¸D�0£�¥ Æ k @�ST9U SV UcW B Æ « ¦ » ¢ { Å-«v¦/£;§"©1¦¨¦ { Å
½¼«W¦¤©�5¢ » «zÊ { ªlº { ¥
ªlº
«tªl5¢¨Å {¼Æ ¸z« Æ5{ 5¸$�/¡^º
«tªl¢l£S¥5¦¤§"©1¢¨ª[«v¬_H£Sª { ©1¥ » £S¥ Å"«t«��Gª¤« ¥ Æ « Æ ª¤© { ¥ » ½¼ Æ «�ªlº5« Æ « ¦ » ¢ { §
ª { ©1¥
©�¹*ÞH5©1¢¨« ¦ » « ¥ » «x� ��°1�*£S¥ Æ §"©1½¼£�¢ {C; £Sª { ©1¥y� °1�B�Øïþ«Ø¥5©�ª¤«WªlºH£Sª { ¥��J¬(��@ �g�´�5B@ª¤º5«z¦ » £�ª¤ªl«v¢ { ¥5Ä Æ « ½¼£�Ì
» £S5¦¤« Æ Å_Ì ªlº
«Ò« ½¼£�¦¨ª {¼» ¦ » £Sª¤ª¤« ¢ { ¥5Äµ©S¹^ªlº5«Ç§5º5©�ª¤©1¥5¦ { ¥Tª¤º5«Çª¤5¢¤Å {´Æ ¸z« Æ5{ 5¸ { ¦/¥5©�ª/ªb£�ôS« ¥ { ¥_ª¤©
£ »v» ©15¥�ª8� ��¶ �z� �tN �B��J¬"�3@ �G� �5B » £�¥µÅ-«�£�¥H£�½ Ìgª {¼» £�½¼½ Ì�¦¤©�½ Ô « Æ ©1¥5½ Ì { ¥p¦¤§"« » { £�½ » £�¦¨« ¦{� °��B�@² { ³ «v¢¤«v¥_ª ¸Ç«=ªlº5© Æ ¦Ó«:� { ¦&ª
ªl© Æ « ¢ {´Ô «Ò¥g
¸Ç«v¢ {¼» £�½*¦¤©1½´
ª { ©1¥5¦I� ���|����Ö|����¿9����È,���J©�¹^ÊYº {¼» º�ªlº
«;Îp©1¥�ªl«ú×�£�¢¤½´©µ¸z«vªlº
© Æ�{ ¦¯ª¤º5«
¸z©1¦¨ªëÞ5«:� { Å5½´«/� ��â��
��ì�����Í4���G���1�1�1�B��ïT«^§5¢¤©�Ä1¢l£�¸z¸z« Æ £[Îp©�¥_ª¤«Ó×�£�¢¤½´© » © Æ «��_ÊYº {¼» º { ¦�5¦¤« ÆÇ{ ¥Ø£�½¼½
¢¤«v§5¢ { ¥�ªl¦^©�¹hª¤º { ¦�ª¤º5« ¦ { ¦}� ��� E ����� ���5£�¦�¦¨©1½¼Gª { ©�¥�©�¹Pªlº5«@ªl¢l£S¥5¦¤§"©1¢¨ª�« ¬_H£Sª { ©1¥0� à ª » £�¥úºH£S¥ Æ ½¼« ½+£�Ì Á
« ¢¨« Æ Ä1« ©1¸z«vª¤¢ { « ¦Y£�¥ Æ$» Ìg½ { ¥ Æ «v¢¤¦��5ÊYº {¼» ºp£�¢¤«[½´© » £Sªl« Æ Ê { ªlº { ¥úªlº5«æªl
¢¤Å {´Æ ¸z« Æ
{ £W¦ { ¸t5½+£�ª { ¥
Ä#�g¹�©�¢
«:�
£�¸z§5½´« �
Å
½¼©g© ÆzÔ « ¦¨¦¤«v½¼¦Y©1¢�º5£ { ¢¨¦ �,ò�«v¦ {¼Æ « ¦^« ½¼£�¦¨ª {¼» ¦ » £Sª¤ª¤« ¢ { ¥5Ä { ª Æ «�£S½¼¦�Ê { ªlº�¬_H£�¦ { Á « ½+£S¦¨ª {´» ¦ » £Sª Á
ªl«v¢ { ¥5Ä~@�½+£�¦¨« ¢ Á ²U©1§5§
½¼« ¢æ¦¨§-« » ª¤¢¤©1¦ » ©1§�Ì�B�£�¥ Æ §5¢¨©1§H£�Ä�£�ª { ©�¥T©�¹ËÞH5©1¢¨« ¦ » « ¥ » «�©1¢[§5º
©1¦¤§5º
©1¢¤«v¦ » «v¥ » «
½ { Ä1º�ª��Qïþ« { ¸Ç§
½¼« ¸z« ¥�ª¤« Æ £¯¦¤« ¢ { «v¦�©�¹ Ô £�¢ { £�¥ » « ¢¤« Æ  » ª { ©�¥ú£�½¼Ä�©1¢ { ªlº5¸z¦,¦¤ » º$£�¦ { ¸z§5½ {´» { ª » £�§
ª¤5¢¤«��
¢¤©�5½¼«=ª¤ªl«zªl« » º5¥ { ¬_5«��Ë½¼£�¦¨ª Á Þ { Ä1º�ª Á « ¦¨ª { ¸Ç£Sª { ©1¥$�P¦ » £�½ { ¥5Äµ§
¢ { ¥ » { §
½¼« ¦��J£�¥ Æ » ©1¥ Ô ©1½´
ª { ©1¥�ªl« » º5¥ { ¬g
« ¦
ªl©Ø¢¨« Æ  » «/ª¤º5« » £�½ » 5½¼£Sª { ©1¥Òª { ¸z«F�å��°9�"��°4�"��¶��"�1Ö4�H��¿��(�1È9�"��â1�B�

à ¥Ò©1¢ Æ « ¢,ªl©/©1Å
ªl£ { ¥Ø¹L£�¦&ªl« ¢*¦¤©�½¼
ª { ©1¥5¦ë¹�©�¢ Æ « ¦ » ¢ { §
ª { ©1¥Ò©�¹-ªlº5«Ó½ { Ä1º�ª,§5¢¤©�§H£�Ä�£Sª { ©1¥ { ¥zÅ { ©1½´©1Ä {¼» £�½
ª { ¦¤¦¨5« ��ªlº
« Æ5{´³ 5¦ { ©1¥Ø£�§5§
¢¤©%� { ¸Ç£Sª { ©1¥t©�¹"ªlº5«�ª¤¢l£�¥
¦¤§"©1¢¨ª,«v¬g5£Sª { ©1¥ { ¦ë©�¹oª¤« ¥z5¦¤« Æ � à ª¤¦Ë£S§5§5½ {´» £Sª { ©1¥
¢¤«v¦¤5½ ªl¦ { ¥úª¤º5« Æ
{´³ 5¦ { ©1¥ú« ¬_H£Sª { ©1¥&�5¹�©1¢^ÊYº {¼» ºp£�¥H£�½ Ì_ª {¼» £�½�¦¨©1½¼Gª { ©�¥5¦�¹�©1¢Y¦ { ¸Ç§5½´«UÄ1«v©1¸Ç«=ªl¢ { « ¦ » £�¥
Å"«[¹�©�5¥ Æ �

GIH�G � E�� >�JSEBZ�[ I�Kö>UAyCFEHZ_[
à ¥ ªlº { ¦æ¦¤5Å5¦¨« » ª { ©�¥ ÊË«Ø§5¢¤«v¦¤« ¥�ª�£úÅ5¢ { «v¹ Æ « ¦ » ¢ { §
ª { ©1¥ ©�¹*ªlº5« Æ «v¢ {´Ô £Sª { ©1¥µ©�¹Ëª¤º5« Æ5{´³ 5¦ { ©1¥ «v¬g5£ Á
ª { ©1¥�¹�¢¤©�¸�ªlº
«tªl¢l£S¥5¦¤§"©1¢¨ª[«v¬_H£Sª { ©1¥ { ¥ ©1¢ Æ « ¢Uª¤©ú5¥ Æ «v¢¤¦&ªb£�¥ Æ ªlº5«W½ { ¸ { ªl£Sª { ©1¥5¦Y©�¹,ªlº5« Æ5{ ³ 
¦ { ©�¥
£�§5§
¢¤©%� { ¸Ç£Sª { ©1¥��Ð°4�"��ì��(â��B� à ¥�ªl«vÄ1¢l£�ª { ©�¥p©�¹3�J¬"��@B�G�´�,B^© Ô « ¢@£�½¼½h¦¨©1½ {´Æ £S¥5Ä1½¼«v¦YÄ {´Ô « ¦^ªlº5«[¹�©1½´½¼©�Ê { ¥5Ä
» ©�¥_ª { ¥_ { ªÂÌú« ¬_H£Sª { ©1¥&�

�O"P�� @�ST4UXW B
P W Y [�Z S��@�ST4UXW B \�] ^$` � @�ST9UXW B Y�� @�ST|UXW B U @B�G�É� B

ÊYº5«v¢¤«6@ � @�ST9UXW B��ëÞH5« ¥ » «/¢l£Sª¤« � S��@�ST|UXW B��,Þ54�#B
¶



� @�ST9UXW B \ d egf Q @�ST4U SV UcW B Æ V U
S��@�ST|UXW B \ d4egf Q @�ST4U SV UcW B SV Æ V U
� @�ST|UXW B \ d egf k @�ST9U SV UXW B Æ V��

ïñº5«v¥$¦ » £Sª¨ªl«v¢ { ¥
Ä { ¦�¸t » º$¦&ªl¢¨©1¥5Ä1«v¢�ªlºH£�¥;£SÅ5¦¤©1¢¨§
ª { ©1¥�@_^ h a"� ^&`1�GÊYº5« ¢¨«L^ ha \ ^ba�@&� ]�� B { ¦�ª¤º5«
¢¤« Æ  » « Æ ¦ » £Sª¤ª¤« ¢ { ¥5Ä » ©g«ví » { « ¥�ª%��£�¥ Æ � { ¦Yªlº5«¯£ Ô «v¢l£�Ä1« » ©1¦ { ¥5«¯©�¹�ª¤º5«�¦ » £Sª¨ªl«v¢ { ¥
ÄÒ£�¥
Ä1½¼«��"ô_¥5©�ÊY¥
£�¦�ª¤º5«æ£�¥ { ¦¤©Sªl¢¤©�§_ÌØ¹L£ » ªl©1¢�B:� Q » £�¥úÅ-«U£�§5§5¢¨©,� { ¸Ò£Sª¤« Æ £�¦^£�¥ { ¦¤©�ª¤¢¤©1§ {´» Þ55« ¥ » «æ¢l£Sª¤«æ£�¥ Æ £t¦¤¸Ç£�½¼½
Æ5{ ¢¤« » ª { ©1¥H£�½"ÞH4��@ Æ
{´³ 5¦ { ©1¥;£�§5§5¢¨©%� { ¸Ò£�ª { ©�¥RB:�

Q @�ST9U SV UXW B \ �
¶�� � @�ST9UXW B Y °

¶�� S��@�ST9UXW B Z SV�� @B�G�±°�B
ÀG5Å
¦¨ª { ªl
ª { ¥5ÄF�J¬(��@ �G�·°�B { ¥�ª¤©Øª¤º5«}�J¬"��@B�G� �5B�£�¥ Æ ªlº5«v¥µ¸t
½´ª { §5½´Ì { ¥5Ä�Å�Ì SV £S¥ Æ;{ ¥�ªl«vÄ1¢l£Sª { ¥5ÄW© Ô « ¢
£�½´½�¦¤©�½ {¼Æ £�¥
Ä1½¼«v¦^Ä {´Ô « ¦

�O P S�&@�ST4UcW BP W \�] �
° [ � @�ST9UXW B ] �

°�� S��@�ST9UXW B U @B�G�·¶�B
ÊYº5«v¢¤«A� \ @B°w@�^ h a Y ^$`�BcB��w� { ¦Óª¤º5« Æ5{ ³ 
¦ { ©�¥ » ©g«ví »v{ « ¥�ª � à ¥ Æ « ¢ { Ôg{ ¥5Ä6�,¬(��@ �G�Ð¶|B�Ê�«�¸Ò£ Æ «/ª¤º5«
£�¦¨¦¤5¸z§
ª { ©1¥úªlºH£�ª^ªlº5«[¦¤©�5¢ » « k { ¦ { ¦¤©Sªl¢¤©�§ {¼» �

×�©1¸tÅ { ¥ { ¥
ÄA�J¬"�b@ �G�±��BË£S¥ Æ �J¬"�b@ �G�Ð¶|B*ÊË«æ©1Å
ªl£ { ¥ú£ Æ
{´³ « ¢¤«v¥�ª { £S½-«v¬g5£Sª { ©1¥ { ¥ � @�ª¤« ½´« Ä1¢¤£�§5º5«v¢
« ¬_H£�ª { ©�¥RB:�

� [F� � @�ST9UXW B ] ^$` � @�ST9UXW B \ @&� Y °��6^$`:B �O P�� @�ST�UcW B
P W ] � @�ST|UXW B

Y °��O � P � � @�ST4UXW B
P W � ] ° �O P � @�ST�UcW BP W

� @B�G�ÉÖ B
ÏH©1¢"^&ha�� ^$`�ÊË« ºH£ Ô « °���^$`�� ���g£�¥ Æ ¹�©�¢J¢¤« ½¼£Sª { Ô «v½´Ìt¦¨¸Ò£S½¼½
ª { ¸z« ÁÂÆ « §"« ¥ Æ «v¥�ª Ô £�¢ { £Sª { ©1¥5¦�©�¹�ª¤º5«
¦¤©�5¢ » « { ¥_ª¤« ¥5¦ { ªÂÌÇÊ�«/Ä1«vªYª¤º5« Æ5{´³ 5¦ { ©1¥ú« ¬_H£�ª { ©�¥$�

�O P�� @�ST9UXW B
P W ] � [{� � @�ST9UXW B Y ^&` � @�ST4UXW B \ � @�ST|UXW B � @B�G�±¿�B

Ö



ïT«/¥
©�ªl«æªlº5£Sª^¹�©1¢�^ ha"� ^$`1�
ªlº
« Æ
{´³ 5¦ { ©1¥ » ©g«ví » { « ¥�ª { ¦�� \ � p @L° ^ ha B=�ëïñº
« ¥(^ ha"� ^&` { ¦^¥5©Sª
Ô £�½ {´Æ �Gª¤º5«[Å-«v¦¨ªY¹�©1¢¨¸ç©�¹�� { ¦ » ©1¥�ª¤¢¤© Ô «v¢¤¦ { £�½¼½ Ì Æ5{ ¦ » 5¦¤¦¨« Æµ{ ¥úªlº5«[½ { ªl«v¢l£Sª¤5¢¤«{� °1Í��5°
���B�

ÏH©1¢D'*)0+,'*+ -;£�§5§5½ {¼» £�ª { ©�¥5¦W5¦¤5£�½¼½ Ìw£T¦¤«v¸ {åÁÂ{ ¥
ÃH¥ { ªl«ú¸z« Æ5{ 5¸ { ¦z5¦¤« Æ ªl© Æ « ¦ » ¢ { Å-«$ªlº5« { ¥ Á
Ô «v¦¨ª { Ä�£Sª¤« Æ ª { ¦¤¦¨5«�� Ý §
½+£�¥5«�¦¤5¢&¹L£ » « { ¦ ¥5©1¢¨¸Ò£S½¼½´Ì$£S¦¤¦¤
¸Ç« Æ £�¦UÅ"©15¥ Æ £S¢¨Ì�Å"«vªÂÊË« «v¥ ª¤º5«�ª¤5¢¤Å {´Æ
¸z« Æ5{ 5¸ £�¥ Æ ªlº5«U£ Æ1� £ » « ¥�ªM@L¥5©�¥ Á ª¤5¢¤Å {´Æ B*¸z« Æ
{ 5¸$�J²U5« ª¤©�ªlº
« Æ5{´³ 5¦ { ©1¥ú£�§
§5¢¤©%� { ¸Ç£Sª { ©1¥ { ª { ¦
¥5©�ªË§"©1¦¤¦ { Å5½´«Yª¤©/¹�
½´ÃH½´½5ªlº5«Ó«:�
£ » ª�Å"©15¥ Æ £S¢¨Ì » ©�¥ Æ5{ ª { ©1¥Ø©�¹�ªlº5«Yªl¢¤£�¥5¦¤§"©1¢&ª�«v¬g5£Sª { ©1¥�� °��B� à ¥5¦&ªl«�£ Æ �
ªlº
¢¤« « Æ5{ ³ «v¢¤« ¥�ª/Å"©15¥ Æ £S¢¨Ì » ©�¥ Æ5{ ª { ©1¥
¦[£�¢¤«Ø¸z©1¦¨ª¤½´Ì�
¦¤« Æ ��¡^º5« ; « ¢¨© Á Å"©15¥ Æ £�¢¨Ì » ©1¥ Æ5{ ª { ©1¥ ¦¤«=ªl¦
ªlº
«ÇÞH5«v¥ » «Ò¢l£Sª¤«Ò« ¬_H£S½Ëªl© ; «v¢¤© £Sª¯ªlº5«Ç§5º�Ìg¦ {¼» £�½*Å-©1
¥ Æ £�¢&Ì1� à ¥Tªlº5«Ç«:�gªl¢¤£�§-©�½+£Sª¤« Æ Å"©15¥ Æ £�¢¨Ì
» ©�¥ Æ5{ ª { ©1¥µ£�¥ «:�gª¤¢l£�§"©1½+£�ªl« Æ Å-©1
¥ Æ £�¢&Ì { ¦ { ¥�ª¤¢¤© Æ  » « Æ { ¥µª¤º5«t¥5©�¥ Á ª¤5¢¤Å {´Æ ¸z« Æ5{ 5¸(�"ÊYº5«v¢¤«tª¤º5«
ÞH5«v¥ » «W¢¤£Sªl« { ¦U¦¨«vªUª¤© ; « ¢¨©5�[Ï { ¥H£�½¼½ Ì��(ªlº5«�§H£�¢¨ª { £�½ ÁÂ» 5¢¤¢¨« ¥�ª Å"©15¥ Æ £�¢¨Ì » ©�¥ Æ5{ ª { ©1¥�£�¦¤¦¨5¸Ç«v¦UªlºH£�ª
ªlº
« { ¢¤¢¤£ Æ5{ £S¥ » «æ£�ª^ªlº5«[Å"©15¥ Æ £S¢¨Ìú«v¬g5£�½¼¦^ªl©Øªlº
« { ¥�ªl« Ä�¢l£�½0©S¹�ª¤º5«[¢¤«vÞ5« » ª¤« Æ ¢l£ Æ5{ £�¥ » «F�·��ì1� �

ÀG©1½´
ª { ©1¥5¦ ©S¹*ª¤º5« Æ5{ ³ 5¦ { ©1¥ «v¬_H£Sª { ©1¥ £�¢¨« Æ « ¢ {´Ô « Æ ©1¢U5¦¨« Æ ¹�¢¤©1¸ ªlº
«W½ { ª¤« ¢¤£Sªl5¢¨« { ¥ ��� E �Yý
£�¥ Æ �¯. ¹�©1¢Ë£�º5©1¸z©1Ä1«v¥5« ©�5¦�¦¨« ¸ { ÁÂ{ ¥
ÃH¥ { ªl«YÄ1«v©1¸Ç«=ªl¢&ÌÒ£S¥ Æ�{ ¥ �t74E �ØV ¹�©1¢Ë£¯ªÂÊË© Á ½¼£�Ì1« ¢¨« Æ ª¤5¢¤Å {´Æ
¸z« Æ5{ 5¸p�Q¡^º5«Y«:�gª¤¢l£�§"©1½+£�ªl« Æ Å"©15¥ Æ £�¢¨Ì » ©1¥ Æ5{ ª { ©1¥ { ¦J£�§5§5½ { « ÆW{ ¥tªlº
« ¦¤«Ó£�¢&ª {´» ½¼«v¦ � à ¥ �_� EÏ�2ý £�¥ Æ
�/. ªlº
«/©Sªlº5«v¢ÓÅ"©15¥ Æ £�¢¨Ì » ©1¥ Æ
{ ª { ©1¥5¦^£S¢¤«/£�½¼¦¨© » ©1¥5¦ {¼Æ «v¢¤« Æ �

GIH�  � IaCSI`OP? ET[UADCFEBZ�[ Z*Q.CSMUI Z�q"CFETK AY@�q�OPZ�q I\OFCSEBI`J<Z*Q�CFETJLJS>UI
à ¥�ª¤º5«�½ { ªl«v¢l£Sª¤5¢¤«,¸Ç£�¥�Ì¯¸z«vª¤º5© Æ ¦ë£�¢¨« Æ «v¦ » ¢ { Å"« Æ ª¤© Æ «=ªl« ¢¨¸ { ¥5«Ëª¤º5«�©�§
ª {´» £�½ » ©g«ví »v{ « ¥�ª¤¦ë©�¹Hª { ¦¤¦¨5«�ÐÖ1� �[ÏH©1¢M'*)�+,'*+ - Æ «=ªl«v¢¤¸ { ¥H£Sª { ©1¥$ªlº5«�¸Ç©1¦&ª { ¸z§"©1¢¨ªl£�¥�ªU£�¢¨«¯ª¤º5«W¸Ç« £�¦¤
¢¤« ¸z« ¥�ªæ©S¹Jªlº5«W¦¨§H£Sª { £�½¼½ Ì
¢¤«v¦¤©1½ Ô « Æ ¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤«U¢¤«=ÞH« » ªb£�¥ » « �Gªlº5«@¢¤«vÞ5« » ªl£�¥ » « { ¥Çª¤º5« ¹�¢¨« ¬_5« ¥ » Ìú£S¥ Æ ª { ¸Ç« Æ ©�¸Ò£ { ¥5¦ ��¡^º5«
ªl¢¤£�¥5¦¨§-©1¢&ªU«v¬g5£Sª { ©1¥$�$�J¬(�P�G� ��� » ©1¥�ªb£ { ¥5¦Ó¹�©15¢ ©�§
ª {´» £�½Q§5¢¤©�§-«v¢¨ª { « ¦�� q�U ^ba��$^$`5� j @�n B=� à ¥ Ä1«v¥5« ¢¤£�½��
{ ª { ¦Ò£�¦¨¦¤5¸z« Æ ªlºH£Sªzªlº
«p¢¨«v¹�¢l£ » ª { Ô « { ¥ Æ «��w©�¹Uª¤º5« { ¥ Ô « ¦&ª { Ä1£Sªl« Æ ª { ¦¤¦¨5« { ¦zô_¥5©�ÊY¥$�Ó£�¥ Æ ��ªlº_5¦��
ªlº
«�¥_5¸tÅ"« ¢t©�¹Ó5¥
ôg¥
©�ÊY¥ ©1§Gª {¼» £�½*§H£�¢l£S¸Ç«=ªl« ¢¨¦ { ¦¯¢¤« Æ  » « Æ ª¤©µªlº
¢¤« «S� Ý ¦ { ¥5Ä1½¼« Ô £�½¼
«�©�¹ q { ¦
¸z©1¦¨ª¤½´ÌT5¦¤« Æ ¹�©1¢Ø£�½´½ { ¥ Ô ©1½ Ô « Æ ª { ¦¤¦¤
« ¦���£�½´ª¤º5©15Ä�º q Ô £�¢ { «v¦W¦¤½ { Ä1º�ªl½ ÌþÅ"«vªÂÊË« «v¥ Æ5{ ³ «v¢¤« ¥�ªØª { ¦¤¦¨5«
ªÂÌg§-«v¦A� °��9�"°1°5� � à ¥ �/. ÊË« { ¥ Ô « ¦&ª { Ä1£Sªl« Æ ª¤º5«¯«v¢¤¢¨©1¢ { ¥ Æ «vª¤« ¢¤¸ { ¥ { ¥5Ätª¤º5«¯©�§
ª {´» £�½h§5¢¨©1§"« ¢¨ª { «v¦ Æ 5«
ªl©WÊY¢¨©1¥5Ä Ô £S½¼5«v¦^©�¹�ª¤º5«[¢¤«=¹�¢l£ » ª {´Ô « { ¥ Æ «��ú¹�©1¢^¸z«�£�¦¨5¢¤«v¸Ç«v¥�ªl¦ { ¥�ªlº
«[ª { ¸z« Æ ©1¸Ç£ { ¥��

Îp©1¢¨« © Ô «v¢��,ªlº5«ú«��5£ » ªW¹�©1¢¨¸ ©�¹Yª¤º5«ú§5ºH£�¦¨«v¹�5¥ » ª { ©1¥ { ¦�¥5©�ª { ¸Ç§"©1¢¨ªl£�¥�ª�¹�©1¢/ªlº5« Æ « ¦ » ¢ { §
ª { ©1¥
©�¹Yªlº
«ú½ { Ä�º_ª�§5¢¤©�§H£�Ä�£Sª { ©1¥ { ¥�ª { ¦¤¦¨5« � { ¹Yª¤º5«;£ Ô « ¢¤£�Ä1«;¥_5¸tÅ"« ¢W©�¹Ó¦ » £Sª¨ªl« ¢ { ¥5Ä §
¢¤© » « ¦¨¦¤«v¦Ç©�¹Yª¤º5«
Æ «=ªl« » ªl« Æ §5º5©Sªl©1¥5¦ { ¦W½+£�¢¨Ä1«�� à ¥ ªlº5«;¦¨ª¤«�£ Æ Ì Á ¦¨ªl£Sªl« Æ ©1¸Ç£ { ¥�ªlº { ¦ » ©1¥ Æ5{ ª { ©1¥ { ¦t¹�5½´ÃH½´½¼« Æ � { ¹Yª¤º5«
Æ5{ ¦¨ªb£S¥ » «WÅ"«vªÂÊË« «v¥T¦¨©15¢ » «Ø£�¥ Æ Æ «=ªl« » ª { ©1¥x¡ { ¦U¸t » º ½¼£�¢¤Ä�« ¢@ª¤ºH£�¥7@�^ h a B��w�=� à ªU¹�©1½´½¼©�ÊY¦@ª¤ºH£SªUª¤º5«
§5ºH£S¦¤«v¹�
¥ » ª { ©1¥ » £�¥pÅ-« Æ « ¦ » ¢ { Å"« Æ Å�Ì { ªl¦YÃH¢¤¦&ª ¸z©1¸z« ¥�ª%�5ª¤º5«�£S¥ { ¦¨©�ªl¢¨©1§�Ì�¹L£ » ª¤©1¢ � ��ÏH©1¢^¦¤¸Ç£�½´½¼« ¢
Æ5{ ¦¨ªb£S¥ » «v¦Uªlº5«Øô_¥5©�ÊY½¼« Æ Ä1«W©�¹�¢��0ÊYº {¼» º { ¦ » ©1¸z§"©1¦¤« Æ ©S¹*ª¤º5«tÃH¢¨¦¨ª/£�¥ Æ ¦¨« » ©�¥ Æ ¸z©1¸z« ¥�ªæ©�¹,ª¤º5«
§5ºH£S¦¤«v¹�
¥ » ª { ©1¥$� { ¦�¥
« » «v¦¤¦¤£�¢¨Ì�� °�¶#�G°�Ö1�B� à ¥;£ Æ5Æ
{ ª { ©1¥$��ÊË«U¹�©15¥ Æ ¹�©1¢Ë¦¤§H£�ª { £S½¼½´Ìt¢¤« ¦¨©1½ Ô « Æ � ��� ��£�¥ Æ
¹�©1¢�ª { ¸z« Á ¢¤« ¦¨©1½ Ô « Æ ¢¨«vÞH« » ªl£�¥ » «�� �Yý �0£Sª^¦¤Gí »v{ «v¥_ªÓ½¼£�¢¤Ä1« Æ5{ ¦&ªb£�¥ » « ¦}@�¡6£¤@�^ h a B��w�cBËª¤ºH£Sª�ª¤º5«æ«:�
£ » ª
Ô £�½¼
«æ©�¹�ª¤º5«/£�¥ { ¦¨©�ªl¢¨©1§�Ì�¹L£ » ªl©1¢ { ¦Ó¥
©�ª { ¸z§-©�¢¨ªb£S¥_ª�¹�©1¢ » ©1¥5¦&ªb£�¥�ª¥^&ha � { ¹Qªlº5«}2Ó« ¥�Ì1«=Ì Á§¦ ¢¨« «v¥5¦¨ª¤« { ¥
§5ºH£S¦¤«v¹�
¥ » ª { ©1¥$�-ÊYº {¼» º Æ «v¦ » ¢ { Å"« ¦[£�§
§5¢¤©%� { ¸Ç£Sªl«v½´Ìúª¤º5«W½ { Ä1º�ª ¦ » £Sª¨ªl« ¢ { ¥5Ä { ¥µª { ¦¤¦¨5«r� °1¿���� { ¦@5¦¤« Æ �
£�¥ ÆT{ ¹�ª¤º5«�£S¥ { ¦¨©�ªl¢¨©1§�Ì ¹L£ » ª¤©1¢ { ¦¯½¼£�¢¤Ä�«m@ �¨ Í � â�B:��ÊYº {¼» º { ¦¯¸z©1¦¨ª¤½´Ì�ª¤º5« » £�¦¤«z¹�©1¢[ª { ¦¨¦¤5«��Ð°1È5�B�

¿



.@¥ Æ « ¢,ªlº5«v¦¤« » ©1¥ Æ5{ ª { ©1¥5¦ { ª { ¦,§"©1¦¤¦ { Å5½´«�ªl© Æ « ¦ » ¢ { Å"«Yª¤º5«Y¢¤«=ÞH« » ªb£�¥ » «@Ê { ªlºØ©1¥5½ ÌtªÂÊ�©/§H£�¢¤£�¸z«vªl«v¢¤¦��^$`æ£S¥ Æ ^ h a �
¡^º5« Æ
{´³ 5¦ { ©1¥þ£S§5§5¢¤©%� { ¸Ç£Sª { ©1¥�@��J¬(�i@ �G�·°�BXBU¢¨« ¬_ { ¢¨« ¦/ªlºH£Sª/ªlº
«Ç§5º
©�ªl©1¥
¦�ºH£ Ô «Ç«:�G§"« ¢ { « ¥ » « Æ

¦¤Gí »v{ «v¥_ª�¦ » £Sª¤ª¤« ¢ { ¥5Ä/§5¢¤© » «v¦¤¦¤«v¦�¦¤©/ªlºH£�ª Q { ¦*£�½¼¸z©1¦¨ª { ¦¤©�ª¤¢¤©1§ {¼» ��¡^º_5¦�� { ª { ¦,¥5©Sª�¦¨5¢¤§5¢ { ¦ { ¥5Ä[ªlºH£�ª
{ ¥úª¤º5« Æ5{´³ 5¦ { ©1¥ú« ¬_H£�ª { ©�¥~@_�,¬(��@B�G�±¿�BXBi^$`æ£S¥ Æ ^ h a £�¢¨«[ª¤º5«[©1¥5½ Ì�©1§
ª {¼» £�½0§H£�¢¤£�¸z«vªl«v¢¤¦v�

©«ª¬�ªc® ¯¥°�±³²�´ ²cµ·¶}µL²¸�°º¹�»z±¼»�½�°�µ�°¾»z¿�À�¸#¿�ÁRÂL²ÄÃN±Å°¾Ã/²ÄÆ
ÏH©1¢Ç'*)�+,'*+ -Ò¸z«�£S¦¤5¢¨« ¸z« ¥�ªl¦W©�¹Óªlº
«ú©1§
ª {´» £�½Ë§5¢¤©�§-«v¢¨ª { « ¦t©S¹Óª { ¦¨¦¤5« { ª { ¦W¸z©1¦¨ª¤½´ÌT£�¦¨¦¤5¸z« Æ ªlºH£�ª
ªlº
« { ¥ Ô « ¦¨ª { Ä�£�ªl« Æ ª { ¦¤¦¤
« » £�¥�Å"« » ©1¥5¦ {´Æ « ¢¨« Æ £S¦ ¦¤«v¸ {åÁÂ{ ¥
ÃH¥ { ªl«æ£�¥ Æ º5©1¸z©1Ä1«v¥5« ©1
¦ � à ¥pª¤º { ¦Ó¦¤
Å Á
¦¤« » ª { ©1¥úÊË« Æ « ¦ » ¢ { Å-«æ«��G§-«v¢ { ¸z« ¥�ª¤¦ { ¥�ªlº
«æ¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤« �5¹�¢¨« ¬_5« ¥ » Ì$£�¥ Æ ª { ¸z« Æ ©1¸Ç£ { ¥5¦Ë¹�©1¢Ëªlº { ¦
Ä1«v©1¸Ç«=ªl¢&Ì1�

È���Û
���LÛH�L�où ���g� �"�*É"�G���v���_ÛH�hù E �=��Û
��� ����Ê��g����Û5���1�µýþ�_ÛH���P���gýþ�g�-���
¡^º5«z¸Ç« £�¦¤
¢¤« ¸z« ¥�ª/©�¹Ëªlº5«Ø¦¤§5£Sª { £�½¼½ Ìµ¢¨« ¦¤©�½ Ô « Æ ¦&ªl«�£ Æ Ì Á ¦¨ªl£Sªl«z¢¤«=ÞH« » ªb£�¥ » «Ç¹�©�¢ Æ «vª¤« ¢¤¸ { ¥5£Sª { ©1¥ ©�¹^$`µ£�¥ Æ ^ h a ©�¹/Å { ©1½´©1Ä {´» £�½^ª { ¦¤¦¨5«�Ê�£S¦�ÃH¢¤¦&ª;§5¢¤©1§"©1¦¨« Æ Å�Ì ÜY«vÌg¥5©1½ Æ ¦�Ë:ÌFt ÍÏÎ { ¥î��ì�ÈS¿0�Ð°�â�� � à ¥
ªlº { ¦/¸Ç«=ªlº5© Æ ª¤º5«Çª { ¦¨¦¤5« { ¦/§-«v¢¤§"« ¥ Æ
{¼» 
½+£�¢¨½´Ì { ½¼½¼
¸ { ¥H£Sªl« Æ Ê { ª¤º�£$¦¤¸Ç£�½¼½ë½ { Ä1º�ª/Å"«�£�¸(��£S¥ Æ ª¤º5«
¢¤«v¸ { ª¤ª¤« Æ ½ { Ä1º�ª { ¦/¸z«�£�¦¨5¢¤« Æ £Sª Æ5{´³ « ¢¨« ¥�ª Æ5{ ¦¨ªl£�¥ » «v¦�¹�¢¤©�¸ ªlº5«Ç¦¤©15¢ » «S��òËÌ Ã5ª¨ª { ¥
Ä�£p¦¨©1½¼Gª { ©�¥
©�¹�ªlº5«[¦¨ª¤«�£ Æ Ì Á ¦¨ªl£Sªl«/ªl¢l£S¥5¦¤§"©1¢¨ªÓ©1¢ Æ5{ ³ 
¦ { ©�¥$«v¬_H£Sª { ©1¥;ªl©Øªlº5«[«:�G§"« ¢ { ¸z« ¥�ªb£�½h¦¨§H£Sª { £�½´½´Ì�¢¨« ¦¨©1½ Ô « Æ
¢¤«=ÞH« » ªb£�¥ » « �|Ð{@�¡9B:� { ª { ¦�§"©1¦¤¦ { Å5½´«*ª¤© Æ «v¢ {´Ô ««^$`*£�¥ Æ ^&ha ©S¹5ªlº5«Ëªl5¢¨Å {¼Æ ¸z« Æ
{ 5¸$� à ¥�ªlº5«�½ { ª¤« ¢¤£Sªl5¢¨« �Ð{@_¡9BËÊ�£�¦^¸z«�£�¦¨5¢¤« Æ Ê { ªlºú§
º5©�ªl©�¸t5½´ª { §5½ { «v¢¤¦��_§5º
©�ªl© Æ5{ © Æ «v¦�©1¢Y×^×�² Á » º { §;5¦ { ¥5ÄW©�§
ª {´» £�½"ÃHÅ-«v¢¤¦��
¦ » £�¥5¥ { ¥5ÄÒª¤« » º5¥ { ¬_5« ¦æ©1¢@Å�Ì Æ5{ ¢¤« » ªl½ Ì { ¸Ç£�Ä { ¥5Äzª¤º5«¯ª { ¦¨¦¤5«t¦¨5¢¨¹L£ » «t©1¥�ª¤©Òªlº5«t×^×�² ÁÂ» £�¸Ç«v¢l£Ñ� °1â9�
°1ì���¶1Í���¶5���_¶_�|�g¶1°4�_¶1¶#��¶_Ö5� �,Î$«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦��
Ê { ªlºØÊYº {¼» º6Ð{@_¡9B { ¦,©1Å
ªl£ { ¥
« Æ © Ô « ¢�£/Å5¢¨©�£ Æ ¢l£�¥
Ä1«
©�¹*Ê�£ Ô « ½¼«v¥5Ä�ª¤º5¦��PÊ�«v¢¤«Ç£�½¼¦¨©ú§-«v¢¨¹�©1¢¨¸Ç« Æ � ¶�¿9�0¶_È4��¶�â��0¶�ì1� � à ¥ ªlº
« ¦¤«Ø«��
§"« ¢ { ¸z« ¥�ªl¦æª¤º5«W¢¤«v¸ { ª¤ªl« Æ
½ { Ä1º�ª { ¦ » ©1½¼½´« » ª¤« Æ Ê { ªlºÒÃ5Å-«v¢¤¦��gÊYº {¼» º;£S¢¤«U§"©1¦ { ª { ©1¥5« Æ £Sª Æ
{´³ « ¢¤«v¥�ª Æ5{ ¦&ªb£�¥ » « ¦Ë¹�¢¤©1¸3ªlº
« { ¥ »v{¼Æ «v¥�ª
Å"«�£�¸$� Ý ¹oªl«v¢ Æ5{ ¦¨§-«v¢¤¦ { ©1¥;©�¹Qªlº5« » ©1½´½¼« » ªl« Æ ½ { Ä�º_ª�Å_Ì$£W¦¨§-« » ªl¢¨©1¸z«vªl«v¢�� { ª { ¦�¹�© » 5¦¤« Æ ©1¥�ª¤©Ò£tªÂÊË© Á
Æ5{ ¸Ç«v¥5¦ { ©1¥H£�½�×^×�² Á £�¢¨¢l£�Ì1� à ¥�ª¤º { ¦W¸Ç£�¥5¥
« ¢W©1¥5«p£1� { ¦W©S¹@ª¤º5«�×^×�² Á » º { § » ©1¢¤¢¨« ¦¤§"©1¥ Æ ¦Çªl© ª¤º5«
Ê�£ Ô « ½´« ¥5Ä�ª¤º$�Hªlº5«/©�ª¤º5« ¢�ª¤©zª¤º5« » ©1½´½¼« » ª { ©1¥�ÃHÅ"« ¢¤¦Ó£Sª Æ5{ ³ «v¢¤«v¥_ª Æ5{ ¦¨ªl£�¥ » «v¦^¹�¢¤©1¸çª¤º5«[¦¤©1
¢ » «[ÃHÅ"« ¢v�
ò�«v¦ {¼Æ « ¦@ª¤º5«6'*)x+,'*+ -[¸z«�£S¦¤5¢¨« ¸z« ¥�ª ©S¹J« ¥ Æ ©1Ä1« ¥
« ©15¦ » º5¢¤©1¸z©1§5º
©1¢¤«v¦��(ªlº { ¦Óª¤« » º5¥ { ¬_5«�Ê�£�¦ 5¦¨« Æ
ªl©Ø¸z«�£�¦¨5¢¤«æª¤º5« Æ ¢¤5Äz5§
ªl£�ô�« { ¥$§
º5©�ªl© Æ Ìg¥H£�¸ {¼» ª¤º5« ¢¤£�§�Ì;£�¥ Æ$» º5«v¸Ç©�ª¤º5« ¢¤£�§�Ì��·ÖSÍ��(ÖG���B�

à ¥ �_� ÊË«Y¦¤º5©�Ê�ªlºH£Sª*£æ¦¨©1½¼
ª { ©1¥W©S¹&Ð{@�¡9B�¹�¢¤©1¸¾ªlº5« Æ5{ ³ 
¦ { ©�¥tªlº5«v©1¢¨Ì �_ÊYº {¼» º { ¦J©�¹oª¤« ¥Ø5¦¤« ÆÇ{ ¥
ªlº
« ½ { ªl«v¢l£Sª¤5¢¤«M� ¶5���g¶_�9�g¶�°1��� Æ « ½ { Ô «v¢¤¦�½¼£�¢¤Ä�«Ó«v¢¤¢¨©1¢¤¦ { ¥Çª¤º5« Æ «vªl«v¢¤¸ { ¥5« Æ ©1§
ª {¼» £�½ » ©g«ví » { « ¥�ªl¦*ÊYº5« ¥
5¦¨« Æ ¹�©1¢z¸ { ¦¤¸Ç£Sª » º5« Æ Å-©�5¥ Æ £�¢&Ì » ©1¥ Æ5{ ª { ©1¥5¦��·'_Ò�Ë�Ó:Ì^¹�©1¢ Æ5{´³ « ¢¨« ¥�ªÇ¢¤«v¹�¢¤£ » ª {´Ô « { ¥ Æ5{¼» « ¦Ø©�¹Uª¤º5«
ªl
¢¤Å {´Æ ¸Ç« Æ5{ 5¸ £�¥ Æ ªlº5«Ø£ Æ5� £ » «v¥_ªU¸Ç« Æ5{ 5¸$� ïT«W§5¢¤©�Ä1¢l£�¸z¸z« Æ £ è « 5¢¤£�½ è «vªÂÊË©1¢¤ô$ªl© Æ «v¢ {´Ô «
ªlº
«Ó©�§
ª {´» £�½5§
¢¤©1§"« ¢&ª { «v¦,©�¹�Å { ©1½´©1Ä {¼» £�½�ª { ¦¤¦¤
«Ô� ��� �B��¡^º { ¦,¸Ç«=ªlº5© Æ Ê�£�¦ { ¥�ª¤¢¤© Æ  » « ÆØ{ ¥Wªlº5«^ÃH«v½ Æ ©�¹
Å { ©1¸Ç« Æ5{¼» £�½(©1§
ª {¼» ¦�Å_Ì�Ï(£�¢¤¢¨« ½¼½3Ë:Ìzt ÍÏÎb�ÐÖ1�1���GÊYº5©Wªl¢¤£ { ¥
« Æ ª¤º5« è «v5¢l£�½ è «=ªÂÊ�©1¢¨ôÇÊ { ªlºú¦¤©�½¼
ª { ©1¥5¦Ë©�¹
ªlº
« Æ5{ ³ 5¦ { ©1¥z« ¬_H£�ª { ©�¥0��ïT«@5¦¨« Æ ¢¨« ¦¤
½´ªl¦,¹�¢¤©�¸ Îp©1¥�ªl«U×�£�¢¤½´©�¦ { ¸t5½¼£Sª { ©1¥5¦�ª¤©¯ªl¢¤£ { ¥Øªlº
« è «v5¢l£S½
è «=ªÂÊ�©�¢¤ôÇ£ Ô © {¼Æ
{ ¥5Ä/ªlº5« £�§5§5¢¨©,� { ¸Ò£Sª { ©1¥
¦ Æ 5«@ª¤©¯ªlº
« Æ5{´³ 5¦ { ©1¥z« ¬_H£Sª { ©1¥
¦ � à ¥ú£ Æ
Æ5{ ª { ©1¥$�1ª¤º5« 
¦¤«
©�¹0ª¤º5« è « 
¢l£�½ è «=ªÂÊ�©�¢¤ôz¢¤« Æ  » « Æ ªlº5« » ©1¸z§5
ªl£Sª { ©1¥Wª { ¸Ç«Y¥5«v« Æ « Æ ¹�©1¢Jªlº5« Æ «vª¤« ¢¨¸ { ¥H£Sª { ©1¥z©�¹�ª¤º5«

È



©1§
ª {¼» £�½ » ©g«ví » { « ¥�ªëÅ�Ì[¦¨« Ô «v¢l£�½G©1¢ Æ « ¢¤¦Q©�¹H¸Ç£�Ä1¥ { ªl Æ « » ©1¸z§H£�¢¨« Æ Ê { ªlº�£ » ©1¥ Ô «v¥_ª { ©1¥5£�½gÃ
ª�¢¨©1
ª { ¥5« �
ÊYº {´» º { ªl«v¢l£Sª {´Ô «v½´ÌÒ£�§5§5½ { « Æ Îp©1¥�ªl«¯×�£�¢¨½¼©W¦ { ¸t5½¼£Sª { ©1¥0�Pïþ«æ§"« ¢&¹�©1¢¤¸z« Æ £�Å5¦¨©1½¼Gªl«æ¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦
©�¹�Ð{@_¡9BW5¦ { ¥5Ä�£T×^×�² ÁÂ» £�¸Ç«v¢l£ £�½¼½´©�Ê { ¥5Ä�ª¤© Æ «v¢ {´Ô «$ª¤º5«$©1§
ª {´» £�½ » ©G«=í » { «v¥�ªl¦Ò¸z©1¢¨«$§
¢¤« »v{ ¦¨« ½´Ì
» ©�¸Ç§H£S¢¤« Æ ªl©Ç¢¤«v½+£Sª {´Ô «æ¸z«�£S¦¤5¢¨« ¸z« ¥�ªl¦v���3�G§"« ¢ { ¸z« ¥�ªl¦Ó©1¥ËcÕr+,'*+ -{� �_� �Q£�¥ Æ '*)x+,'*+ -Uª { ¦¤¦¨5«Ç�ÐÖ�°5�
ÊË« ¢¤«/§"« ¢¨¹�©�¢¤¸z« Æ �

à ¥ �2ý Ê�« ¦¤º5©�Ê�ªlºH£Sªúª¤º5« ¦¤©�½¼
ª { ©1¥ ©�¹[ª¤º5« Æ5{´³ 5¦ { ©1¥ « ¬_H£�ª { ©�¥ñ¹�©�¢IÐ{@_¡9B�¸z« ¥�ª { ©1¥5« Æ { ¥
ªlº
«z§
¢¤« » « Æ5{ ¥5Ä$§H£�¢l£SÄ1¢l£�§
º$�0ÊYº {¼» º Ê�£�¦¯©�Å
ªb£ { ¥5« Æ Å�Ì » £S½ » 
½+£Sª { ¥5ÄÒª¤º5«ØÄ1¢l£ Æ5{ «v¥_ª[©S¹Ëª¤º5«WÞH5« ¥ » «
¢l£�ªl« � » £�¥úÅ"« » ©1¥5¦ {´Æ « ¢¤£�Å5½ Ì { ¸Ç§
¢¤© Ô « Æ Å_Ì » £S½ » 
½+£Sª { ¥5Ä[ªlº5« ¢¤«vÞ5« » ªl£�¥ » «[¹�¢¨©1¸3ªlº5« { ¥�ªl«vÄ1¢l£�½"©�¹hª¤º5«
¢¤«=ÞH« » ªl« Æ ¢l£ Æ
{ £�¥ » «���¡^º { ¦¯£�§5§5¢¨©�£ » ºTÊ�£�¦¯¦¤5Ä1Ä�« ¦¨ª¤« Æ Å�Ì�2@£�¦¤ôS« ½¼½LË:ÌLt ÍÏÎz�·�Sì1� { ¥ ªlº5«Ø¹�¢¤«v¬_5« ¥ » Ì
Æ ©1¸Ç£ { ¥0�Ø¡^º5«vÌ ¹�©1
¥ Æ ª¤ºH£Sª[ªlº5«z5¦¨«Ç©�¹Ëªlº5«v¦¤«z¦¤©1½´
ª { ©1¥5¦A!Ð¸Ò£Sô�« ¦/« ¦¨¦¤«v¥_ª { £�½´½´Ì ¥
© Æ5{ ³ «v¢¤«v¥ » «�! { ¥
ªlº
«�©1Å
ªl£ { ¥
« Æ ©�§
ª {´» £�½P§H£�¢¤£�¸z«vªl«v¢¤¦Ó¹�©1¢@½¼£�¢¤Ä�« Æ5{ ¦¨ªl£�¥ » «v¦ �@ÏH©1¢Ö¡�×� @_^ h a B��w�^Ê�«�¦¤º5©�ÊË« Æ ªlºH£�ª@ª¤º5«
Æ5{ ³ «v¢¤« ¥ » « ¦*£�¢¨« { ¸z§-©�¢¨ªb£S¥_ª � à ¥ �2ý ª¤º5«Y« ¢¨¢¤©1¢¨¦ { ¥ Æ «=ªl« ¢¨¸ { ¥ { ¥
Ä�^$`�£S¥ Æ ^&ha ¹�©1¢ Æ
{´³ « ¢¤«v¥�ª Æ5{ ¦&ªb£�¥ » «
¢l£S¥5Ä1« ¦¯©�¹^¢¨« ½+£�ª {´Ô «z£�¥ Æ £�Å
¦¤©1½´
ªl«�Ð{@_¡9Bæ¸Ç« £�¦¤
¢¤« ¸z« ¥�ª¤¦�Ê�«v¢¤« » £�½ » 5½¼£Sªl« Æ 5¦ { ¥5Ä$ªlº5« { ¸z§5¢¤© Ô « Æ
¦¤©�½¼
ª { ©1¥0� à ªæÊ�£�¦U¹�©1
¥ Æ ªlºH£Sª ªlº { ¦U¦¤©1½´
ª { ©1¥ Æ «v½ { Ô « ¢¨¦æ¸t » º ¦¤¸Ç£�½´½¼« ¢Ó« ¢¨¢¤©1¢¨¦UªlºH£S¥�ªlº5«W§5¢¨« Ôg{ ©�5¦
5¦¨« Æ ¦¨©1½¼Gª { ©�¥0�

� �Lýþ�p�Q�"ýþÛ5�B������Ê��G����ÛH���1��ýþ�_ÛH���P���gýþ�g�-���
¡^º5«Ó©1§
ª {¼» £S½5§5¢¤©�§-«v¢¨ª { « ¦,©�¹"ªl5¢¨Å {¼Æ ¸z« Æ5{ £ » £�¥Ç£�½¼¦¨©[Å-« Æ «v¢ {´Ô « Æ ¹�¢¤©1¸ ¢¤«vÞ5« » ªl£�¥ » « ¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦
{ ¥ ªlº
«Øª { ¸z« Æ ©1¸Ç£ { ¥��6���G§-«v¢ { ¸Ç«v¥_ª¤¦ { ¥ ªlº5«Øª { ¸Ç« Æ ©�¸Ò£ { ¥ ºH£ Ô «Øªlº5«Ç£ Æ
Ô £�¥�ªb£SÄ1« » ©1¸z§H£�¢¤« Æ ª¤©
¦¨ª¤«�£ Æ Ì Á ¦¨ªl£Sªl«Ó¸Ç« £�¦¤
¢¤« ¸z« ¥�ª¤¦ { ¥WªlºH£Sª { ª { ¦J¦¨
í » { « ¥�ªËª¤©[§-«v¢¨¹�©1¢¨¸�£æª { ¸z« Á ¢¤«v¦¤©1½ Ô « Æ ¸z«�£S¦¤5¢¨« ¸z« ¥�ª
£Sªz©1¥5« Æ5{ ¦¨ªl£�¥ » «úª¤©T©1ÅGªb£ { ¥ ª¤º5«;©1§
ª {¼» £S½�§5¢¤©�§-«v¢¨ª { « ¦Ø©�¹U£ ¦¨« ¸ { Á { ¥
ÃH¥ { ªl«Òº5©1¸z©1Ä1« ¥
« ©15¦Wª¤5¢¤Å {´Æ
¸z« Æ5{ 5¸p� Ý § {¼» ©�¦¤« » ©1¥ Æ ½+£�¦¨« ¢^§55½´¦¤« { ¦^
¦¤« Æ ¹�©1¢ { ½´½¼5¸ { ¥5£Sª { ©1¥Ç©S¹�ª¤º5«æªl5¢¨Å {¼Æ ¸z« Æ5{ 5¸ä£�¥ Æ ª¤º5«
¢¤«=ÞH« » ªb£�¥ » «DÐ{@_¡ UXW B { ¦W¸z«�£S¦¤5¢¨« Æ ª { ¸z« Á ¢¤«v¦¤©1½ Ô « Æ ��£Sªz£ » « ¢¨ªl£ { ¥ Æ5{ ¦¨ªb£S¥ » «�¹�¢¨©1¸ ªlº
«$¦¨©15¢ » «$Å_Ì
£�§5§
½´Ì { ¥5Ä�£µ¹L£�¦¨ª Æ «vªl« » ª¤©1¢(�·Ö�¶��,Ö1Ö,� � ¡ { ¸z« Á » ©1¢¨¢¤«v½+£Sª¤« Æ ¦ { ¥5Ä�½¼«Ò§
º5©�ªl©�¥ » ©15¥�ª { ¥5Ä 5¦ { ¥5Ä §
º5©�ªl© Á
¸t5½ ª { §5½ { « ¢¤¦ ©1¢/£ Ô £�½¼£�¥ » º5« Æ5{ © Æ «v¦Ç�ÐÖ�¿9��Ö�È4��Ö�â1�Ë£�¦[Ê�«v½¼½*£�¦/¦¨ª¤¢¤«�£Sô Á » £�¸z« ¢¤£�¦6�·Ö�ì4��¿�Í��P¿
���Ë£�¥ Æ £
½ { Ä1º�ªæÄ�£Sª { ¥5Äú¸z«vª¤º5© Æ Å5£�¦¤« Æ ©1¥ ¦¤5¸ Á ¹�¢¨« ¬_5«v¥ » Ì Ä1«v¥5« ¢¤£Sª { ©1¥��Ð¿1�1�ëÊË« ¢¤«z5¦¨« Æ £S¦/¸z«�£S¦¤5¢¨« ¸z« ¥�ª
ªl« » º5¥ { ¬g
« ¦ �

ÏH©1¢@ª¤º5« ©1¢¨«vª {¼» £S½�£�¥5£�½´Ìg¦ { ¦ ©�¹�Ð{@�¡ UXW BYª¤º5«t¦¨©1½¼
ª { ©1¥p©�¹Jªlº
« Æ5{´³ 5¦ { ©1¥p« ¬_H£Sª { ©1¥ ¦¨5Ä1Ä1«v¦¨ªl« Æ Å_Ì
ã�£�ª¤ªl«v¢¤¦¨©1¥sË:Ì¥t ÍÏÎ"�·ÖS¶�� { ¦@¸Ç©�¦¨ªl½ Ì$5¦¤« Æ �æïþ« { ¥ Ô « ¦&ª { Ä1£Sªl« Æ ªlº5« { ¸Ç§
¢¤© Ô « Æ ¦¤©1½´
ª { ©1¥µ©�¹Jª¤º5« Æ5{ ³  Á
¦ { ©1¥z« ¬_H£Sª { ©1¥W¹�©1¢*£[¦¤« ¸ { Á { ¥
Ã5¥ { ª¤«�º5©1¸z©1Ä1«v¥5« ©1
¦*¸z« Æ
{ 5¸ ¸Ç«v¥_ª { ©1¥
« Æz{ ¥Wªlº5«Ó¦¤
Å5¦¤« » ª { ©1¥�£SÅ-©1Gª
¦¤§5£Sª { £�½¼½ ÌÇ¢¨« ¦¨©1½ Ô « Æ ¢¤«=ÞH« » ªb£�¥ » «�£S½¼¦¤© { ¥�ªlº5«Uª { ¸z« Æ ©�¸Ò£ { ¥x� �Yý �B� Ý Ä�£ { ¥$�GÊË«æ¹�©15¥ Æ £�¥ { ¸Ç§
¢¤© Ô « Á
¸z« ¥�ª%�P£�½ ªlº5©�5Ä1º { ª { ¦U¦¨¸Ò£S½¼½¼«v¢@ª¤ºH£�¥ { ¥�ª¤º5«W¦¨ª¤«�£ Æ Ì Á ¦¨ªb£�ªl« Æ ©1¸Ç£ { ¥0��ÏH©1¢ Æ5{ ¦&ªb£�¥ » « ¦[½¼£�¢¤Ä1«v¢@ª¤ºH£�¥¡ ¨ ��Í p ^ h a ªlº5«^«v¢¤¢¨©1¢¤¦ { ¥ Æ «vª¤« ¢¤¸ { ¥ { ¥5Ä ª¤º5«^©1§
ª {¼» £�½
§5¢¨©1§"« ¢¨ª { «v¦ Æ 5«^ªl©Uª¤º5« Æ5{ ³ 5¦ { ©1¥t£�§5§5¢¨©,� { ¸Ò£ Á
ª { ©1¥�£S¢¤«U¦¨¸Ò£�½´½¼«v¢,ª¤ºH£�¥ ��Í�Ø�¹�©�¢�Å"©�ªlº�¦¨©1½¼Gª { ©�¥5¦�� { ¹0ª¤º5« ÃH¢¨¦¨ªY£S¢¤¢ { Ôg{ ¥5Ä¯§5º5©�ª¤©1¥5¦��gÊYº {¼» º;£S¢¤«U½´«�£�¦&ª
¦ » £Sª¤ª¤« ¢¨« Æ �
£�¢¤«Y¥5«vÄ1½¼« » ªl« Æ �J¡^º_5¦��g¹�©1¢,¸Ò£S¥_Ìt§5¢l£ » ª {´» £�½H¦ { ªl5£Sª { ©1¥5¦ëªlº
«@¦¨©1½¼
ª { ©1¥
¦*©S¹�ªlº
« Æ5{ ³ 
¦ { ©�¥
« ¬_H£�ª { ©�¥ » £�¥ Å-«ú
¦¤« Æ ªl© Æ «v¢ { Ô «�ªlº
«$©�§
ª {´» £�½Ë§5¢¤©1§"« ¢&ª { « ¦t©�¹@Å { ©1½¼©1Ä {¼» £S½*¸z« Æ
{ 5¸$�þÏH©1¢�¦¤¸Ç£�½¼½
Æ5{ ¦¨ªb£S¥ » «v¦ÇÊYº {´» ºE£�¢¨« ��¹�©1¢Ø«��5£S¸Ç§5½´« � { ¸Ç§"©1¢&ªb£�¥�ªW¹�©1¢Ø« ¥ Æ ©1¦ » ©1§ {´» £�½@£�§5§5½ {¼» £Sª { ©1¥5¦��,¸z©1¢¤«$«:�
£ » ª
« ¬_H£�ª { ©�¥5¦^ªlºH£�¥;ªlº
« Æ5{ ³ 
¦ { ©�¥ú« ¬_H£Sª { ©1¥$ºH£ Ô «[ªl©zÅ-«/£�§
§5½ { « Æ �*ÜY« » «v¥�ªl½´Ì �(²U5¢ { £�¥$£�¥ Æ ÜÓ Æ ¥ {¼» ô
¦¤º
©�ÊË« Æ ªlºH£SªØ¦¨©1½¼Gª { ©�¥5¦t©�¹@ªlº5«úªl«v½¼«vÄ1¢l£�§
º5« ¢W«v¬g5£Sª { ©1¥$�z�,¬(�Ö@ �g�ÉÖ�B�� Æ « ¦ » ¢ { Å-«;¸z©1¢¤«;£ » » 
¢l£Sª¤« ½´Ì

â



ªlº
«z½ { Ä1º�ª §5¢¤©1§5£�Ä�£Sª { ©1¥ £SªU«�£�¢¨½´Ìµª { ¸z« ¦F� ¿1°1���PÅ5
ª/£�¥ £�¥5£�½´Ì_ª {´» £�½�¦¤©1½´
ª { ©1¥ ©�¹,ªlº { ¦æ« ¬_H£�ª { ©�¥ ¹�©�¢
ª { ¸Ç« Á ¢¨« ¦¤©�½ Ô « Æ ¢¤«vÞ5« » ªl£�¥ » «¯©�¹�£W¦¤«v¸ {åÁÂ{ ¥GÃH¥ { ª¤«U¸z« Æ5{ 5¸ { ¦^¦¨ª { ½¼½-¸ { ¦¤¦ { ¥5Ä5�

ÑU¥�ªlº5«W©�ª¤º5« ¢ ºH£�¥ Æ � { ª { ¦U§-©�¦¤¦ { Å5½¼«/ªl©�Ã5ª[Îp©1¥�ªl«z×�£�¢¨½¼©�¦ { ¸t
½+£Sª { ©1¥5¦Yªl©�ª¤º5«t«��
§"« ¢ { ¸z« ¥�ªb£S½
Æ £Sªl£��1Å5Gªëªlº { ¦ { ¦Qªl©g©æ¦¤½´©�Ê ¹�©1¢�¸Ç©�¦¨ªë§
¢l£ » ª {¼» £�½5£S§5§5½ {´» £Sª { ©1¥
¦ �hïþ« Æ « Ô « ½¼©�§-« Æ £U¸z«vª¤º5© Æ ÊYº {¼» º { ¦
£�½´¦¤©�Å5£�¦¤« Æ ©1¥;Îp©1¥�ª¤«[×�£�¢¤½´©�¦ { ¸t5½¼£Sª { ©1¥5¦*£�¥ Æ Ê { ªlºÇÊYº {¼» º { ª { ¦Ë§"©1¦¤¦ { Å5½´«@ª¤©t©1Å
ªl£ { ¥zªlº5«@©1§
ª {´» £�½
§5¢¨©1§-«v¢¨ª { « ¦ { ¥ú½¼«v¦¤¦�ª¤ºH£�¥$£t¦¤« » ©1¥ Æ @Ä!±Îp©1¥
©zÎp©1¥�ªl«¯×�£�¢¨½¼©ØÎp«=ªlº5© Æ !ÙB=�ËÑU¥5«æ¦ { ¥5Ä1½´«@ª { ¸Ç« Á ¢¨« ¦¤©�½ Ô « Æ
Îp©1¥�ª¤«W×�£�¢¨½¼©Ò¦ { ¸t
½+£Sª { ©1¥ { ¦@§"« ¢&¹�©1¢¤¸z« Æ £�¥ Æ 
¦¤« Æ { ¥�£z¥5©1¥5½ { ¥5« £�¢Y¢¤« Ä�¢¤« ¦¨¦ { ©1¥µ¢¨©1
ª { ¥5«/Å_Ì$¦ » £�½ Á
{ ¥
ÄØª¤º5«[¢¤«v¦¤5½ ªl¦Ó©�¹�ª¤º5«/¦ { ¸�5½+£Sª { ©1¥�£�¥ Æ Å_Ì$£S§5§5½´Ì { ¥5Äzò�« «v¢�!Ð¦@½¼£�Ê�� �t� �B��ÜY« » « ¥�ªl½ Ì��"ã {´³ « ¢ { Ë:Ì�t ÍÏÎ
¦¤
Ä1Ä1« ¦&ªl« Æ £�¥5©Sªlº5«v¢Y£�§5§5¢¨©�£ » º;ªlºH£Sª { ¦^ÅH£�¦¨« Æ ©1¥pÎp©1¥�ªl«¯×�£�¢¨½¼©W¦ { ¸t5½¼£Sª { ©1¥5¦v� è ©1¥
½ { ¥
«�£�¢Ë¢¤« Ä�¢¤« ¦ Á
¦ { ©1¥5¦UÊË« ¢¨«z§"« ¢&¹�©1¢¤¸z« Æ 
¦ { ¥
Äp£�½ { Å5¢¤£�¢¨Ì$©�¹�Îp©1¥�ª¤«z×�£�¢¤½´©ú¦ { ¸�5½+£Sª { ©1¥
¦Ó¹�©1¢ Æ
{´³ « ¢¤«v¥�ª[¦ » £�ª¤ªl«v¢ { ¥5Ä
» ©g«ví »v{ « ¥�ª¤¦ £�¥ Æ £S¥ { ¥_ª¤« ¢¨§-©1½¼£Sª { ©1¥Òª¤« » º5¥ { ¬_5«Ç� ¿�¶1� �
Ú ���4Û��Q�g�Q��ùE�P�"ýþÛH�L�����|Ê��g����ÛH�Q�1� ýþ�_ÛH���P���gýþ�g�-���
���G§-«v¢ { ¸z« ¥�ª¤¦ { ¥�ªlº
«[¹�¢¨« ¬_5«v¥ » Ì Æ ©�¸Ò£ { ¥ Æ «v½ {´Ô « ¢�� { ¥ú§5¢ { ¥ »v{ §5½´« �_ªlº5«æ¦¤£�¸z« { ¥
¹�©1¢¨¸Ò£�ª { ©�¥�£�¦^¸z«�£ Á
¦¤
¢¤« ¸z« ¥�ª¤¦ { ¥�ªlº5«tª { ¸z« Æ ©�¸Ò£ { ¥y� ¿�Ö1�B� Ý ¥ { ¥_ª¤« ¥5¦ { ªÂÌp¸Ç© Æ 5½¼£Sªl« Æ ¦¤©1
¢ » «tÊ { ªlº £�¥5Ä�5½+£�¢@¸Ç© Æ  Á
½+£�ª { ©�¥ ¹�¢¨« ¬_5«v¥ » ÌxÜ { ½¼½¼
¸ { ¥H£Sªl«v¦@ª¤º5«zª¤5¢¤Å {¼Æ ¸z« Æ
{ 5¸(�Q£�¥ Æ ª¤º5«z§5ºH£�¦¨«Ò¦¤º { ¹oªMnp£S¦/ÊË« ½´½Ë£S¦/ª¤º5«
Æ « » ¢¤« £�¦¤«z©�¹,ªlº
«z¸z© Æ 5½+£�ª { ©�¥ÑÝ ©�¹*ªlº5«W¢¨« ¸ { ª¤ª¤« Æ Æ «v¥5¦ { ªÂÌ�Ê�£ Ô «6Ð{@�¡ U ÜiB £�¢¨«W¸Ç« £�¦¤
¢¤« Æ �W¡^º5«
¹�¢¤«v¬_5« ¥ » Ì Æ ©1¸Ç£ { ¥ Æ « Ôg{¼» «v¦tÊ�«v¢¤«�ÃH¢¨¦¨ªW
¦¤« Æ ª¤©�¸z«�£�¦¨5¢¤«Òª¤º5« Æ « » £�Ìþª { ¸z«Ç©S¹^ÞH5©1¢¨©1§5º5©1¢¨« ¦ { ¥
¥5©1¥ Á ¦ » £Sª¤ª¤« ¢ { ¥5Ä$¸Ç« Æ5{ £�� ¿1¿1�B� à ¥w��ì1ìG� { ª[Ê�£�¦/¦¤º
©�ÊY¥ ªlºH£�ª { ª { ¦[§"©1¦¤¦ { Å5½´«Øª¤© Æ « ¢ {´Ô «F^ ha £�¥ Æ ^$`
©�¹Jª { ¦¤¦¨5«t¹�¢¤©�¸ ª¤º5« ¦¨«W¸Ç« £�¦¤5¢¨« ¸z« ¥�ªl¦F� ¿�È|�0¿1â��B�/Îp©1¦&ªl½ Ì��0º5«=ªl«v¢¤© Æ Ìg¥5«Wªl« » º
¥ { ¬_5«v¦UÊ�«v¢¤«z£�§5§5½ { « Æ
ªl©$¸z«�£�¦¨5¢¤«Fn;£�¥ Æ Ý � ¿1ì4�QÈSÍ��QÈG� �QÈ��1���PÅ5Gªt£�½´¦¤©;º5©1¸z© Æ Ìg¥5«W¦¨Ìg¦¨ª¤« ¸z¦¯ÊË« ¢¨«Ç5¦¨« Æ �·È�°1� �ÇÎp« £ Á
¦¤
¢¤« ¸z« ¥�ª¤¦Ó©S¹Qª¤º5«U¢¨« ½+£�ª {´Ô «U§5ºH£S¦¤«æ¦¤º { ¹oªY£�¥ Æ ¸Ç© Æ 5½¼£Sª { ©1¥Ò£�ª�ªÂÊ�© Æ5{ ¦¨ªl£�¥ » «v¦Y£�¥ Æ ¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦
£SªÓ©1¥5« Æ5{ ¦¨ªb£S¥ » «v¦ÓÊË« ¢¨«�§"« ¢¨¹�©�¢¤¸z« Æ � à ¥pª¤º5«¯½¼£Sª¤ª¤« ¢ » £�¦¤«/ªlº5«/§5ºH£�¦¨«�£S¥ Æ ¸z© Æ 5½+£�ª { ©�¥;£�¢¤« Æ «=ªl« ¢ Á
¸ { ¥5« Æ ¢¤« ½¼£Sª { Ô «Óªl©Wªlº5«æ¦¨©15¢ » «��,¡^º { ¦ » £�¥úÅ"«[£ » º { « Ô « Æ 5¦ { ¥5ÄØ£ » £�½ { Å5¢¤£Sª { ©1¥Ç¸z«�£S¦¤5¢¨« ¸z« ¥�ªY©1¥$£
ª { ¦¤¦¨5« Á ¦ { ¸�5½+£Sª { ¥5Ä¯§5ºH£�¥�ª¤©1¸çÊ { ª¤º$£ » » 5¢l£Sª¤« ½ Ìúô_¥5©�ÊY¥p©1§Gª {¼» £�½0§5¢¨©1§"« ¢¨ª { «v¦^©1¢^Å�Ì » ºH£�¢¤£ » ª¤« ¢ {C; { ¥5Ä
ªlº
« { ¥ » {´Æ « ¥�ª*Å-« £�¸$�JÏ(£�¥�ª { ¥ { Ë:Ì"t ÍÏÎg§
¢¤©1§"©1¦¤« Æ ªlº
«@¸z«�£�¦¨5¢¤«v¸Ç«v¥�ª�©�¹-ªlº5«Ó¦¤½´©1§"«Ó©S¹0ªlº5«Ó§5ºH£S¦¤«@£�¥ Æ
ªlº
«æ¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤«æ¢¤«=ÞH« » ªb£�¥ » «/¹�¢¨©1¸ ¹�©15¢ Æ5{ ¦¨ªl£�¥ » «v¦�ªl©W©1ÅGªb£ { ¥Òªlº5«æ©�§
ª {´» £�½-§5¢¤©1§"« ¢&ª { « ¦�©�¹Pª¤5¢¤Å {´Æ
¸z« Æ5{ £m�ÐÈS¶���È1Ö,� �^¡^º5«¯¸Ç« £�¦¤
¢¤« ¸z« ¥�ª ©�¹ëªlº
«¯§5º5£�¦¤« Ô « ¢¨¦¤5¦Uª¤º5«/¸Ç© Æ 5½¼£Sª { ©1¥�¹�¢¤«v¬g
« ¥ » Ì��05¦ { ¥5ÄÒ£
¥5«=ªÂÊ�©1¢¨ôW£�¥H£S½´Ì ; «v¢���Ê�£�¦*£�½¼¦¨©æ£�§5§
½ { « Æ ªl© Æ « ¢ { Ô «�ª¤º5«^©1§
ª {¼» £S½G§5¢¨©1§"« ¢¨ª { «v¦��·ÈS¿�� � Ý ½¼½_ªlº
« ¦¤«Y¸z«vª¤º5© Æ ¦
£�¢¨«^ÅH£�¦¤« Æ ©�¥tÃ5ª¤ª { ¥5Ä[£æ¦¤©�½¼
ª { ©1¥t©S¹"ª¤º5« Æ5{´³ 5¦ { ©1¥t«v¬_H£Sª { ©1¥Wªl©æªlº
«^«:�G§-«v¢ { ¸Ç«v¥_ªl£�½ Æ £�ªb£ ªl©[©1ÅGªb£ { ¥
ªlº
«/©�§
ª {´» £�½0§
¢¤©1§"« ¢&ª { «v¦Y©�¹�ª { ¦¤¦¨5«�� à ¥ » ©1¥�ªl¢¤£�¦¨ª��RÞæ©1º5½iË:Ìit ÍÏÎ��·È�È1�P¦¤º5©�ÊË« Æ ª¤ºH£Sª { ª { ¦Y§-©�¦¤¦ { Å5½¼«Uª¤©
Æ «v¢ {´Ô «/£�§5§5¢¨©,� { ¸Ò£Sª¤« ½ ÌÒªlº
«¯£SÅ5¦¤©1¢¨§
ª { ©1¥ » ©g«ví » { « ¥�ªÓ©�¹�ª { ¦¨¦¤5«[Å�Ì { ¥ Æ  » { ¥5ÄW¦¤¸Ç£�½¼½ » ºH£�¥5Ä1«v¦@©S¹�^$`
£�¥ Æ Å�Ì�¸z«�£S¦¤5¢ { ¥5Ä�ª¤º5« » ºH£�¥
Ä1« ¦ { ¥�ª¤º5« ¹�¢¨« ¬_5« ¥ » Ì Æ ©1¸Ç£ { ¥ Æ £Sªl£��G¹�©1¢�«:�
£�¸z§5½¼«��Gªlº
«æ§5ºH£�¦¨«[£�¥ Æ
¸z© Æ 
½+£Sª { ©1¥0�

À { ¸ { ½¼£�¢@£�¦ { ¥ ªlº5«Wª { ¸z« Æ ©1¸Ç£ { ¥&��ªlº5«Ø5¦¨«Ø©�¹Ëª¤º5«Ø¦¤©1½´
ª { ©1¥5¦æ©�¹*ªlº
« Æ
{´³ 5¦ { ©1¥ « ¬_H£Sª { ©1¥ Æ « Á
½ { Ô «v¢¤¦ÓÄ1©G© Æ «v¦¨ª { ¸Ç£Sªl«v¦@©�¹�ªlº5«¯©1§
ª {´» £�½h§
¢¤©1§"« ¢&ª { «v¦�� { ¹�¡ � @�^ h a B��w��� à ¥ �/. Ê�« { ¥ Ô «v¦¨ª { Ä�£Sª¤« Æ ª¤º5«
Æ «=ªl« ¢¨¸ { ¥H£Sª { ©1¥z©�¹0ª¤º5« ©1§Gª {¼» £�½(§5¢¤©�§-«v¢¨ª { « ¦*¹�©1¢Ë¦¨©1½¼Gª { ©�¥5¦Ë©S¹hªlº5« Æ5{´³ 5¦ { ©1¥Ò«v¬_H£Sª { ©1¥$�_ÊYº {¼» ºÇÊ�«v¢¤«
Æ «=ªl« ¢¨¸ { ¥5« Æ ¹�©1¢ Æ5{´³ « ¢¨« ¥�ª�Å-©1
¥ Æ £�¢&Ì » ©1¥ Æ
{ ª { ©1¥5¦���£�¥ Æ ¹�©1¢hªÂÌg§ {¼» £�½_5¥ » « ¢¨ªl£ { ¥�ª { « ¦ { ¥[ªlº
«�¸z«�£�¦¨5¢¤« Á
¸z« ¥�ªl¦æ£�ªU¦¤¸Ç£�½´½ Æ5{ ¦¨ªl£�¥ » «v¦UÅ"«vªÂÊË« « ¥ ªlº
«t¦¤©1
¢ » «t£�¥ Æ Æ «=ªl« » ªl©1¢@Ê { ªlº » ©1¥
ÃHÄ�5¢l£Sª { ©1¥
¦ 5¦ { ¥5Ä�©�¥5«

ì



£�¥ Æ ªÂÊ�© Æ «vªl« » ª¤©1¢¤¦�¹�©�¢�¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦�©�¹Hª¤º5«�§
ºH£�¦¤«�£�¥ Æ ¸z© Æ 5½+£�ª { ©�¥¯£S¥ Æ ¹�©1¢Q¸Ç« £�¦¤
¢¤« ¸z« ¥�ª¤¦ë©�¹
ªlº
«æ§5ºH£�¦¨«[£�¥ Æ ªlº
«æ¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤«æ¢¤«=ÞH« » ªb£�¥ » «��,ïþ«U¹�©�5¥ Æ ªlº5£Sª�ªlº
«æ¸Ç« £�¦¤5¢¨« ¸z« ¥�ª^©�¹Pª¤º5«æ§5ºH£�¦¨«
£�¥ Æ ªlº
«¯¦&ªl«�£ Æ Ì Á ¦¨ªl£Sªl«¯¢¤«=ÞH« » ªb£�¥ » «t£SªÓ©1¥
« Æ
{ ¦¨ªl£�¥ » « Æ ©g« ¦Ó¥5©�ª@£�½ Ê�£�Ìg¦ Æ « ½ {´Ô «v¢Y5¥ { ¬_5« Ô £�½¼
« ¦Y©�¹^$`Ç£�¥ Æ ^ h a � à ¥ £ Æ5Æ5{ ª { ©1¥ ÊË«ú¦¤º5©�ÊË« Æ ªlºH£�ª { ¥þÄ1« ¥5«v¢l£�½*ªlº5«Ò« ¢¤¢¨©1¢¤¦ { ¥ Æ «vªl«v¢¤¸ { ¥ { ¥5Äm^&`1�ëÊYº {¼» º
£�¢¨« Æ 
«/ª¤©zª¤º5« Æ
{´³ 5¦ { ©1¥p«v¬_H£Sª { ©1¥$�(£�¢¨«¯¦¨¸Ò£S½¼½¼«v¢�ªlºH£S¥$ª¤º5©1¦¤«[ÊYº {´» º�¢¤«v¦¤5½ ªÓ¹�¢¨©1¸ä«��
§"« ¢ { ¸z« ¥�ªb£S½
5¥ » « ¢&ªb£ { ¥_ª { «v¦ ¹�©1¢ ª¤º5«W¢¤«v½+£Sª {´Ô «¯¸Ç« £�¦¤
¢¤« ¸z« ¥�ª[©�¹,ª¤º5«t§5ºH£S¦¤«Ø£�¥ Æ ª¤º5«t¦¨ª¤«�£ Æ Ì Á ¦¨ªl£Sªl«Ø¢¤«=ÞH« » ªb£�¥ » «
£SªYªÂÊË© Æ5{ ¦&ªb£�¥ » « ¦ £SªÓ¸Ç© Æ 5½¼£Sª { ©1¥�¹�¢¤«v¬_5« ¥ » Ìµ©S¹J£�Å"©1
ªU��Í1ÍJÎD2 ; � à ª@Ê�£�¦@£�½¼¦¨©Ç¦¨º5©�ÊY¥µªlºH£�ª@ª¤º5«
« ¢¨¢¤©1¢¨¦ Æ 
«Çªl©$ªlº5« Æ5{´³ 5¦ { ©1¥ « ¬_H£Sª { ©1¥ » £�¥þÅ-«Ò£ Ô © {¼Æ « Æ�{ ¹�ªlº
«m!±Îp©1¥5©�Îp©1¥�ªl«;×�£S¢¤½¼©$¸z«vªlº
© Æ !
¸z« ¥�ª { ©1¥5« Æ £�Å"© Ô « { ¦Ø£S§5§5½ { « Æ ª¤© ª¤º5«�¹�¢¤«v¬_5« ¥ » Ì Æ ©1¸Ç£ { ¥ Æ £Sªb£ 5¦ { ¥5Ä ªlº
«;Ï(©�5¢ { « ¢�ª¤¢l£�¥5¦&¹�©1¢¤¸
ªl« » º5¥ { ¬g
«Ç� �¯. �B�
©«ª¬�ªg© ß�à~»3´ á§Æ¾âz°¾Áw°¾ÃN¸#¿�ÁRÂL²§Ãã±¼°¾Ã/²§Æ
¡^º5«z£�¦¨¦¤5¸z§
ª { ©1¥µª¤ºH£Sªæªlº
« { ¥ Ô «v¦¨ª { Ä�£Sª¤« Æ ª { ¦¤¦¤
« » £�¥ Å"« » ©1¥
¦ {¼Æ « ¢¤« Æ £S¦æº5©1¸z©1Ä1« ¥
« ©15¦ { ¦U¬_5«v¦ Á
ª { ©1¥H£�Å
½¼«W¹�©1¢/¸Ò£�¥�Ìy'*)y+,'*+ -Ø¸z«�£�¦¨5¢¤«v¸Ç«v¥�ªl¦ �pÏH©1¢[«:�
£�¸z§5½¼«���¹�©1¢/½+£S¢¤Ä1« Æ5{ ¦¨ªb£S¥ » «v¦tÅ-«=ªÂÊ�«v« ¥�ª¤º5«
¦¤©�5¢ » «µ£�¥ Æ ªlº
« Æ «=ªl« » ªl©�¢�@�¡ \ � � Ö ] ¶ � Ö » ¸�BW£�¥ Æ ©1§
ª {´» £�½�§5¢¤©1§"« ¢&ª { « ¦WªÂÌg§ {¼» £�½^¹�©1¢Wª { ¦¨¦¤5« { ª
Ê�£�¦ ¹�©15¥ Æ Ê { ªlºµ«:�G§-«v¢ { ¸Ç«v¥_ª¤¦ { ¥$ªlº5«¯¹�¢¤« ¬_5«v¥ » Ì Æ ©1¸Ç£ { ¥p©1¥µªÂÊË© Á ½¼£�Ì1« ¢¨« Æ §5ºH£S¥_ª¤©1¸z¦@ªlº5£Sª ª¤º5«
©1§
ª {¼» £�½�§5¢¨©1§"« ¢¨ª { «v¦æ©1Å
ªb£ { ¥5« Æ ¹�¢¤©1¸�£�º5©1¸z©1Ä1« ¥
« ©15¦æ¸z© Æ « ½�£�¢¤«W¢¨« §5¢¨« ¦¤«v¥�ªb£Sª {´Ô «z©�¹,ªlº
«W©1§
ª {´» £�½
§5¢¨©1§-«v¢¨ª { « ¦¯©�¹^ªlº
«�¦¤« » ©1¥ Æ ½¼£�Ì�« ¢t©S¹^ªlº5«ÒªÂÊË© Á ½+£�Ì1«v¢¤« Æ §
ºH£�¥�ªl©1¸z¦t©1¥
½´Ì { ¹�ª¤º5«Òª¤º {¼» ô_¥5«v¦¤¦W©�¹^ª¤º5«
ÃH¢¨¦¨ªæ½¼£�Ì�« ¢ { ¦ ¦¨¸Ò£�½´½¼«v¢Óª¤ºH£�¥ ¶ë¸z¸ä�·È�â5� � Ý ¥H£Sªl
¢l£�½�¦¨ªl«v§ ªl©�Ê�£S¢ Æ ¦æ£�¸z©1¢¨« » ©�¢¤¢¤« » ªæ¸z© Æ « ½ { ¦@ª¤©
» ©�¥5¦ {´Æ « ¢�ª { ¦¤¦¨5«/£�¦ » ©�¸Ç§"©1¦¤« Æ ©�¹ Æ5{´³ « ¢¨« ¥�ªY½+£�Ì1«v¢¤¦��HÅ-« » £�5¦¨«[¸Ò£�¥�ÌÇª { ¦¨¦¤5«æ§5£�¢¨ª¤¦^¦¤º5©�Êî£W½¼£�Ì�« ¢¨« Æ
¦¨ª¤¢¤ » ªl5¢¨«��

à ¥T��ì�È�ìt¡�£�ô�£Sªb£�¥ { £�¥ ÆD¦ ¢¤£�ºH£�¸ §55Å5½ { ¦¨º5« Æ £W¦¤©1½´
ª { ©1¥ú©�¹Qªlº5«æªÂÊË© Á ½¼£�Ì1« ¢¨« Æ$Æ5{´³ 5¦ { ©1¥ú«v¬g5£ Á
ª { ©1¥ { ¥ñªlº5« ¦¨ª¤«�£ Æ Ì Á ¦¨ªb£�ªl« Æ ©1¸Ò£ { ¥ 5¦ { ¥5Äwªlº5« ¦ ¢¨« «v¥$!·¦$¹�5¥ » ª { ©�¥ ¸z«vª¤º5© Æ �ÐÈ�ì1�B� À » º5¸ { ª¨ªË:Ìt ÍÏÎ�«��Gª¤« ¥ Æ « Æ ªlº { ¦ Æ « ¢ {´Ô £Sª { ©1¥ ªl©µ£�¥�£ Æ
Æ5{ ª { ©1¥H£S½J£�Å5¦¨©1¢¤Å { ¥5Äpª¤©1§ Á ½+£�Ì1«v¢Ç� â1Í1�B�$²æ£�Ì�£�¥åË:ÌLt ÍÏÎ�£�§ Á
§5½ { « Æ ÏH©1
¢ { «v¢U£�¥ ÆTé £�§
½+£ » «�ªl¢¤£�¥5¦¨¹�©�¢¤¸Ç£Sª { ©1¥µªl©ú©�Å
ªb£ { ¥ «:�G§5¢¨« ¦¤¦ { ©1¥
¦/¹�©1¢U£ÒªÂÊ�© Á ½+£�Ì1«v¢¤« Æ ª¤5¢¤Å {´Æ
¸z« Æ5{ 5¸ { ¥�ªlº
«^¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤«Y£�¥ Æ ª { ¸Ç« Æ ©1¸Ç£ { ¥
¦�� â
���B�"Þæ« {æ�c; « ¢¥Ë:Ì�t ÍÏÎR� â��1�
5¦¤« Æ £ ÃH¥ { ªl«�« ½¼«v¸Ç«v¥�ª
£�§5§
¢¤©�£ » º £S¥ Æ ×� { £S¥ Æ ÑU¦¨ªl¢¤£�¥ Æ «v¢r� â1°1��« ¸z§5½¼©�Ì1« Æ £pÃH¥ { ªl« Æ
{´³ « ¢¤«v¥ » «Ò¸Ç«=ªlº5© Æ ªl©µ¦¤©1½ Ô «Òª¤º5«
½+£�Ì�« ¢¤« ÆþÆ5{ ³ 
¦ { ©�¥ «v¬_H£Sª { ©1¥0� Ý ¢l£�¥ Æ ©1¸ Ê�£�½¼ô�¸z© Æ « ½�¹�©�¢¯£ú½¼£�Ì�« ¢¨« Æ Ä�« ©1¸z«vª¤¢¨Ì�Ê�£�¦/§5¢¤©1§"©1¦¨« Æ
Å�Ì è ©�¦¤¦l£S½ÖË:ÌÖt ÍÏÎ�� â�¶ �B�WÎ$©1¥�ªl«z×�£�¢¨½¼©ú¦ { ¸t5½¼£Sª { ©1¥5¦YÊ�«v¢¤«z£�½¼¦¨©ú5¦¤« Æ ª¤© { ¥ Ô «v¦¨ª { Ä�£Sª¤«W½+£�Ì1«v¢¤« Æ ª { ¦ Á
¦¤
«�� â�Ö9�Pâ�¿��hâ�È1�B�Ç×�ºH£�¥5Ä�« ¦ { ¥ ªlº
«Ç£SÅ5¦¤©1¢¨§
ª { ©1¥ ©�¹Ë½+£�Ì1«v¢¤¦ { ¥ £ú¸t5½´ª { Á ½+£�Ì1«v¢¤« Æ ª¤5¢¤Å {¼Æ ¸Ç« Æ5{ 
¸D�
©�¹@ÊYº {¼» ºwªlº5«$©1§
ª {¼» £S½�§5¢¤©�§-«v¢¨ª { « ¦WÊË« ¢¤«pô_¥5©�ÊY¥$��Ê�£S¦Ç«��5£S¸ { ¥5« Æ Å�Ì�Àgªl« { ¥_Å5¢ { ¥5ôçË:Ì8t ÍÏÎ { ¥wª¤º5«
ª { ¸Ç« Æ ©1¸Ç£ { ¥Ñ�Ðâ1â1� � Ý ©1¥
« ÁÂÆ
{ ¸z« ¥5¦ { ©1¥H£S½-¦¨©1½¼
ª { ©1¥Ò©�¹Pªlº5« Æ5{ ³ 
¦ { ©�¥ú« ¬_H£Sª { ©1¥�¹�©1¢�½+£�Ì1«v¢¤« Æ ¸z« Æ5{ £
{ ¥ ªlº5«Ç¹�¢¤« ¬_5«v¥ » Ì Æ ©1¸Ç£ { ¥ Ê�£S¦ Æ « ¢ {´Ô « Æ Å�Ì À Ô £�£�¦l£�¥ Æ Ë:Ì/t ÍÏÎ��Ðâ1ì1����ÊYº {¼» º » £S¥�Å-«Ò§-©�ª¤« ¥�ª { £�½¼½ Ì
5¦¨« Æ ªl©t« Ô £�½¼H£�ªl« Æ «v« §;Å55¢¨¥5¦ �J¡^º
«æ¸Ò£ � ©�¢ { ªÂÌz©�¹hª¤º5« ¦¨«æ¢¤«v¦¤«�£S¢ » º5«v¢¤¦ { ¥ Ô «v¦¨ª { Ä�£Sª¤« Æ ª¤º5« { ¥
Þ55« ¥ » «
©�¹U£�Å5¦¤©�¢¤§
ª { ©1¥w£�¥ Æ ¦ » £Sª¤ª¤« ¢ { ¥5Ä ©�¹ ª¤º5« Æ5{´³ « ¢¨« ¥�ªÒ½¼£�Ì1« ¢¨¦Ç©�¥wª¤º5«;¢¤«vÞ5« » ªl£�¥ » « �^Å5
ª�� { ¥�Ä1«v¥5« ¢¤£�½��
ªlº
«vÌ Æ5{¼Æ ¥5©�ª { ¥ Ô « ¦&ª { Ä�£Sªl«Óªlº5«@§-©�¦¤¦ { Å { ½ { ªÂÌ¯ªl© Æ «v¢ { Ô «@ª¤º5«U©1§Gª {¼» £�½ » ©g«ví » { « ¥�ªl¦�©�¹0ªlº
« ½+£�Ì�« ¢¤¦Ë¹�¢¤©1¸
¢¤«=ÞH« » ªb£�¥ » «/¸Ç« £�¦¤5¢¨« ¸z« ¥�ªl¦v�

à ¥ ��7 Ê�«¯£�§5§
½ { « Æ ª¤º5«¯Ï(©�5¢ { « ¢^ªl¢¤£�¥5¦¨¹�©�¢¤¸äªl« » º5¥ { ¬g
«¯ªl© Æ «v¢ {´Ô «¯¦¨©1½¼Gª { ©�¥5¦Y©�¹�ª¤º5« Æ5{ ³ 
¦ { ©�¥
« ¬_H£�ª { ©�¥[¹�©�¢0ªÂÊ�© Á ½+£�Ì1«v¢¤« Æ ª¤5¢¤Å {´Æ ¸Ç« Æ5{ £�ºH£ Ôg{ ¥
Ä@£S¥ { ¥
ÃH¥ { ªl«v½´ÌÓªlº {´» ôU¦¤« » ©1¥ Æ ½+£�Ì�« ¢h¹�©1¢h¢¤«=ÞH« » ªb£�¥ » «

��Í



{ ¥ ª¤º5«Ç¦&ªl« £ Æ Ì Á ¦&ªb£Sª¤« �P¹�¢¤« ¬_5«v¥ » ÌT£�¥ Æ ª { ¸z« Æ ©1¸Ç£ { ¥5¦v� à ¥ » ©1¥�ªl¢l£S¦¨ª/ªl©$²æ£�Ì�£�¥0Ë:ÌLt ÍÏÎ«� â
�����hÊYº5©
{ ¥�ª¤¢¤© Æ  » « Æ £�§
§5¢¤©%� { ¸Ç£Sª { ©1¥5¦ { ¥wª¤º5« { ¢ Æ « ¢ {´Ô £Sª { ©1¥ ªl© ©1Å
ªl£ { ¥ ¢¤«v½+£Sª {´Ô « ½´Ì�¦ { ¸z§5½´«�¹�©1¢¤¸t
½+£�¦��,ÊË«
5¦¨« Æ ¥_5¸Ç«v¢ {´» £�½ { ¥�ªl«vÄ1¢l£Sª { ©1¥/ªl©[£ Ô © {¼Æ £�¥�ÌW£S§5§5¢¤©%� { ¸Ç£Sª { ©1¥0� à ¥z£ Æ5Æ
{ ª { ©1¥$��Ê�«Y¢¨« §5½¼£ » « Æ ªlº5« ; « ¢¤© Á
Å"©15¥ Æ £S¢¨Ì » ©1¥ Æ5{ ª { ©�¥tÊ { ªlºWª¤º5«Y¸Ç©1¢¨«^«:�
£ » ª�«��Gª¤¢l£�§"©1½¼£Sªl« ÆGÁ Å"©15¥ Æ £�¢¨Ì » ©1¥ Æ
{ ª { ©1¥0� Ýñ» ©1¸z§H£�¢ { ¦¤©�¥
©�¹Jª¤º5« ¦¨«t¦¤©1½´
ª { ©1¥5¦YÊ { ª¤º Îp©1¥�ªl«W×�£�¢¤½´©Ò¦ { ¸t5½¼£Sª { ©1¥5¦ { ¥$ªlº5«¯¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤« ��¹�¢¨« ¬_5«v¥ » Ì £S¥ Æ ª { ¸Ç«
Æ ©1¸Ç£ { ¥5¦¯¦¨º5©�Ê�« Æ ¦ { ¸ { ½¼£�¢ Æ5{´³ « ¢¨« ¥ » « ¦Ø£�¦¯Ê�«v¢¤«Ò¹�©1
¥ Æ ¹�©1¢�¦¨« ¸ { Á { ¥
ÃH¥ { ªl«Øº5©�¸Ç©1Ä�« ¥5«v©15¦�ª¤5¢¤Å {´Æ
¸z« Æ5{ £
�QïT« { ¥ Ô «v¦¨ª { Ä�£Sª¤« Æ ªlº
« Æ «vª¤« ¢¤¸ { ¥5£Sª { ©1¥t©�¹�^$`�£�¥ Æ ^ h a ©�¹"Å"©�ªlºØ½¼£�Ì�« ¢¨¦,£�¥ Æ ªlº5«�ª¤º {¼» ô_¥5«v¦¤¦*©�¹
ªlº
«@ÃH¢¨¦¨ª^½¼£�Ì�« ¢ièh¹�¢¨©1¸3¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦ { ¥Ò£�½¼½Hª¤º5¢¤«v« Æ ©1¸Ç£ { ¥
¦Ë£S¥ Æ ¹�©15¥ Æ ªlºH£�ª { ª { ¦�� { ¥Ò§5¢ { ¥ »v{ §5½´« �
§"©1¦¤¦ { Å5½´«�ªl© Æ «v¢ { Ô «Wªlº5«v¦¤«Ø§H£�¢¤£�¸z«vªl«v¢¤¦v�Ô2@©�ÊË« Ô « ¢��Pªlº
«W« ¢¤¢¨©1¢æ¦¤§5£ » « { ¦ ©�¹oªl«v¥ Ô « ¢&Ì�Þ(£Sª��h¦¤©úªlºH£�ª
¦¤¸Ç£�½´½"¦&Ìg¦¨ªl«v¸Ò£�ª {¼» « ¢¨¢¤©1¢¨¦ » £S¥ » £�
¦¤«U¦ { Ä1¥ { Ã » £S¥_ªË« ¢¨¢¤©1¢¨¦ { ¥ Æ «vª¤« ¢¨¸ { ¥ { ¥5Ä[ªlº
« ©1§
ª {¼» £�½(§H£�¢l£S¸Ç«=ªl« ¢¨¦� �t7$éY��N$éY�ØV �B�E¡^º_5¦���ÊË« » ©1¥ » « ¥�ªl¢¤£Sªl« Æ ©1¥ ªlº5« Æ «vª¤« ¢¤¸ { ¥5£Sª { ©1¥ ©�¹Uª¤º5«p©�§
ª {´» £�½^§5¢¨©1§"« ¢¨ª { «v¦
©�¹Yªlº
«�ªÂÊ�© ½+£�Ì�« ¢¤¦Wô_¥5©�Ê { ¥5Ä�ªlº5«�ª¤º {¼» ô_¥5«v¦¤¦Ø©�¹Yªlº
«ÒÃH¢¤¦&ªØ½+£�Ì1«v¢ � ¡^º { ¦W¬_H£S¥_ª { ªÂÌ » £�¥ « { ªlº
« ¢tÅ"«
¸z«�£�¦¨5¢¤« Æ �5¹�©1¢^«:�
£�¸z§5½´« �
Ê { ªlº$5½´ª¤¢l£�¦¨©15¥ Æ �
©1¢ { ª { ¦Y£�§5§5¢¨©,� { ¸Ò£Sª¤« ½ ÌÒô_¥5©�ÊY¥p¹�¢¨©1¸ä£S¥H£Sªl©�¸�Ì1�

à ¥�ª¤º5«p¦&ªl« £ Æ Ì Á ¦&ªb£Sª¤« Æ ©1¸Ç£ { ¥ ÊË«µ¦¨º5©�Ê�« Æ ªlº5£SªÇª¤º5«$©1§
ª {´» £�½^§
¢¤©1§"« ¢&ª { «v¦ » £�¥�Å-«$©1Å
ªl£ { ¥5« Æ
Ê { ª¤º { ¥æ«v¢¤¢¨©1¢¤¦P©�¹
£�Å"©1
ªJ��Í�Øñ¹�©1¢0ªÂÌg§ {´» £�½�«��
§"« ¢ { ¸z« ¥�ªb£S½15¥ » « ¢¨ªl£ { ¥�ª { « ¦P£S¥ Æ ¹�©�¢h¥5©Ó£�§5§5¢¨©,� { ¸Ò£Sª { ©1¥
{ ¥ ª¤º5«Wªlº5«v©1¢¨Ì �z'_ÒxË�Ó:ÌJÅ�Ì Ã5ª¨ª { ¥5Ä�ªlº5«z¦¤©�½¼
ª { ©1¥ ©�¹*ªlº
« Æ
{´³ 5¦ { ©1¥ ªlº5«v©1¢¨Ì�ª¤© Æ £Sªb£ Æ «v¢ {´Ô « Æ ¹�¢¤©1¸
ªlº
«W¦l£�¸z«t« ¬_H£�ª { ©�¥0�¯Îp©1¢¤«v© Ô « ¢��0Ê�«W¹�©1
¥ Æ Å�ÌµÃ5ª¨ª { ¥
ÄÒªlº5«W¦¨©1½¼Gª { ©�¥µ©�¹,ªlº
« Æ5{´³ 5¦ { ©1¥�«v¬g5£Sª { ©1¥
ªl©WÎp©1¥�ªl«[×�£S¢¤½¼©¯¦ { ¸t5½+£�ª { ©�¥5¦ëªlºH£�ª�ªlº
« Æ5{´³ 5¦ { ©1¥Ç£�§5§5¢¨©%� { ¸Ò£�ª { ©�¥ { ¥_ª¤¢¤© Æ  » « ¦�¦ { Ä1¥ { Ã » £S¥_ªË« ¢¨¢¤©1¢¨¦
{ ¥ Æ «v¢ { ÔG{ ¥5Ä�ªlº
«z©�§
ª {´» £�½�§5¢¤©1§"« ¢&ª { « ¦�� ��7 � ��¡^º { ¦æÊ�£�¦ » ©1¥
Ã5¢¤¸z« Æ Å_Ì Ý ½¼«��
£�¥ Æ ¢¤£�ô { ¦6Ë:Ì·t ÍÏÎ«�Ðì�Í1���
ÊYº5©ÒÃ
ª¤ªl« Æ ªlº5«�¦¤©1½´
ª { ©1¥p©S¹Jªlº5«�ªÂÊË© Á ½+£�Ì1«v¢¤« Æ Æ
{´³ 5¦ { ©1¥µ«v¬g5£Sª { ©1¥ Æ «v¦ » ¢ { Å"« Æ { ¥� �t7 �Qªl©;Îp©�¥_ª¤«
×�£�¢¨½¼©U¦ { ¸t5½¼£Sª { ©1¥5¦Q5¦ { ¥5Äæªlº5«�©1§
ª {´» £�½G§H£�¢¤£�¸Ç«=ªl«v¢¤¦ë©�¹"Å"©�ªlºØ½¼£�Ì�« ¢¨¦,£�¥ Æ ªlº
«�ªlº {´» ôg¥
« ¦¤¦,©�¹(ª¤º5«�ÃH¢¤¦&ª
½+£�Ì�« ¢�£S¦*Ã5ª¨ª { ¥5Ä�§H£S¢l£�¸z«vª¤« ¢¤¦v�ë¡^º5«=Ì�£�§
§5½ { « Æ £/¦ { ¸t5½+£�ªl« Æ £�¥5¥
«�£�½ { ¥5Ä¯£�½¼Ä�©1¢ { ªlº5¸¾ªl© Æ « ¢ { Ô «Óªlº5«v¦¤«
©1§
ª {¼» £�½Ë§
¢¤©1§"« ¢&ª { «v¦��JÅ"« » £�5¦¤«�Ê { ªlº » ©1¥ Ô « ¥�ª { ©1¥H£S½�¥5©1¥ Á ½ { ¥5«�£S¢¯¢¨« Ä1¢¨« ¦¤¦ { ©1¥
¦ { ª�Ê�£�¦t¥
©�ªW§"©1¦¤¦ { Å5½´«
ªl© ÃH¥ Æ ª¤º5«$£�Å5¦¤©�½¼
ª¤«ú¸ { ¥ { ¸t
¸®©S¹@ª¤º5«ú« ¢¨¢¤©1¢Ø¦¤§5£ » «S��ïþ«;§"« ¢¨¹�©�¢¤¸z« Æ ¸Ç« £�¦¤
¢¤« ¸z« ¥�ª¤¦z©S¹@ª¤º5«
£�Å5¦¨©1½¼Gªl«z¦¤§H£Sª { £�½´½´Ìp¢¤«v¦¤©1½ Ô « Æ ¦¨ªl« £ Æ Ì Á ¦&ªb£Sª¤«Ò¢¨«vÞH« » ªb£S¥ » «�
¦ { ¥
Ä�£p×^×�² ÁÂ» £S¸Ç«v¢l£p©�¥ ªÂÊË© Á ½¼£�Ì1« ¢¨« Æ
¦¤©�½ {¼Æ ª { ¦¨¦¤5«[§5ºH£S¥_ª¤©1¸z¦Yª¤ºH£Sª » ©1¥
ÃH¢¨¸Ç« Æ ª¤º5«æªlº5«v©1¢¤«=ª {¼» £�½0¢¨« ¦¤
½´ªl¦M� �t7 �B�

à ¥ ªlº5«�¹�¢¨« ¬_5«v¥ » Ì Æ ©1¸Ò£ { ¥pÊË«W¦¤º
©�ÊË« Æ ªlº5£Sª { ª { ¦@¦¤
í » { « ¥�ªæªl©ú§"« ¢&¹�©1¢¤¸ ¢¨« ½+£�ª {´Ô «t¸z«�£�¦¨5¢¤« Á
¸z« ¥�ªl¦[£Sªæª¤º5¢¤«v« Æ5{´³ « ¢¨« ¥�ª Æ5{ ¦¨ªb£S¥ » «v¦[ª¤©ú©1Å
ªl£ { ¥ 5¦¨«v¹�5½J«v¦¨ª { ¸Ç£Sªl«v¦æ©�¹,ªlº5«W©1§Gª {¼» £�½�§
¢¤©1§"« ¢&ª { «v¦æ©�¹
Å"©�ªlº ½¼£�Ì�« ¢¨¦[£�¦¤¦¨5¸ { ¥5Ä�ªlº5£SªUªlº
«tÃH¢¤¦&ªæ½+£�Ì1«v¢Uªlº {´» ô_¥5« ¦¨¦ { ¦Uô_¥5©�ÊY¥0�tÏH©1¢ «:�
£�¸z§5½¼«�� { ª@Ê�£�¦U¹�©�5¥ Æ
ªlº5£SªËª¤º5«U£SÅ5¦¤©1¢¨§
ª { ©1¥ » ©G«=í » { «v¥�ª^©�¹0ª¤º5« ¦¨« » ©�¥ Æ ½+£�Ì1«v¢��_ÊYº {¼» º { ¦ { ¸z§-©1¢&ªb£�¥�ª,¹�©1¢*¦¤« Ô « ¢¤£�½h£�§
§5½ {´» £ Á
ª { ©1¥5¦Ó¦¤ » º £S¦Óª¤º5«�¸z«�£�¦¨5¢¤«v¸Ç«v¥�ªl¦U©�¹�ªlº5«¯¸t5¦ » ½¼«/ºH£�«v¸Ç© Æ Ìg¥H£�¸ {¼» ¦Ó©�¢@ªlº
«�Å5½´©G© Æ ©,�gÌgÄ1«v¥H£Sª { ©1¥
{ ¥zªlº5«@Å5¢l£ { ¥$� » ©�5½ Æ Å-« Æ «vª¤« ¢¨¸ { ¥5« Æ Ê { ªlº { ¥Ç«v¢¤¢¨©1¢¤¦Ë©�¹h½¼«v¦¤¦,ªlºH£S¥���Í�Ø ¹�©1¢Ë£/Ã5¢¤¦¨ª�½+£�Ì1«v¢Ëª¤º {¼» ô_¥5«v¦¤¦
©�¹�¿�¸z¸N� �t7 �B�

¡^º5« ©�¢¤«vª {¼» £�½ { ¥ Ô «v¦¨ª { Ä�£Sª { ©1¥5¦z£�¥ Æ ¸z«�£�¦¨5¢¤«v¸Ç«v¥�ªl¦Ò
¦ { ¥
Äþ£ ¦¨ª¤¢¤«�£Sô » £�¸z« ¢l£ ¦¤º
©�ÊË« Æ ªlºH£Sª { ª
{ ¦¯§-©�¦¤¦ { Å5½¼«Çªl©�©1ÅGªb£ { ¥�Ä1©g© Æ «v¦¨ª { ¸Ç£Sªl«v¦t©�¹�^$`Ç£�¥ Æ ^ h a ©�¹YÅ"©�ªlº ½¼£�Ì�« ¢¨¦�¹�¢¤©1¸ßª { ¸Ç« Æ ©1¸Ç£ { ¥T¢¤« Á
ÞH« » ªb£S¥ » «Ó¸Ç« £�¦¤
¢¤« ¸z« ¥�ª¤¦�£SªJªÂÊË© Æ
{ ¦¨ªl£�¥ » « ¦Ö� ��N � ��ïþ«Ó£�½´¦¤© { ¥ Ô «v¦¨ª { Ä�£Sª¤« Æ ªlº5«Ó£�§
§5½ {´» £Sª { ©1¥t©S¹-ª¤º5«
ªÂÊË© Á ½¼£�Ì�« ¢¨« ÆþÆ
{´³ 5¦ { ©1¥ ¸Ç© Æ « ½ë¹�©�¢A'*)+,'*+ -W¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦Ç� �WV �B�z¡^º5¢¤«v« Á ½¼£�Ì1« ¢¨« Æ Îp©1¥�ªl«Ò×�£�¢¤½´©
¦ { ¸t5½¼£Sª { ©1¥5¦[Ê�«v¢¤«;§-«v¢¨¹�©1¢¨¸Ç« Æ�{ ¥�ª¤º5«�ª { ¸Ç« Æ ©1¸Ç£ { ¥T¦ { ¸t5½+£�ª { ¥
Äpªlº
«ú¦¤ô { ¥$�ë¹L£�ªØ£�¥ Æ ¸t5¦ » ½´«�©�¹
ªlº
«æºg
¸Ò£�¥�¹�©�¢¤«�£S¢¤¸$�ë¡^º5« ¦¨« Æ £Sªb£�ÊË« ¢¨«UÃ5ª¤ª¤« Æ Ê { ª¤º�ªlº5«æ¦¨©1½¼Gª { ©�¥�©�¹Pªlº5«@ªÂÊ�© Á ½+£�Ì1«v¢¤« ÆpÆ5{ ³ 
¦ { ©�¥

�1�



« ¬_H£�ª { ©�¥Ø£SªëªÂÊË© Æ
{ ¦¨ªl£�¥ » « ¦ � à ª�Ê�£�¦J¦¨º5©�ÊY¥zª¤ºH£Sªëª¤º5«Y£�Å5¦¨©1¢¤§Gª { ©�¥ » ©g«ví » { « ¥�ª,©�¹(ªlº5«^¦¨« » ©1¥ Æ ½+£�Ì1«v¢
©�¹0ª¤º5« Æ5{´³ 5¦ { ©1¥z¸Ç© Æ « ½ » ©1¢¤¢¨« ¦¨§-©1¥ Æ ¦Ëª¤©¯ªlº
«U£�Å5¦¨©1¢¤§Gª { ©�¥ » ©G«=í »v{ «v¥_ªË©�¹0ª¤º5«Ó¸t5¦ » ½¼«Ó½+£�Ì1«v¢ËÊ { ªlº { ¥
Æ5{ ³ «v¢¤« ¥ » « ¦^©S¹QÖ�ØÇ� { ¹0ªlº5«@ªlº {´» ôg¥
« ¦¤¦^©S¹hªlº5«U½¼£�Ì1« ¢¨¦^£�Å"© Ô « ª¤º5«U¸t5¦ » ½´« ½+£�Ì�« ¢ { ¦�ô_¥5©�ÊY¥;£�¥ Æú{ ¦�¦¤«=ª
« ¬_H£S½(ª¤©¯ª¤º5«ÓÃ5¢¤¦¨ªË½+£�Ì�« ¢,ªlº {´» ôg¥
« ¦¤¦Ë©�¹�ª¤º5« Æ5{´³ 5¦ { ©1¥z¸Ç© Æ « ½B� à ¥Ò£ Æ5Æ5{ ª { ©1¥$� { ªJÊ�£�¦*¹�©15¥ Æ ªlºH£Sª,ª¤º5«
£�Å5¦¨©1¢¤§Gª { ©�¥ » ©g«ví » { « ¥�ª,©�¹(ªlº5«^¸�5¦ » ½¼«�½¼£�Ì�« ¢ » £�¥ØÅ-« Æ «v¢ { Ô « Æ ��« Ô «v¥ { ¹(ªlº5«�ª¤º {¼» ô_¥5«v¦¤¦,©�¹(ªlº5«^½¼£�Ì1« ¢¨¦
£�Å"© Ô «Uªlº
«æ¸t5¦ » ½¼«æ½¼£�Ì�« ¢ { ¦�¥5©�ª^«��
£ » ª¤½´Ì�ô_¥5©�ÊY¥�� �WV � ��ê�)�+,'*+ -@¸Ç« £�¦¤
¢¤« ¸z« ¥�ª¤¦�Ê�«v¢¤«[§-«v¢¨¹�©1¢¨¸Ç« Æ
©1¥þª¤º5«úº_5¸Ç£�¥þ¹�©1¢¨«�£�¢¨¸®©S¹ Ô ©1½´5¥�ªl« «v¢¤¦��Ë£S¥ Æ ªlº5«Ò©1§
ª {´» £�½*§5¢¨©1§-«v¢¨ª { « ¦/Ê�«v¢¤« Æ «=ªl«v¢¤¸ { ¥5« Æ 5¦ { ¥5Ä
ªlº
«[ªÂÊË© Á ½+£�Ì1«v¢¤« Æ ¸Ç© Æ «v½ { ¥úª¤º5«[¦l£�¸z«[¸Ò£�¥
¥5« ¢Y£�¦ { ¥;ª¤º5«æªlº5«v©1¢¤«=ª {´» £�½0¦&ªl Æ Ì1�

©«ª¬�ª¬ ë ¿Lá¸w²�´ á§Æ¾âz°¾Áw°¾Ãã¸#¿�ÁRÂL²ÄÃì±¼°¾Ã/²§Æ
ÏH©1¢[¸Ò£S¥_Ì £�§5§5½ {¼» £�ª { ©�¥5¦æ©�¹�½ { Ä1º�ª { ¥ Æ «v¢¤¸Ç£Sªl©�½¼©1Ä�Ì$ªlº
«Ç©1§Gª {¼» £�½J§5¢¨©1§-«v¢¨ª { « ¦/©�¹�¦¤ô { ¥T£�¢¤« { ¸z§"©1¢ Á
ªb£S¥_ª ��¡^º5« Æ «vª¤« ¢¨¸ { ¥H£Sª { ©1¥ú©�¹�ªlº5«v¦¤«�§5£�¢l£�¸z«vª¤« ¢¨¦��(º5©�Ê�« Ô «v¢�� { ¦ Æ5{ í » 
½´ª%�HÅ"« » £�5¦¨«¯ªlº
«/ª¤º {¼» ô_¥5«v¦¤¦
©�¹,ªlº
«t¦¤ô { ¥ { ¦U¢l£�ªlº5«v¢U¦¤¸Ç£�½¼½i@B£SÅ-©1GªW� ] ��¸z¸FB=�}2@«v¥ » «��0¹�©1¢Ô'*)�+,'*+ -/¸z«�£S¦¤5¢¨« ¸z« ¥�ªl¦[£�º5©�¸Ç© Á
Ä1«v¥5« ©1
¦^¸Ç© Æ « ½ » £S¥5¥5©�ª^Å"«U5¦¨« Æ �HÅ"« » £�5¦¨«Uªlº5«U
¥ Æ « ¢¨½´Ì { ¥
Ätª { ¦¨¦¤5«v¦ { ¥GÞH5« ¥ » «æ¦¤
Å5¦¨ªl£�¥�ª { £S½¼½´ÌØª¤º5«
¢¤«=ÞH« » ªb£�¥ » «z¸Ç« £�¦¤5¢¨« ¸z« ¥�ªl¦v�ØÑU¥ ªlº5«W©�ª¤º5« ¢æº5£�¥ Æ �«ËcÕD+,'*+ -¯¸z«�£�¦¨5¢¤«v¸Ç«v¥�ªl¦��hÊYº {´» ºþ£S¢¤«t¸z©1¦¨ª¤½´Ì
§"« ¢¨¹�©�¢¤¸z« Æ Ê { ª¤º ª¤º5« { ¥�ªl«vÄ1¢l£Sª { ¥5ÄÒ¦¤§5º5«v¢¤«v¦¯ªl« » º5¥ { ¬g
«�� ì
����� Æ « ½ {´Ô «v¢¤« Æ ¢¨« Æ  » « Æ ¦ » £�ª¤ªl«v¢ { ¥5Ä$£�¥ Æ
£�Å5¦¨©1¢¤§Gª { ©�¥ » ©G«=í » { «v¥�ªl¦[ÊYº {¼» ºT£�¢¤«Wª¤©G©;½+£S¢¤Ä1«tª¤©$«��G§5½+£ { ¥ ªlº5«z¸Ç« £�¦¤
¢¤« Æ ½ { Ä1º�ªæ§"« ¥5«=ªl¢l£�ª { ©�¥ { ¥
¦¤ô { ¥í� ì��9�*°1¿5� � à ¥ �ta Ê�«$¢¤«v§-©1¢&ªÒ©�¥î'*)0+,'*+ -Ò¦¤§H£�ª { £S½¼½´Ìþ¢¤«v¦¤©1½ Ô « Æ ¢¤«=ÞH« » ªb£�¥ » «�¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦
©1¥ ªlº5«zº_5¸Ò£S¥ ¹�©1¢¨«�£�¢¨¸p� Ý ¹�©�5¢ Á ½+£�Ì1«v¢¤« Æ Ä1« ©�¸Ç«=ªl¢¨Ì » ©1¸z§5¢ { ¦ { ¥5Äúªlº5«Ç« § {´Æ « ¢¨¸ { ¦��hªlº5« Æ «v¢¤¸ { ¦��
ªlº
«¯¦¨5Å » 
ªb£S¥5« ©1
¦ ¹L£SªÓ½+£�Ì1«v¢ £S¥ Æ ª¤º5«�¸t
¦ » ½´«/Ê�£�¦Ó5¦¤« Æ £�¦Yªlº5«v©1¢¤«=ª {´» £�½P¸z© Æ «v½ �Ë¡^º5«¯ª¤º {¼» ô_¥5«v¦¤¦
©�¹æª¤º5«�½+£�Ì�« ¢¤¦�£�Å-© Ô «µªlº5«µ¸t5¦ » ½¼«µÊ�£�¦�¸z«�£S¦¤5¢¨« Æ Å�ÌE5½ ªl¢¤£�¦¤©1
¥ Æ � ¡^º5«�£�Å5¦¤©�¢¤§
ª { ©1¥ £S¥ Æ ¢¤« Á
Æ  » « Æ ¦ » £Sª¨ªl«v¢ { ¥
Ä » ©g«ví »v{ « ¥�ª¤¦�©�¹0ª¤º5« Æ « ¢¤¸ { ¦JÊË« ¢¨« Æ «v¢ {´Ô « Æ Å�Ìz¥5©1¥
½ { ¥
«�£�¢,¢¤«vÄ1¢¤«v¦¤¦ { ©1¥5¦Ë©�¹QÎp©�¥_ª¤«
×�£�¢¨½¼©µ¦ { ¸t
½+£Sª { ©1¥5¦æª¤©µªlº5«Ò¸Ç« £�¦¤5¢¨« Æ ¦¨§H£Sª { £�½´½´Ì ¢¨« ¦¤©�½ Ô « Æ ¢¤«vÞ5« » ªl£�¥ » «ú5¦ { ¥5Äµ§5
Å5½ { ¦¤º5« Æ�Ô £S½¼5«v¦
¹�©1¢ ª¤º5«Ø©�ªlº
« ¢æ©1§
ª {¼» £�½�§H£S¢l£�¸z«vª¤« ¢¤¦U£�¥ Æ ªlº5«Ø¢¨« ¸Ç£ { ¥ { ¥5ÄÒ½¼£�Ì1« ¢Uª¤º {¼» ô_¥5«v¦¤¦¨« ¦ �Ø¡^º5«Ø©1ÅGªb£ { ¥5« Æ ©1§ Á
ª {´» £�½J§
¢¤©1§"« ¢&ª { «v¦[©�¹ Æ «v¢¤¸ { ¦æÌ { «v½ Æ « Æ ¸z©1¢¤«Ø¢¤« £�½ { ¦¨ª {¼» ½ { Ä1º�ª[§"« ¥5«=ªl¢l£�ª { ©�¥ Æ «v§
ªlº
¦ �;ÜY« » «v¥�ªl½´Ì ��ª¤º5«
©1§
ª {¼» £�½-§
¢¤©1§"« ¢&ª { «v¦�©�¹P¦¨ô { ¥�Ê�«v¢¤«æ¸z«�£�¦¨5¢¤« Æ ËcÕ�+,'*+ -Ó5¦ { ¥5Ä { ¥�ªl« Ä�¢l£Sª { ¥5Ä¯¦¤§5º5«v¢¤«v¦8� ì1°9�5ì�¶ �B�J¡^º5«v¦¤«
¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦Y¦¤º5©�ÊîÅ"«vª¨ªl« ¢Ó£�Ä�¢¤« «v¸Ç«v¥�ªÓÊ { ªlºúªlº
«F'*)Ñ+,'*+ - «:�G§"« ¢ { ¸z« ¥�ªl¦v�

©«ª¬�ª_ï ðráÄ»�às²Äµ�½¼¸#¿�ÁRÂL²§ÃN±¼°¾Ã/²§Æ
ÏH©1¢�¸Ç£�¥�Ì Æ5{ £�Ä1¥5©�¦¨ª {´» £�§5§
½ {¼» £Sª { ©1¥5¦ { ¥úÅ { ©1¸Ç« Æ5{¼» £�½"©1§
ª {´» ¦��5¦¤ » ºµ£�¦^ºH£�«v¸Ç© Æ Ìg¥H£�¸ {¼» ¦�¸z«�£�¦¨5¢¤« Á
¸z« ¥�ªl¦ { ¥ ªlº
«pÅ5¢¤£ { ¥ ©1¢Ø¸t
¦ » ½´« ¦���ªlº5«;«��5£ » ªÇôg¥
©�ÊY½´« Æ Ä�«p©�¹@ªlº5«$©1§
ª {¼» £�½�§5¢¨©1§-«v¢¨ª { « ¦Ø©�¹ Å5½¼©g© Æ
{ ¦ { ¸z§"©1¢¨ªl£�¥�ª��Ò¡^º
«�£�Å5¦¨©1¢¤§Gª { ©�¥ » ©G«=í »v{ «v¥_ª�©�¹^Å5½´©G© Æ { ¦/5¦¤5£�½¼½ Ì ©1Å
ªl£ { ¥5« Æ Å�Ì ¸Ç« £�¦¤
¢ { ¥
Ä$ª¤º5«
£�Å5¦¨©1¢¤§Gª { ©�¥p©�¹ëº5« ¸z©1Ä1½´©1Å { ¥�� ì�Ö5�B�}@L¡^º { ¦Ó§5¢¤© » « Æ 5¢¤« { ¦Ó¬_5« ¦&ª { ©�¥H£�Å5½´« �(Å-« » £�
¦¤« { ¥pÅ5½´©G© Æ;Ô « ¦¨¦¤«v½¼¦
º5«v¸Ç©1Ä�½¼©1Å { ¥ { ¦�¦ { ªl5£Sªl« Æ�{ ¥T¢¤« Æ Å
½¼©g© Æ » «v½¼½¼¦���ÊYº {´» º�ªlº5«v¸Ç¦¨« ½ Ô « ¦W£S¢¤«Ò¦¨5¢¤¢¨©15¥ Æ « Æ Å�Ìþ§5½¼£�¦¤¸Ç£
�
¡^º_5¦��"ªlº5«¯¢¤« Æ Å5½´©G© Æp» « ½´½¼¦ Æ ©Ò¥
©�ª ©�¥5½´Ì;£SÅ5¦¤©1¢¨Å$�"Å5
ªæ£S½¼¦¤©z¦ » £Sª¤ª¤« ¢Ó½ { Ä1º�ª���.Ó¦ { ¥
Ä�Î { « Á ªlº5«v©1¢¨Ì { ª
» £S¥µÅ"«¯¦¨º5©�ÊY¥µªlºH£�ª@ª¤º5«�£SÅ5¦¤©1¢¨§
ª { ©1¥ » ©g«ví » { « ¥�ª ©S¹J£Ç¦¨§5º5«v¢¤« Æ « §"« ¥ Æ ¦@©1¥pª¤º5«/¢¤«v¹�¢¤£ » ª {´Ô « { ¥ Æ «:�
©�¹@ªlº5«$¦¤5¢¨¢¤©1
¥ Æ5{ ¥
Äþ¸z« Æ5{ 5¸ £�¥ Æ ©1¥�ª¤º5« Æ5{ £�¸z«vª¤« ¢Ø©�¹@ªlº5«$¦¤§5º
« ¢¤«S�ñ¡^ºg
¦���ªlº
«µ£�Å
¦¤©1¢¨§
ª { ©1¥
» ©g«ví »v{ « ¥�ª�©�¹�§5
¢¤«Òº
« ¸z©1Ä1½¼©�Å { ¥ { ¦ Æ5{ ³ «v¢¤« ¥�ª/ªl©$ÊYº5« ¥ { ª { ¦/½¼© » £Sª¤« Æ { ¥ ¢¤« Æ Å5½¼©g© Æ » « ½¼½´¦Ç� ��°5� �ÙB

���



¡^º5«;¦ » £Sª¤ª¤« ¢ { ¥5Ä » ©g«ví »v{ « ¥�ªÒ£�¥ Æ ªlº
«p£S¥ { ¦¨©�ªl¢¨©1§�Ìþ¹L£ » ªl©1¢W©�¹@Å5½´©G© Æ £�¢¤«ú©S¹oªl« ¥ » £�½ » 5½+£Sª¤« Æ Ê { ª¤º
Î { « Á ª¤º5« ©�¢¨Ì�� °����(£�½´ª¤º5©15Ä1ºúª¤º5«[¢¤« Æ Å5½´©G© Æ;» « ½´½¼¦Y£�¢¨«[¥5©�ªY¦¤§
º5« ¢¨« ¦ Å

ªÓÅ {¼» ©1¥ » £ Ô « Æ5{ ¦¤ô_¦ ��Àgªl« { ¥5ôS«
£�¥ Æ ÀGº5«v§5º5«v¢ Æ�Æ « ¢ { Ô « Æ ª¤º5«$£�¥ { ¦¨©�ªl¢¨©1§�Ìþ¹L£ » ªl©1¢Ø©�¹@Å5½´©G© Æ Å�Ì §-«v¢¨¹�©1¢¨¸ { ¥5Ä £�¥
Ä15½+£S¢W¦ » £�ª¤ªl«v¢ { ¥5Ä
¸z«�£�¦¨5¢¤«v¸Ç«v¥_ª¤¦ { ¥�£¯Ä�©1¥ { ©�¸Ç«=ªl« ¢Ö� ì1¿1�B�J¡^º5«=ÌÒ©1ÅGªb£ { ¥5« Æ £¯¦ { Ä1¥ { Ã » £�¥�ª*¦¤¸Ç£�½´½¼« ¢*£�¥ { ¦¤©Sªl¢¤©�§_ÌW¹L£ » ªl©�¢
ªlº5£�¥WªlºH£Sª Æ « ¢ {´Ô « Æ ¹�¢¨©1¸ Î { « Á ªlº
« ©1¢&Ì1�"2Ó©�ÊË« Ô « ¢��GÅ5½´©G© Æ ¦ » £Sª¨ªl« ¢¨¦,¦¨ªl¢¨©1¥5Ä1½ Ì { ¥t¹�©1¢¨Ê�£�¢ ÆWÆ
{ ¢¤« » ª { ©1¥$�
£�¥ Æ �5ªlº_5¦�� { ª { ¦ Æ5{ í » 5½ ª^ªl©Ø¸Ç« £�¦¤
¢¤« � §5¢¨« »v{ ¦¤«v½´Ìú
¦ { ¥
ÄÇ£WÄ1©�¥ { ©1¸z«vª¤« ¢v�

à ¥ ��\ ÊË« Æ «v¦ » ¢ { Å"«þ£ ¥5«=Ê ªl« » º5¥ { ¬_5« ªl©w¸Ç« £�¦¤
¢¤« ªlº5« ¦ » £Sª¤ª¤« ¢ { ¥5Ä » ©g«ví » { « ¥�ª�£S¥ Æ ª¤º5«
£�¥ { ¦¤©�ª¤¢¤©1§�Ì�¹L£ » ª¤©1¢ú©�¹¯Å5½¼©g© Æ £S¥ Æ ©�ªlº5«v¢;¦ » £�ª¤ªl«v¢ { ¥5Ä ½ { ¬_ {´Æ ¦ � à ¥ðª¤º { ¦ú¸z«vª¤º5© Æ ª¤º5« ½ { ¬_ {¼Æ { ¦
ÞH©�Ê { ¥
Ä ª¤º5¢¤©�5Ä1º £ º { Ä�º5½´ÌT¦ » £Sª¤ª¤« ¢ { ¥5Ä ¦¨ªl£Sª {´» ¸Ç« Æ5{ 
¸D�ëÊYº {´» º { ¦ { ½´½¼5¸ { ¥5£Sªl« Æ Å�Ì £ » ©1º5« ¢¨« ¥�ª
½ { Ä1º�ªY¦¤©1
¢ » «S�Y²U©1§5§5½´« ¢^¦¨º { ¹oª¤¦@© » » 5¢ÓÊYº
« ¥pª¤º5« { ¥ »v{¼Æ «v¥_ª@½ { Ä1º�ª { ¦Y¦ » £Sª¤ª¤« ¢¨« Æ Å�Ìúªlº
«¯§H£S¢¨ª {´» ½´« ¦Y©�¹
ªlº
«æ¸Ç© Ôg{ ¥5ÄW½ { ¬_ {´Æ �ë¡^º5«/²U©1§5§
½¼« ¢Ë¹�¢¤« ¬_5«v¥ » Ì;¦¨º { ¹oª Æ « §"« ¥ Æ ¦@¦&ªl¢¤©�¥5Ä1½´ÌÇ©1¥úªlº
«/¦ » £Sª¨ªl«v¢ { ¥
ÄØ£�¥5Ä1½´«
£�¥ Æ ��ªlº_5¦��Q©�¥�ªlº5«Ø£�¥ { ¦¤©Sªl¢¤©�§_Ì$¹L£ » ªl©1¢v�¯¡^º5«W¸z«�£S¦¤5¢¨« ¸z« ¥�ªl¦[£�¢¨«t« ¦¨§-« » { £�½¼½ Ìµ¦¨« ¥5¦ { ª { Ô «tª¤©ú¦¤¸Ç£�½¼½
» ºH£�¥
Ä1« ¦[©�¹ � � { ¹,ªlº
«z½ { ¬_ {´Æ ¦ » £Sª¤ª¤« ¢¤¦[§5¢¨« Æ ©�¸ { ¥H£�¥�ªl½ Ì { ¥�¹�©1¢¨Ê�£�¢ Æ Æ5{ ¢¤« » ª { ©1¥0� Ý ½+£�¦¨« ¢æ²U©1§
§5½¼«v¢
¦¤§"« » ªl¢¨©1¸Ç«=ªl«v¢�Ê�£�¦�5¦¨« Æ ¹�©�¢Q¸z«�£S¦¤5¢¨« ¸z« ¥�ªl¦�©�¹5ªlº
«�½+£S¦¤« ¢Q²U©1§
§5½¼«v¢Q¦¨º { ¹oª¤¦ ��¡^º5«�£�¥ { ¦¤©Sªl¢¤©�§_Ìæ¹L£ » ªl©�¢
Ê�£�¦�©1Å
ªl£ { ¥
« Æ Å�Ìz¥5©1¥
½ { ¥
«�£�¢*¢¤«vÄ1¢¤«v¦¤¦ { ©1¥5¦Ë©�¹0ªlº
« ½+£S¦¤« ¢�²U©1§5§5½´« ¢,¦¤§"« » ªl¢¤£ » £�½ » 5½¼£Sªl« Æ Ê { ªlº;Îp©�¥_ª¤«
×�£�¢¨½¼©t¦ { ¸t5½¼£Sª { ©1¥5¦Jªl©tª¤º5«U¸z«�£�¦¨5¢¤« Æ ¦¤§"« » ªl¢l£G�,ïT« ¹�©1
¥ Æ ªlºH£�ª { ª { ¦�§"©1¦¨¦ { Å
½¼«@ª¤© Æ «vª¤« ¢¨¸ { ¥5«@ª¤º5«
£�¥ { ¦¤©�ª¤¢¤©1§�Ì�¹L£ » ªl©�¢@©�¹�Å5½¼©g© Æ Ê { ªlº { ¥;5¥ » «v¢¨ªl£ { ¥�ª { « ¦Ó©�¹J£SÅ-©1Gª Í � �5Ø £�¥ Æ ª¤ºH£SªYªlº
«¯«��
§"« ¢ { ¸z« ¥�ªb£S½
Ô £�½¼
«[£�Ä1¢¤«v« ¦^ÊË« ½¼½0Ê { ªlºpÎ { « Á ª¤º5« ©�¢¨Ì�� �t\ �B�
GIHÄñ ò q"CSET? AY@�qUAYOFAY? IaCLI`OPJ QÞZ�O CSOPIaAyCF? I\[öC Z�Q I`KÿCSADCFETK G�I`J¾ó

J]I`@TJ
Ý Å
¥5©1¢¤¸Ç£�½�« ¥5½¼£�¢¤Ä1« Æ Å5½¼©g© ÆµÔ «v¦¤¦¤«v½¼¦/© »v» 5¢ { ¥ Æ5{´³ « ¢¨« ¥�ª Ô £�¦ » 5½+£S¢ Æ5{ ¦¨©1¢ Æ « ¢¤¦æ¦¨ » ºT£�¦æ§-©�¢¨ªUÊ { ¥5«
¦¨ªl£ { ¥
¦��P¹L£ » { £�½ëªl«v½+£�¥5Ä { « » ªb£�¦ { £��h¦¨§ {¼Æ « ¢/¥5« Ôg{ ©1¢[º5« ¸Ç£�¥5Ä { ©1¸Ç£�¦ � é £�¦¤«v¢¤¦�º5£ Ô «ÒÅ"« «v¥þ¦¤ » » «v¦¤¦&¹�5½¼½ Ì
£�§5§
½ { « Æ ª¤©¯ª¤¢¤«�£�ª�ªlº
« ¦¤«@¸Ò£S½´¹�©1¢¨¸Ò£Sª { ©1¥
¦ ��Îp©1¦&ª�©�¹0ª¤º5« ¦&ªl Æ
{ « ¦��gÊYº {¼» º » ©1¥5¦ {´Æ « ¢¨« Æ ª { ¦¤¦¨5« ©�§
ª {´» ¦��
» ©�¥ » «v¥_ª¤¢l£Sª¤« Æ ©1¥Tªlº5«Ç©1§
ª { ¸ {C; £Sª { ©1¥ ©S¹�ªlº5«zªl¢¨«�£Sª¤¸Ç«v¥_ª¯©�¹^§"©1¢&ª¯Ê { ¥5«Ò¦&ªb£ { ¥5¦���£ Ô £�¦ » 5½+£�¢/¸Ç£�½ Á
¹�©1¢¨¸Ò£Sª { ©1¥ » ºH£�¢¤£ » ª¤« ¢ {C; « Æ Å�Ìú¸Ç£�¥�Ì�¸t
½´ª { §5½¼«Ó« ¥
½+£�¢¨Ä1« ÆúÔ «v¦¤¦¨« ½¼¦Yªlº5£Sª » £S5¦¤«/£W¢¤« Æ ©�¢^Å5½¼ { ¦¤ºú¢¨« Æ
£�§5§"«�£S¢l£�¥ » «@©S¹-ª¤º5«Y¦¤ô { ¥0�J¡^º
«Yª¤¢¤« £Sªl¸z« ¥�ª { ¦,ÅH£�¦¨« Æ ©1¥zª¤º5«Y§5¢ { ¥ » { §5½¼«�©�¹0¦¨« ½¼« » ª {´Ô «Ó§5º5©Sªl©�ª¤º5« ¢¨¸Ç© Á
½´Ìg¦ { ¦}� ì�È1�B� Ý §
5½¼¦¨« Æ ½+£�¦¨« ¢�Ê { ª¤º;§55½¼¦¨« Æ 5¢l£�ª { ©�¥ { ¥�ªlº5«[¢¤£�¥5Ä1«[©�¹Qªlº5«æª¤º5« ¢¨¸Ò£�½�¢¤« ½¼£1�
£Sª { ©1¥�ª { ¸Ç«
©�¹,ªlº
«t« » ªb£Sª {¼» Å5½´©G© ÆµÔ « ¦¤¦¨« ½¥@�ô Í � Ö ] Ö�Í�¸z¦XB { ¦@5¦¤« Æ ª¤© » ©�£SÄ15½+£�ªl«¯ª¤º5«WÅ5½´©G© ÆpÔ « ¦¤¦¨« ½,¦¤§5£�¢ { ¥5Ä
ªlº
«t¥5« { Ä1º_Å-©�5¢ { ¥5ÄÇª { ¦¤¦¨5«�� ¡^º { ¦ » £�¥ Å"«t£ » º { « Ô « Æ Å�Ìµ5¦ { ¥5ÄÒ½+£�¦¨« ¢@Ê�£ Ô «v½¼« ¥
Ä�ªlº5¦æª¤ºH£Sªæ£S¢¤«�¸z©1¢¨«
¦¨ª¤¢¤©1¥
Ä1½´Ì�£�Å5¦¤©�¢¤Å"« Æ Å_Ì�Å5½¼©g© Æ ª¤ºH£�¥ Å�Ì�ªlº5«Ø©�ª¤º5« ¢ » º
¢¤©1¸z©1§5º5©�¢¤« ¦��Pº5«�£Sª[ª¤º5« Ô « ¦¨¦¤«v½Ë5¥ { ¹�©1¢¨¸Ç½ Ì��
£�¥ Æ §"« ¥5«=ªl¢¤£Sªl« Æ «v« § « ¥5©1
Ä1º { ¥�ªl©�ª¤º5«Wª { ¦¨¦¤5«S�t¡^º5«WÃH¢¨¦¨ª » ¢ { ª¤« ¢ { ©1¥ » £S¥ Å"«t¹�5½ ÃH½¼½´« Æ 5¦ { ¥5Äúª¤º5«
£�Å5¦¨©1¢¤§Gª { ©�¥p§"«�£�ô;©�¹�©%�GÌgº5«v¸Ç©�Ä1½¼©1Å { ¥$�H¹�©1¢Y«:�
£�¸z§5½´«¯¶5��Ö�¥5¸ä©1¢ Ö1È1ÈQ¥5¸ã� ì1â��B�^¡^º5«�½¼£Sª¤ª¤« ¢^Ê�£ Ô « Á
½¼«v¥5Ä�ª¤ºÇÊ�£�¦�©�¹oª¤« ¥�5¦¨« Æ ¹�©1¢*ªl¢¨«�£Sª¤¸Ç«v¥_ª�Å-« » £�
¦¤«U©�¹0½+£�¢¨Ä1« ¢*§-«v¥5«vª¤¢l£Sª { ©1¥ Æ « §
ª¤ºx� ì1ì��B��2@©�Ê�« Ô «v¢�� { ª
Ê�£�¦J¹�©15¥ Æ ªlºH£�ª*ª¤º5«^½+£S¦¤« ¢Jª¤¢¤«�£�ªl¸z« ¥�ª { ¦J¸z©1¢¤«^« ³ « » ª {´Ô «�� { ¹(Ê�£ Ô «v½¼«v¥5Ä�ªlº
¦ { ¥tª¤º5«Y¢l£�¥
Ä1«Y©�¹hÖSâ�Ö�¥5¸
£�¢¨«¯5¦¨« Æ �"Å"« » £S5¦¤«¯©�¹ë¸z©1¢¤«[5¥ { ¹�©1¢¨¸äº5«�£�ª { ¥
ÄÇ©�¹�ªlº5« Ô «v¦¤¦¤«v½ Æ 
«¯ªl©Øªlº
«¯¦¨¸Ò£�½´½¼«v¢Y£�Å5¦¤©�¢¤§
ª { ©1¥$©�¹
Å5½´©G© Æú» ©1¸z§H£�¢¨« Æ ªl©ÒÖ1È1ÈQ¥5¸N� ��Í1Í9�h��Í
���B�

à ¥ ��a ÊË« 5¦¤« Æ Îp©�¥_ª¤«�×�£S¢¤½¼© ¦ { ¸t
½+£Sª { ©1¥5¦Ò£�¦úªlº5«v©1¢¤«=ª {´» £�½U¸z© Æ « ½UÅ�Ìñ«��
§
½ {¼»v{ ª¤½´Ì ªb£�ô { ¥5Ä
��°



{ ¥�ª¤© » ©1¥
¦ {¼Æ « ¢l£�ª { ©�¥�ªlº5« { ¥
ÞH5«v¥ » «æ©�¹hª¤º5«Uªb£S¢¤Ä1«=ª^Å5½¼©g© ÆÒÔ «v¦¤¦¤«v½h©1¥úªlº5« ½ { Ä�º_ª�§5¢¤©�§H£�Ä�£Sª { ©1¥ { ¥Òª¤º5«
Æ «v¢¤¸ { ¦���ÊYº {¼» ºØºH£ Æ Å-«v« ¥W¥5«vÄ1½¼« » ªl« Æ Å�Ìt©�ª¤º5« ¢ë¢¨« ¦¨«�£�¢ » º5« ¢¨¦ � à ª { ¦ë¦¤º5©�ÊY¥Wªlº5£Sª�ª¤º5«�©1§
ª { ¸Ç£�½�Ê�£ Ô « Á
½¼«v¥5Ä�ª¤º5¦�£S¢¤«@£�Å-©�
ª^ÖSì1Í�¥5¸ ¹�©�¢Ë¸Ç£�¥�ÌØÄ1« ©�¸Ç«=ªl¢ { « ¦*£�¥ Æ ½¼© » £Sª { ©1¥
¦*©S¹�ªlº
« Ô «v¦¤¦¨« ½ � à ¥ Æ « §"« ¥ Æ «v¥�ªl½´Ì �
ÀG¸ { ª¤º { «v¦,£�¥ Æ òË
ªl½´« ¢·�å��Í1�5� Æ « Ô « ½´©1§-« Æ £�Îp©1¥�ªl«U×�£�¢¤½´©/§
¢¤©1Ä1¢¤£�¸�ªlº5£Sª { ¦ » £�§H£SÅ5½¼«Y©�¹�¦ { ¸�5½+£Sª { ¥5Ä
¸t5½ ª { §5½¼« » Ìg½ { ¥ Æ « ¢¨¦���£�¥ ÆTé  » £�¦¨¦¤« ¥õË:ÌLt ÍÏÎÑ� ��Í1°1� { ¥ » ½´ Æ « Æ ªlº
« » £�½ » 5½+£Sª { ©1¥µ©�¹ » 5¢ Ô « ÆþÔ « ¦¤¦¨« ½´¦��
Å5
ªYª¤º5«vÌ » ©1¸z§H£�¢¤« Æ ©�¥5½´ÌÒ¢¤« ¦¨5½´ª¤¦^¹�©1¢ÓÖ1È1È�¥
¸ Ê { ª¤ºpÖ�â�Ö�¥5¸ú�*ÜY« » « ¥�ªl½ Ì��(£W¢¤« £�½ { ¦¨ª {´» £�¥H£�ªl©1¸�ÌÒ©�¹
§"©1¢¨ª/Ê { ¥5«Ç¦¨ªl£ { ¥5¦���ÊYº {´» ºþÊ�£S¦t©1Å
ªl£ { ¥5« Æ Å�Ì Å { ©1§
¦ { «v¦���ÊË« ¢¨«�¦ { ¸t5½¼£Sªl« Æ 5¦ { ¥5Äµ£ Îp©1¥�ªl«�×�£�¢¤½´©
» © Æ «S�µï�£ Ô « ½¼«v¥5Ä�ª¤º5¦W£SªWÖ�°���¥5¸ß£S¥ Æ Ö�â�Ö�¥
¸ Ê�«v¢¤« » ©�¸Ç§H£S¢¤« Æ �J£�¥ Æ ª¤º5«Ò½¼£Sª¤ª¤« ¢[Ê�£S¦t¹�©15¥ Æ ª¤©
º5« £Sªtªlº
«úÅ5½¼©g© Æ Ô «v¦¤¦¤«v½Y¸Ç©1¢¨«Ò5¥ { ¹�©1¢¨¸Ç½ Ì���ÊYº { ½¼«Çªlº5«Òª¤« ¸z§-«v¢l£Sª¤5¢¤«Ò¢ { ¦¨«�©�¹Yªlº
«�« § {´Æ « ¢¨¸ { ¦�Ê�£�¦
¦¤¸Ç£�½´½¼« ¢L�å��ÍS¶��B�

¡^º5«Øªl¢¤« £Sªl¸z« ¥�ª[©�¹Ë½¼«vÄ�ªl«v½+£�¥5Ä { « » ªb£�¦ { £ÇÊ { ªlº §55½´¦¤« Æ ½¼£�¦¤«v¢¤¦[ºH£�¦æ¥5©Sª¯Å"« «v¥þ£S¦æ¦¤ »v» « ¦¨¦¨¹�5½Ë£�¦��
¹�©1¢Ó«:�
£�¸z§5½¼«��Hªlº5«/ªl¢¤« £Sªl¸z« ¥�ª ©�¹J§"©1¢¨ªÓÊ { ¥5«/¦¨ªl£ { ¥
¦Ô� ��Í�Ö4�P��Í�¿��P��Í�È9�Q��Í1â5� �Y¡^º5«�¢¤«�£S¦¤©1¥5¦ £�¢¤«��"¹�©�¢
«:�
£�¸z§5½´« �_ªlºH£SªËªlº5« Ô « ¦¨¦¤«v½¼¦^©�¹P½´« Ä¯ª¤« ½¼£�¥5Ä { « » ªl£�¦ { £¯£S¢¤« ½¼£�¢¤Ä�« ¢Ë£�¥ Æ ½¼© » £�ªl« ÆÇÆ « «v§-«v¢ { ¥Çªlº5« Æ « ¢¨¸ { ¦
ªlº5£�¥�ªlº
©1¦¤«�©S¹H§-©�¢¨ª�Ê { ¥5«�¦&ªb£ { ¥5¦ � à ¥W£ Æ5Æ
{ ª { ©1¥$��ªlº5«*Ê�£ Ô « ½¼«v¥5Ä�ª¤º5¦J5¦¤« Æ ¹�©1¢�½¼£�¦¤«v¢�ª¤¢¤«�£�ªl¸z« ¥�ªl¦�ºH£ Ô «
¥5©�ª/Å"« «v¥þ©1§
ª { ¸ {<; « Æ �WïT«Ç§"« ¢&¹�©1¢¤¸z« Æ Îp©1¥�ª¤«�×�£�¢¨½¼©$¦ { ¸t5½+£�ª { ©�¥5¦ ªl© { ¥ Ô « ¦&ª { Ä1£Sªl«Øªlº5«Ø©1§Gª { ¸Ç£�½
Ê�£ Ô « ½´« ¥5Ä�ª¤º5¦ë£ Ô £ { ½+£�Å5½´«�Ê { ªlºæªlº5« Æ Ì�«Ë½¼£�¦¤«v¢ � à ªPÊ�£�¦P¦¨º5©�ÊY¥¯ªlº5£SªQ½¼©1¥5Ä�« ¢�Ê�£ Ô « ½´« ¥5ÄSªlº5¦«@�ô ¿1Í1Í�¥5¸�B
ªlº5£�¥ ªlº5«Ø¥5©1¢¨¸Ò£S½¼½´Ì;
¦¤« Æ Ö�â�Ö�¥
¸�¦¨º5©15½ Æ Å"«W©1§
ª { ¸Ç£�½�ª¤©;£ » º { « Ô «z¦¤«v½¼« » ª { Ô «Ø§5º5©Sªl©�ª¤º5« ¢¨¸Ç©1½ Ìg¦ { ¦� ���_f � � à ªPÊ�£S¦ë£�½´¦¤©Y¦¤º5©�ÊY¥/ªlºH£Sª { ª { ¦P§-©�¦¤¦ { Å5½¼«Jª¤©Yª¤¢¤« £Sª�£Ó½¼£�¢¤Ä1«v¢h§H£�¢&ª�©S¹
ªlº
« Ô « ¦¤¦¨« ½_Ê { ª¤º/ª¤º5«Ë¦¤£�¸z«
¥_5¸tÅ"« ¢¯©�¹^½+£S¦¤« ¢/§55½´¦¤«v¦�� { ¹Y£�¥þ«v½¼½ { §
ª {¼» £S½ { ¥5¦&ªl« £ Æ ©�¹^ª¤º5«Ò¥
©1¢¤¸Ç£�½J5¦¨« Æ » { ¢ » 5½+£�¢[Å"«�£�¸ß§5¢¨©�ÃH½´«
{ ¦@5¦¤« Æ �æ¡^º5«t
¦¤«t©�¹,©Sªlº5«v¢U½+£�¦¨« ¢¨¦@ªlº5£�¥µªlº
« Æ Ì1«W½¼£�¦¤«v¢ ºH£ Ôg{ ¥
Ä�½¼©1¥
Ä1« ¢YÊ�£ Ô « ½¼«v¥5Ä�ª¤º5¦æ¸Ò£�Ì$¦¤º
©�Ê
Å"«vª¤ª¤« ¢Jªl¢¨«�£Sª¤¸Ç«v¥�ªË¢¨« ¦¨5½´ª¤¦ Æ 
«Yª¤©/ª¤º5« Æ « «v§-«v¢Ë§"« ¥
«vªl¢¤£Sª { ©1¥ Æ « §
ª¤ºÒ£S¥ Æ ª¤º5«Ó§-©1¦¨¦ { Å { ½ { ªÂÌ/ªl©/£ Æ1� 5¦&ª
ªlº
«/§
5½¼¦¨« Æ 5¢l£Sª { ©1¥�ª¤©Ç¸Ç£Sª » º;ª¤º5«æªlº5«v¢¤¸Ç£�½0¢¨« ½+£5�5£�ª { ©�¥�ª { ¸z«U©�¹Qªlº
« Ô « ¦¨¦¤« ½´¦A� ���_f ��å��Í�ì4�h�1��Í5� �
GIH�ö ÷ Z�@BZ�O Z*Q X�@BZöZrø G_I\JSJLI`@TJ
À { ¥ » « » « ¥�ªl5¢ { «v¦�ªlº5«æ¬_5«v¦¨ª { ©1¥úÊYº�Ì Ô « { ¥5¦Ó£�§5§"«�£S¢�Å5½¼
« { ¦ » ©1¥�ªl¢¨© Ô « ¢¨¦ { £S½¼½´Ì Æ5{ ¦ » 
¦¤¦¤« Æ � �*ÑU¹oª¤« ¥ { ª
{ ¦U£�¢¤Ä1
« Æ ªlº5£SªUªlº
« Æ « ©%�gÌgÄ1« ¥5£Sª { ©1¥ ©�¹,ªlº5«tÅ
½¼©g© Æ�{ ¥µªlº
« Ô « { ¥5¦ { ¦ ªlº5«W¢¨«�£�¦¨©1¥�¹�©1¢ ª¤º5« { ¢ Å5½´ { ¦¨º
º_5« Æ «v¦¤§ { ªl«�ª¤º5« Æ £�¢¤ô;¢¤« Æ » ©1½´©1¢Ó©�¹ Æ «v©,�gÌgÄ1«v¥H£Sªl« Æ Å5½¼©g© Æ � à ¥µª¤º5«�½ { ª¤« ¢l£�ªl5¢¨« �(ªlº5« { ¥
ÞH
« ¥ » «t©�¹
ª { ¦¤¦¨5«[©1§
ª {´» ¦ { ¦Ó©�¥5½´ÌÒ¬g5£�½ { ªb£Sª {´Ô «v½´Ì Æ5{ ¦ » 
¦¤¦¤« Æ ªl©Ø©1
¢^ôg¥
©�ÊY½´« Æ Ä�«Ç� �1�1�:� �

ïþ«^§"« ¢&¹�©1¢¤¸z« Æ ¸Ç« £�¦¤5¢¨« ¸z« ¥�ªl¦J©�¥t§5ºH£�¥�ª¤©1¸ Ô « { ¥
¦J£�¥ Æ ©1¥Ø£S¥I'*)6+,'*+ - Ô « { ¥z£�¥ Æ 
¦¤« Æ Îp©�¥_ª¤«
×�£�¢¨½¼©ú¦ { ¸t5½¼£Sª { ©1¥5¦Yªl©;¦¤º5©�Ê ªlºH£Sªæª¤º5« » ©�½¼©1¢U©S¹ËÅ
½¼©g© Æ�Ô « ¦¤¦¨« ½´¦ { ¥ ª { ¦¨¦¤5« { ¦ Æ «=ªl« ¢¨¸ { ¥5« Æ Å�Ì�ª¤º5«
©1§
ª {¼» £�½�§5¢¨©1§"« ¢¨ª { «v¦U©�¹*¦¤ô { ¥ £�¥ Æ £ Æ1� £ » «v¥�ªæª { ¦¨¦¤5«��0ªlº5«W©%�gÌgÄ1« ¥5£Sª { ©1¥ ¦¨ªl£Sªl«W©�¹,ª¤º5«WÅ5½¼©g© Æ�{ ¥�ª¤º5«
Ô «v¦¤¦¨« ½��0£�¥ Æ ª¤º5« Æ «v§
ªlº £S¥ Æ�Æ5{ £�¸Ç«=ªl«v¢@©�¹�ªlº5« Ô « ¦¨¦¤« ½�� �_��� �B� Îp©1¢¤«v© Ô « ¢���ªlº
« Ôg{ ¦¨H£�½Q§-«v¢ » «v§
ª { ©1¥
§5¢¨© » « ¦¤¦[ºH£S¦[ª¤©;Å-«tªl£�ô�«v¥ { ¥�ª¤©;£ » » ©15¥�ª��tïT«Ø¦¤º5©�ÊË« Æ �P¹�©1¢æ«:�
£�¸z§5½´« �0ªlº5£Sª/£ » « ¢&ªb£ { ¥ Æ « §
ª¤ºT©�¢
£ » «v¢¨ªb£ { ¥ Æ5{ £S¸Ç«=ªl« ¢ { ¦^¥5« » « ¦¨¦l£�¢&Ì;ªl©Ø¸Ò£Sô�«/£ Ô « { ¥$£�§5§"«�£�¢YÅ5½´ { ¦¨º0� à ¥p£ Æ5Æ5{ ª { ©�¥$�GÊË«æ¹�©15¥ Æ ªlºH£�ª
¥5©�ªY©�¥5½´Ì Ô « { ¥5¦ÓÅ5
ª@£�½¼¦¨©Ø£�¢¨ª¤« ¢ { « ¦ » £�¥pº5£ Ô «�£WÅ5½´ { ¦¨º$£�§5§"«�£�¢¤£�¥ » «S�

ù§ú&ûÄü�ý1þ�üÿ��3ý������	��
��þ��û�
�� ý�����
���������� ����
������ûÄü�� ý�� �!�5û#" $&%«þ:ýiú'�,ÿ)(*�)+Ïú',��	�-%�
.��$1ü!(�ú'�����)
0/213�:ý1ÿ��:ý4/)5�6�7�8	9
�!��þ��þ�
$ûXþ�ü�,:(�þ-
;50<-<�6�=#���>��þ�üÿ?13�@ ûcü&ÿ,û�
!�Äü!��� ûcÿ?�!����
#��
!
!$5û;�ÙýA�&��
'��ü�ûXþ�!��
�û���BDC!E�FGBHEIBKJ�L�M�NOF>PC�M�NG�:Q

��¶



��Ö



| ÿ ��� �T��� R

S ��� �7�J~���� }UT ��� ��3�WV�� �

 rHº{ X#{ZYW[ qUAyCSEBAY@T@¡r \&I`JLZ�@HG�ILø n X�JLZ�@T>"CSI � E�� >�J]I]\&IA^kI`KÿCSAY[�K I
_ I\AYJL>�OPI\? I`[7CFJ

�_���_���Þ�����h�������L�������h���/�¯�������m ¦ ¡�R¢H¤¦¥�����§_��¨_��©�¤¦ Ä��§��L�Ì ¡�R�����£¢£��¬2�¯y��®;����¤¦¥h�±°
²R³�´Tµ·¶¸´º¹¸¹¸¼D¾P¿¦ÁÃÂÄ¹¸Åº¿¦Æ�Ç�È�ÁÃÂÄ¹¸ÉeµÃ¿ ÊÜ¶ÙËïÉmÁÃ¿ÿ¾À¿ÏÎ�¿¦ÐÏµ·´ºÑmÐÏ¿xÒ_¿¦´ºÁ·ÉeÓÔ¿¦Õ`¿¦Ñ«µ·Á�Ö�ÂºÓÀ×ÀÂÄÑ�¶¸Ñ«ÅT´ºÁ·¶½Åº¿ ÊN¿ªµÃ¿ªÓÔÕD¶¸Ñm´Tµ·¶½ÂÄÑ

ÂºÖ�µ·Úm¿xÛN³mµ·¶¸Ðª´º¹Ý²ÞÐª´TµÃµÃ¿ªÓü¶¸ÑeßD´ºÑmÆ�ÇÀÈ�Á·ÂºÓ·³mµ·¶½ÂÄÑ�àLÂR¿ÏáyÐª¶½¿¦Ñ£µ·ÁFÂºÖ�âS¶½ÂÄ¹½ÂºßÄ¶¸Ðª´º¹ÝãP¶¸Á·Á·Ém¿ºä
åLæ«æhçÙèPé�æ�êëèÀì�í äïîºðTñTòBóRîºðÞôÏòsõ÷ô¦øºøºùÄúüû

��¿



Spatially resolved absolute diffuse
reflectance measurements for noninvasive
determination of the optical scattering and
absorption coefficients of biological tissue

Alwin Kienle, Lothar Lilge, Michael S. Patterson, Raimund Hibst, Rudolf Steiner,
and Brian C. Wilson

The absorption and transport scattering coefficients of biological tissues determine the radial depen-
dence of the diffuse reflectance that is due to a point source. A system is described for making remote
measurements of spatially resolved absolute diffuse reflectance and hence noninvasive, noncontact
estimates of the tissue optical properties. The system incorporated a laser source and a CCD
camera. Deflection of the incident beam into the camera allowed characterization of the source for
absolute reflectance measurements. It is shown that an often used solution of the diffusion equation
cannot be applied for these measurements. Instead, a neural network, trained on the results of Monte
Carlo simulations, was used to estimate the absorption and scattering coefficients from the reflectance
data. Tests on tissue-simulating phantoms with transport scattering coefficients between 0.5 and 2.0
mm21 and absorption coefficients between 0.002 and 0.1 mm21 showed the rms errors of this technique
to be 2.6% for the transport scattering coefficient and 14% for the absorption coefficients. The optical
properties of bovine muscle, adipose, and liver tissue, as well as chicken muscle 1breast2, were also
measured ex vivo at 633 and 751 nm. For muscle tissue it was found that the Monte Carlo simulation
did not agree with experimental measurements of reflectance at distances less than 2 mm from the
incident beam.
Key words: Tissue optics, reflectance, Monte Carlo, neural network. r 1996 Optical Society of

America

1. Introduction
Understanding the propagation and the distribution
of light in biological tissue is essential for effective
and safe applications in medical diagnostics and
therapeutics.1,2 Light propagation in biological tis-
sue, which is an optically turbid 1i.e., scattering and

absorbing2 medium, can be described by the Boltz-
mann transport equation.3 This involves three opti-
cal properties: the absorption coefficient µa, the
scattering coefficient µs, and the scattering phase
function. In the diffusion approximation3 to the
Boltzmann equation, the phase function is repre-
sented by the mean cosine of the scattering angle g,
which is combined with the scattering coefficient to
give the reduced 1or transport2 scattering coefficient
µs8 5 µs11 2 g2.
The various methods of measuring the optical

properties of tissues have been recently reviewed by
Wilson4 and Cheong et al.5 Substantial discrepan-
cies are evident in the published data, which may be
attributed, at least in part, to the different experimen-
tal methods employed and the theoretical models
used to analyze the measurements. A number of
these methods are invasive, requiring excised tissue
specimens.6,7 Minimally invasive or noninvasive
techniques include interstitial measurements with
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isotropic detectors,8 time-domain9 and frequency-
domain10measurements of 1laser2 light reflectance or
transmittance, or coherent backscattering.11
Steady-state spatially resolved measurement of

diffuse reflectance from a point source or narrow
collimated beam has also been investigated12 by the
use of multiple fiber-optic detectors in contact with
the tissue surface at varying distances from the
source. This has the advantage of requiring rela-
tively simple technology compared with that of the
time-dependent techniques. However, measure-
ments are made at only a limited number of points
1typically 6–82 so that the estimates of the derived
optical properties may be biased by local tissue
inhomogeneities. Pressure that is due to the con-
tact probe may also affect the optical properties
derived, for example, because of altered local blood
content. Recently Bolt and ten Bosch13,14 intro-
duced an alternative diffuse reflectance technique
1video reflectometry2 based on a remote, noncontact,
video camera detector, which potentially may over-
come these limitations. Jacques et al.15 used this
method for measurements on ex vivo tissue. Re-
sults obtained with similar systems have also been
reported by Splinter et al.16 and by Dogariu and
Asakura.17
In either the remote or the contact diffuse reflec-

tance techniques, a model of light transport in tissue
is required for relating the diffuse reflectance values
to the optical absorption and reduced scattering
coefficients of the tissue in order to extract these
coefficients. This is usually done in an iterative
fashion by using the model to fit the measured data,
with the optical properties as free parameters.
Various authors have used solutions of the diffusion
equation for this purpose.12 Because diffusion
theory restricts the degree of anisotropy in the
radiance within the tissue, a particular problem
arises in handling the boundary conditions at the
tissue surface, where the radiance pattern is chang-
ing rapidly. Different models of varying degrees of
sophistication have been developed to describe these
boundary conditions. A primary objective of the
present work was to investigate the accuracy of
these analytic models, by the use of both simulated
reflectance data generated by a Monte Carlo code
and experimental measurements made in optical
phantoms and tissues with a video reflectometry
system similar to that of Jacques et al.15
In those cases in which an analytic model does not

accurately represent the reflectance, more exact
models of light propagation may be applicable. The
alternative approaches of using either higher-order
analytic solutions to the Boltzmann equation or
using Monte Carlo simulation of photon paths are
generally too complex or computationally expensive
to be used in iterative fitting of reflectance data.8
In an earlier paper19 we have demonstrated the use
of a neural network trained with data generated by a
diffusion model to derive the optical scattering and
absorption properties from spatially resolved diffuse

reflectancemeasurements. Such networksmay also
be trained by the use of either Monte Carlo simu-
lated data or experimental phantom data generated
over the range of optical properties of interest. This
approach does not rely on any approximate model of
radiation transport, and, once the network is trained,
it is computationally fast.
In the work of Farrell et al.,19 the neural network

was applied to a contact-probe instrument, and,
because of the possible variation in the optical
coupling between the fibers and the tissue, only the
relative shape of the reflectance versus the distance
curve was used, not the absolute values of local
reflectance. Furthermore, there are limitations on
the shortest radial distance at which measurements
can be made with a fiber-optic probe. Potential
advantages of video reflectometry are that absolute
measurements are possible and that the full range of
distances on the surface can be used.
To assess this potential, we have made spatially

resolved absolute diffuse reflectance measurements
at two different wavelengths in tissue-simulating
phantoms of known optical properties by using a
CCD camera video reflectometer. We found that
diffusion theory12 did not provide an accurate predic-
tion of the absolute local reflectance calculated by
Monte Carlo simulations, and its application gave
poor estimates of the optical properties. Therefore
a Monte Carlo trained neural network was used to
analyze the results. Experimental measurements
of representative mammalian soft tissues ex vivo
were alsomade for comparisonwith published values.
For tissues, we found that even Monte Carlo simula-
tions did not always provide a good description of the
reflectance close to the source. When absolute reflec-
tance data for 2–12-mm distances are used in the
neural network, we estimate that the transport
scattering coefficient can be determined with 3%–4%
accuracy and the absorption coefficient can be deter-
mined with 10–15% accuracy.

2. Theory and Modeling
In this section we describe the two models of radia-
tion transport that were used to derive the absorp-
tion and scattering coefficients from the spatially
resolved measurements of diffuse reflectance. The
first was a Monte Carlo simulation of photon trans-
port that involves no physical approximations but
that produces estimates of the reflectance subject to
statistical uncertainties. Reducing these uncertain-
ties to acceptable values, especially for locations far
from the source, requires that many photon histories
be traced. The time required for this precludes the
use of iterative Monte Carlo simulations, so, as
described below, results of many simulations were
used to train a neural network to derive µa and µs8
from experimental data. An alternative approach
is to use an approximate transport model to generate
an analytic expression for the spatially resolved
reflectance. Physical approximationsmust bemade,
but results can be generated quickly, so that conven-
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tional least-squares techniques can be used to gener-
ate best estimates of µa and µs8. We used a diffusion
model to generate analytical expressions for the
reflectance.
The principles of Monte Carlo simulation of par-

ticle transport have been thoroughly described,20,21
so we point out only the salient features of our
simulations. The tissue was assumed to be a semi-
infinite half-space with scattering coefficient µs, ab-
sorption coefficient µa, and index of refraction n,
which was n 5 1.4 for the simulations.22 The
scattering phase function was that originally used by
Henyey andGreenstein23 inwhich the angular depen-
dence is described by one parameter, g. All photons
were assumed to be normally incident at the origin;
the influence of the actual incident-beam shape was
incorporated by convolution, as described below.
Specular reflection at the tissue–air boundary was
handled with the assumption that the usual Fresnel
equations could be used to calculate the fraction of
photon weight transmitted and reflected.
Because we wish to calculate the absolute signal

received by the detector, it is necessary to estimate
the fraction of diffusely reflected photons that enters
the aperture of the detector. This can be done in
two ways. One is to track the direction of photons
that are emitted from the tissue surface and to score
only those that intercept the detector aperture.
Because most photons will not be detected, this is
inefficient. We accelerated theMonte Carlo simula-
tions with a variance-reduction method called last
flight estimation.7,24 In thismethod, at each interac-
tion point the probability that the photon will escape
the medium without further interaction and inter-
cept the detector is calculated. This variance-
reduction method is valid if the solid angle of detec-
tion is small 1i.e., the detector size is much smaller
than the distance from the detector to the sample, as
is the case in our experiment2. An alternative ap-
proach is to score all photons that are emitted from a
surface element but to assume that the reflectance is
Lambertian so that all directions are equally prob-
able. The detected signal is then derived from the
solid angle subtended by the aperture. Because all
emitted photons contribute to the calculated signal,
this method is computationally efficient, and its
validity was tested by a comparison of calculations
made with both techniques.
Another way to improve the efficiency of Monte

Carlo calculations is to employ the principle of
similarity. It has long been known that different
combinations of g and µs will yield similar results for
dependent quantities, such as the diffuse reflec-
tance.25 The simplest relationship, which is incorpo-
rated in diffusion theory, is that conservation of the
quantity 11 2 g2µs will ensure similarity. We tested
this relationship to determine whether Monte Carlo
simulations performed with one value of the anisot-
ropy parameter g were sufficient to derive µa and µs8
for materials with a range of µs and g.

Two neural networks were set up to solve the
inverse problems. One 1NN12 consisted of 11 input
nodes, representing the reflectance at 11 distances,
and 11 hidden nodes linked to two output nodes.
The other 1NN22 had 9 input and hidden nodes with
two output nodes. In principle these output nodes
could represent µa and µs8 directly, but we followed
the alternative approach described in detail by Far-
rell et al.19 Instead of training the network with the
reflectance as a function of distanceR1r2, the function
loge3r2R1r24 was used. This function has two distinc-
tive features: a peak a few millimeters from the
source and a roughly exponential decrease far from
the source. The position of the peak depends
strongly on µt8 5 µs8 1 µa, and the slope of the
exponential part depends on the effective attenua-
tion coefficient µeff. In the diffusion approximation,
µeff 5 33µa1µa 1 µs8241@2. The neural networks were
trained with µt8 and µeff as the output nodes, as these
are the recognizable features of the loge3r2R1r24 versus
r curve. The coefficients µa and µs8 were then
calculated from these values. NN1 was trained
with the reflectance data at r 5 2, 3, 4, . . . , 12 mm,
and NN2 was trained with the data at r 5 2, 2.5,
3, . . . , 6 mm. The use of two networks accommo-
dates the wide range of attenuation encountered in
real tissues. 120 Monte Carlo simulations were
performed that covered the range of 0.2 , µs8 , 2.5
mm21 and 0.001 , µa , 0.5 mm21. The number of
photons N used in each Monte Carlo simulation was
calculated from the empirical formula

N [ 31µa@µs821@241@2 3 106

in order to give comparable statistics over the re-
quired distance range. The radial bin in the Monte
Carlo simulations was 40 µm. If the ratio of reflec-
tance at 12 mm to the reflectance at the origin was
greater than 3 3 1025, the data from that simulation
were used to train NN1; if the ratio was less than 23

1024, the data formed part of the training set for NN2
1note that a few simulations were used to train both
networks2. After training, the rms error in µeff and
µt8were 4.6% for NN1 and 3.5% for NN2. Assuming
that the errors in µt8 and µeff are uncorrelated, the
expected errors in µa and µs8 would be approximately
8% and 5%, respectively, for NN1 and approximately
6% and 4% for NN2. The reasons for using data
only for distances greater than 2 mm are discussed
below.
The diffusion model used to generate an analytic

expression for the reflectance has been described by
Farrell et al.12 The final result is

R1r2 5
a8

4p 3
1

µt8 1µeff 1
1

r12
exp12µeffr12

r12

1 1 1µt8 1 2zb21µeff 1
1

r22
exp12µeffr22

r22
, 112
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where

r1 5 31 1µt82
2

1 r24
1@2

,

r2 5 31 1µt8 1 2zb2
2

1 r24
1@2

,

a8 5 µs8@1µa 1 µs82,

and zb is the distance from the tissue surface to an
extrapolated boundary at which the fluence rate is
forced to be 0. In deriving Eq. 112 it was assumed
that all incident photons are isotropically scattered
at a depth 1@µt8. As described by Farrell et al.,12
calculations were also performed with an extended
source,

S1z2 5 a8µt8 exp12µt8z2, 122

where the initial scatter events are exponentially
distributed along the z axis. Acylindrically symmet-
ric three-dimensional source function was also ap-
plied:

S1r, z2 5
9a8µt3

2p
exp32µt1z 1 3r24. 132

We used a three-dimensional convolution to calcu-
late the spatially resolved reflectance from Eq. 132.

3. Materials and Methods
Figure 1 shows a schematic of the experimental
setup for spatially resolved absolute diffuse reflec-
tancemeasurements. AHe–Ne laser 1Spectra Phys-
ics, Mountain View, Calif.2 emitting at 633 nm 1beam
diameter 0.4 mm2 or a 751-nm laser diode 1Oriel,
Stamford, Conn.2 served as light sources. The laser
beam was deflected onto the specimen by a mirror at
an angle of incidence of 5° to 10° to avoid the
detection of specularly reflected light. 1We con-
firmed by Monte Carlo simulation that this small

angle did not cause a significant difference in the
spatially resolved reflectance.2 The diffusely re-
flected light was detected by a CCD camera 1Photo-
metrics, Tucson, Ariz.2 mounted coaxially with the
normal to the specimen surface. The sample was
viewed through a 2.62-mm aperture in front of an
imaging objective 1 f 5 50 mm; Nikon, Japan2. The
purpose of the aperture was to define the acceptance
angle of the detector for the calculation of absolute
reflectance. The distance between the aperture and
the sample was fixed at 110 mm, and a 4 cm 3 4 cm
area was imaged onto the 1024 3 1024 pixels of the
CCD. The CCD was equipped with a 14-bit analog-
to-digital converter, giving a dynamic range of ap-
proximately 104. Total incident power in the
1–100-µW range was sufficient for these experi-
ments in which the image acquisition time was 1 s.
Neutral-density filters were used to adjust the inci-
dent laser power to avoid saturation of the detector
system. Control of the CCD readout, data process-
ing, and storage was executed by a PC. For data
reduction and analysis, the radial distance of each
pixel to the center of the laser beam was calculated
and the pixel values were sorted into bins that
correspond to a radial width of 40 µm at the sample.
In some experiments, linear polarizers in the light
delivery and detection paths were used to investi-
gate the influence of the polarization state on diffuse
reflectance.
The accuracy and the limitations of the system

were tested in tissue-simulating phantoms that com-
prised Intralipid 1Liposyn, 20% stock solution; Ab-
bott Lab., Montreal, Quebec2, a lipid emulsion that
provided light scattering, and Trypan Blue dye
1Sigma, East St. Louis, Ill.2 as the absorber. The
reduced scattering coefficient of Intralipid was mea-
sured by an established frequency-domain diffuse
reflectance technique26 as µs8 5 1.406 0.05 mm21 for
a 1% volume concentration at 633 nm. The scatter-
ing coefficient µs was determined with collimated
transmission measurements to be µs 5 7.1 mm21.18
Thus for the anisotropy factor we used g 5 0.8. The
absorption coefficient of Intralipid was determined
with the video reflectometry apparatus described in
this paper to be µa 5 0.0005 mm21. This compares
well with µa 5 0.0006 mm21 measured by Fishkin et
al.27 The absorption coefficient of trypan blue was
determined by a conventional spectrophotometer for
each solution. The total volume of the phantom
was 400 mL 17.5 cm 3 7.5 cm 3 7.0 cm2, and bound-
ary effects were not significant.
Careful characterization of the laser beam is essen-

tial, as this method is based on absolute values of the
spatially resolved reflectance. We measured the
laser beam by replacing the turbid phantom with a
mirror and directing the beam into the camera
aperture. Reflectance losses by this second mirror
have to be considered and weremeasured separately.
A Gaussian profile was fitted to the measured laser
beam and convolved with the pencil-beam reflec-
tance calculated by the models described in Section

Fig. 1. Experimental arrangement for the measurement of spa-
tially resolved absolute diffuse reflectance. Components are M,
mirror; F, neutral-density filter; P1, P2, linear polarizers; O,
camera lens; A, aperture. For characterization of the incident
laser beam, a second mirror was used to reflect the beam into the
detector aperture.
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2. The total power in the laser beam was also
measured by an optical power meter 1Newport, Ir-
vine, Calif.2. This measurement was repeated be-
fore all sample measurements were taken so that
correction could be made for drifts in source power.
Fresh tissue samples were obtained from a local

butcher, stored at 14 °C, and used within 8 h for the
ex vivo experiments. The samples had not been
frozen nor were they treated to remove blood.
Measurements were done after the samples had
reached room temperature at locations where there
were no obvious inhomogeneities.
The optical properties of bovine fat, muscle, and

liver, and chicken breast were determined, and
measurements were made at three to six different
locations on each tissue sample. For bovine liver
and chicken breast, the sample thickness was lim-
ited to ,20 mm but was greater than 40 mm for
bovine muscle and fat. The tissue surface was
aligned approximately horizontally.

4. Results
In this section we first present results concerning
variance reduction and similarity in theMonte Carlo
simulations. This is followed by a comparison of
Monte Carlo simulations and diffusion-theory calcu-
lations together with a discussion of the errors
incurred in using the diffusion model to estimate µa
and µs8. Next, experimental measurements on tis-
sue-simulating phantoms are presented as well as
an assessment of the accuracy of the optical proper-
ties derived with the Monte Carlo–neural-network
approach. Finally, we present data obtained for a
range of animal tissue ex vivo.
Figure 2 shows calculations of the dependence of

the diffuse reflectance on polar angle at three dis-
tances from the source for the case µs8 5 1.0 mm21,
µa 5 0.01 mm21, and g 5 0.9. Also shown is the
perfectly diffuse or Lambertian distribution. In
general, the angular distribution is more peaked

toward small angles than the Lambertian distribu-
tion, and the difference is greatest at positions small
distances from the source. Of more direct interest
is Fig. 3, in which the diffuse reflectance through the
detector aperture is plotted versus distance from the
source. Here a direct comparison is made between
calculations based on the true angular distribution
of the remitted photons by the use of last flight
estimation as a variance-reductionmethod and calcu-
lations based on a Lambertian distribution. Except
for locations closer than 0.05 mm to the source, there
is no significant difference in the curves. Because
of the large increase in efficiency, all Monte Carlo
results presented hereafter were obtained with the
assumption of a Lambertian distribution.
The issue of similarity is addressed in Fig. 4. In

Fig. 41a2 the spatially resolved reflectance is shown
as a function of distance for three Monte Carlo
simulations. For all three simulations, 11 2 g2µs 5

1.0 mm21 and µa 5 0.01 mm21, but three values of g
were used: 0, 0.8, and 0.95, and µs was adjusted
accordingly. If the simple similarity relation were
true, all three curves would be identical. This is
clearly not the case for g 5 0 compared with g 5 0.8,

Fig. 2. Angular distribution of diffusely reflected light as calcu-
lated by Monte Carlo simulation for µs8 5 1.0 mm21, µa 5 0.01
mm21, g 5 0.9, and an incident pencil beam. Results are shown
for three radial bins: 0–1.5 mm, 1.5–3.0 mm, and 0–0.3 mm.
The Lambertian distribution is also shown as a solid curve.
Deviation from the Lambertian distribution is greatest for regions
close to the source.

1a2

1b2
Fig. 3. Spatially resolved diffuse reflectance calculated byMonte
Carlo simulations, assuming a Lambertian distribution of emitted
light 1solid curve2 and explicit calculations based on the actual
angular distribution 1dashed curve2. Conditions for the simula-
tions are the same as those in Fig. 2. A pencil beam is used for
the incident beam. As shown in 1b2, the only significant deviation
occurs within 0.05 mm of the incident pencil beam.
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but the difference between the curves for g 5 0.8 and
g 5 0.95 is at most 8%. This is similar even when
µs8 is reduced to 0.2 mm21. Although Monte Carlo
simulations could be greatly accelerated by the use
of an isotropic phase function 1g 5 02, this is not
justified here. However, because the simple similar-
ity relationship does appear to hold over the range
0.8 , g , 0.95, which is typical of mammalian soft
tissues in the visible and near infrared,5 all the
following Monte Carlo data were obtained for g 5

0.9.
In Fig. 5 we compare the results of a Monte Carlo

simulation for µs8 5 1.0 mm21, µa 5 0.1 mm21, and
g 5 0.9 with those obtained from Eq. 112. There are
large differences even far from the source, although
the diffusion curve eventually takes on the correct
shape. Implementing themore complex one-dimen-
sional and three-dimensional sources does little to
improve the agreement with theMonte Carlo results.
To assess the effect this disagreement would have on
estimates of µa and µs8 made with the diffusion
model, the Monte Carlo results were treated as
experimental data and µa and µs8 were altered to
generate the best fit of Eq. 112 to these data. The
results are summarized in Table 1, for which the

fitting has been performed over different distance
ranges. When the full range 10–12.8 mm2 was used,
the estimates of µa and µs8 were the most accurate
but the fit to the experimental reflectance data was
poorest. As the data closer to the source were
excluded, the goodness of fit improved but the error
in the fitted optical properties increased to greater
than 50%. We conclude that the diffusion expres-
sion in Eq. 112 is inadequate for the analysis of
absolute reflectance data.
In Table 2 we present the estimates of µa and µs8

obtained by theMonte Carlo–neural networkmethod
for 13 tissue-simulating phantoms together with the
true optical properties measured independently by
the frequency-domain technique. In three solu-
tions with different concentrations of Intralipid,
different amounts of Trypan Blue were successively
added to alter the absorption coefficient. In Fig. 6
we show the experimental reflectance data for five of
the phantoms as well as Monte Carlo results gener-
ated with the known values of µa and µs8 from Table
2. 1Note that these simulations incorporate the
measured shape of the incident beam.2 The agree-
ment is quite good for all cases over the full distance
range. From Table 2 it is evident that the scatter-
ing coefficient is determined more accurately than

1a2

1b2
Fig. 4. Tests of the similarity relation that use Monte Carlo
simulations for spatially resolved reflectance. For 1a2, µs8 5 1.0
mm21, µa 5 0.01 mm21, and g 5 0 1short-dashed curve2, 0.8
1long-dashed curve2, 0.95 1solid curve2. The incident beamwas 0.4
mm in diameter. Conditions were the same for 1b2 except that
µs8 5 0.2 mm21.

Fig. 5. Comparison of the spatially resolved diffuse reflectance
estimated by Monte Carlo simulation 1long-dashed curve2 to
diffusion-theory calculations for an incident pencil beam. Diffu-
sion theory used a single scatter source 1dotted curve2, an extended
one-dimensional source 1short-dashed curve2, or a three-dimen-
sional source 1solid curve2. The optical properties were µs8 5 1.0
mm21, µa 5 0.1 mm21, and g 5 0.9.

Table 1. Optical Properties Derived when Eq. A1B is Fit to Monte
Carlo-Generated Data for ms8 5 1.0 mm21, ma 5 0.01 mm21 and g 5 0.9a

Fitted
Values

Fitting Range 1mm2

0–12.8 1–12.8 2–12.8 3–12.8 4–12.8

µs8 1mm212 1.07 1.46 1.58 1.76 1.49
µa 1mm212 0.0083 0.0049 0.0040 0.0026 0.0046
s 0.218 0.118 0.087 0.104 0.093

as is the rms difference between the logarithm of the Monte
Carlo data and the logarithm of diffuse reflectance calculated
according to Eq. 112. As points close to the source are excluded,
the fit is improved, but the error in µa and µs8 is increased.
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the absorption coefficient: the rms error in µs8 is
2.6%, whereas the rms error in µa is 14%. These are
comparable with the errors observed in the training
of the neural network.
In Table 3 we show the values of µa and µs8

obtained from measurements at five different loca-
tions on one sample of bovine muscle. Both net-
works were used to analyze the data, and the
differences in the estimates obtained with the two
networks do not exceed the training errors. The
rms variation among different locations was 16% in
µa and 9% in µs8.
Examples of the diffuse reflectance measured for

different tissues at 633 nm are shown in Fig. 7.
Data for liver tissue were analyzed with NN2; for all
other tissues NN1 was used. The results for 633

and 751 nm are presented in Table 4, in which the
standard deviations were derived from measure-
ments made at different locations on the same
sample. These data are consistent with general
findings in Ref. 5, namely:

112 Although the reduced scattering coefficient
varies by a factor of 3 from one tissue to another, the
absorption coefficient can be different by 2 orders of
magnitude. This reflects the difference in concentra-
tion of various chromophores such as hemoglobin.
122 The reduced scattering coefficient is lower at

751 nm than at 633 nm for all tissue samples
measured.
132 Tissues with a higher hemoglobin content

1bovine muscle and liver2 show a larger decrease in µa
at 751 nm compared with 633 nm than do less
perfused tissues 1adipose, chicken muscle2.

As shown in Table 4, the only marked discrepancy
between our results and published data is for µa in
chicken muscle, which we found to be 3–4 times
lower than that reported in other studies.
In the analysis above, the neural networks were

trained with only the data beyond 2 mm from the
source. In Fig. 6 we showed that good agreement
between Monte Carlo simulations and experimental
measurements could be obtained over the complete
distance range for tissue-simulating phantoms.
This was not the case for tissues, however. Initially

Table 2. Estimates of ma and ms8 Obtained by Neural Networks for a
Series of Tissue-Simulating Phantoms Compared with True Values

Based on Independent Measurementsa

True Optical Properties Neural Network Results

µa 1mm212 µs8 1mm212 µa 1mm212 µs8 1mm212

0.0022 1.99 0.0023 1.99
0.0057 1.98 0.0047 1.95
0.0143 1.97 0.0150 1.97
0.0033 0.98 0.0034 1.00
0.0088 0.98 0.0083 1.03
0.025 0.97 0.022 0.99
0.070 0.94 0.075* 0.95*
0.100 0.93 0.107* 0.96*
0.0022 0.50 0.0017 0.52
0.0065 0.50 0.0053 0.52
0.020 0.49 0.020 0.51
0.043 0.49 0.048* 0.49*
0.073 0.49 0.083* 0.48*

aValues marked with an asterisk were obtained with NN2; all
others are the results of NN1.

Fig. 6. Comparison of experimental measurements of spatially
resolved diffuse reflectance 1symbols2 for five phantoms to Monte
Carlo simulations 1solid curves2 generated with the true values of
µa and µs8. The Monte Carlo simulations were obtained for
pencil beams and convolved with the measured incident-beam
profile. The optical properties for the five phantoms were µs8 5

0.98, µa 5 0.0033 1top curve2; µs8 5 0.98, µa 5 0.0088; µs8 5 0.97,
µa 5 0.025; µs8 5 0.94, µa 5 0.070; µs8 5 0.93, µa 5 0.100 mm21

1bottom curve2. Note that no parameter was fit.

Table 3. Optical Properties of Bovine Muscle at 633 nm Derived from
Diffuse Reflectance Measurements at Five Different Locations on the

Same Sample

Location

Neural Network 1 Neural Network 2

µa 1mm212 µs8 1mm212 µa 1mm212 µs8 1mm212

1 0.076 0.55 0.075 0.54
2 0.10 0.60 0.10 0.61
3 0.12 0.54 0.11 0.53
4 0.12 0.47 0.11 0.48
5 0.082 0.48 0.090 0.45

Fig. 7. Spatially resolved diffuse reflectancemeasured for chicken
breast 1short-dashed curve2, bovine muscle 1long-dashed curve2
and bovine liver 1solid curve2 ex vivo at 633 nm. No polarizers
were used.
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we believed that this was due to the detection of light
that was directly reflected from the relatively rough
tissue surface. We attempted to exclude this light
by polarizing the incident light and acquiring the
CCD image through a crossed polarizer because the
directly reflected light does not change its polariza-
tion. However, with these measurements, not only
the directly reflected light but also light that has
been remitted but not completely depolarized by the
scattering processes is excluded. Thus the theoreti-
cal data for theMonte Carlo simulations, which were
calculated for unpolarized light, should lie between
the experimental curves measured with crossed and
perpendicularly oriented polarizers. If the differ-
ence of the experimental curves is caused mainly by
the directly reflected light, the theoretical curve of
the Monte Carlo simulation should be close to the
measurement with crossed polarizers.
In some cases the use of the crossed polarizers

resulted in a data set that could be matched to a
Monte Carlo simulation over the full distance range.
For example, in Fig. 81a2 data for bovine fat obtained
by the use of parallel and crossed polarizers are
compared with the results of a Monte Carlo simula-
tion generated with optical coefficients determined
from the neural network. In contrast, a similar
comparison for bovine muscle 3Fig. 81b24 shows that a
good fit could not be achieved for distances of less
than 2 mm, even when crossed polarizers were used.
If the main reason for the difference between the
experiments with crossed and parallel polarizers is
due to light scattered from the surface, one might
expect the effect to be reduced for a larger angle of
incidence. However, Fig. 9 shows that, even for an
angle of incidence of 45%, the difference between
parallel and cross-polarization results persists for
bovine muscle. Because of the failure of the model
to predict accurately and consistently the reflectance
close to the source, these data were not included in
the analysis.

5. Discussion and Conclusions
Building on earlier work in video reflectometry,13–17
we have described a different approach for acquiring
and analyzing spatially resolved diffuse reflectance
data from which estimates of the optical properties

of tissues can be made. The novel features of the
method are

112 Absolute reflectance data are acquired when
the reflectance images are referenced to images of

Table 4. Optical Properties of Different Tissues Ex Vivo at 633 and 751 nm Derived by the Neural Networks from Spatially Resolved Absolute Diffuse
Reflectance Measurementsa

Sample

l 5 633 nm l 5 751 nm

µa 1mm212 µs8 1mm212 µa 1mm212 µs8 1mm212

Bovine muscle 0.096 6 0.015 0.53 6 0.05 0.037 6 0.007 0.34 6 0.03
10.04–0.172 10.44–0.702

Bovine fat 0.0026 6 0.0007 1.20 6 0.07 0.0021 6 0.0006 1.00 6 0.05
Chicken breast 0.0038 6 0.0008 0.42 6 0.05 0.0027 6 0.0010 0.28 6 0.03

10.012–0.0172 10.33–0.802
Bovine liver 0.30 6 0.01 1.01 6 0.08 0.17 6 0.01 0.32 6 0.02

10.27–0.322 10.52–1.72

aThe standard deviation was calculated from multiple measurements at different locations on each sample. The values in
parentheses are the ranges reported in Ref. 5.

1a2

1b2
Fig. 8. 1a2 Spatially resolved diffuse reflectance measured for
bovine adipose tissue at 751 nm with the detector polarizer
parallel to the source polarizer 1short-dashed curve2 and with
crossed polarizers 1long-dashed curve2. The solid curve is the
result of a Monte Carlo simulation generated with the optical
coefficients from the neural network with g 5 0.9. Good agree-
ment between the simulation and the result for crossed polarizers
was obtained over the complete distance range. 1b2Data obtained
as above for bovine muscle at 751 nm. The Monte Carlo simula-
tion agrees well beyond 2 mm, but closer to the source, even the
data for crossed polarizers does not match the simulation.
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the incident beam. Other investigators have relied
on relative reflectance data12,13 or have made an
auxiliary measurement of the total diffuse reflec-
tance relative to a standard.15
122 Aneural network is used to extract the optical

properties from the reflectance data. The network
was trained with data fromMonte Carlo simulations
so, in this sense, an exact implementation of the
radiation transport equation is used rather than an
approximate model. To our knowledge, this is the
first time a neural network trained with data from
Monte Carlo simulations had been used for determi-
nation of the optical properties with reflectance
measurements. When the neural network is used,
the computation time needed for determination of
the optical coefficients can be reduced by several
orders ofmagnitude comparedwith that for a conven-
tional fit routine. The neural network could also be
trained with experimental data if materials with an
appropriate range of known optical properties were
available.

Regarding the first point, it is possible to train a
neural network to use relative reflectance data 1i.e.,
only the shape of the reflectance versus distance
curve2, and we have done this for a surface probe that
mimics a matched boundary.12 In the case of a
mismatched boundary, however, we found that the
training errors for µt8 and µeff were ,12%, compared
with 4% reported above for absolute reflectance data.
Recalling that the rms errors associated with phan-
toms were ,2.6% in µs8 and 14% in µa for absolute
data, we conclude that the uncertainty for relative
measurements would be ,3 times larger and too
high for many applications. As in the case of
matched boundary conditions, this might be im-
proved if points closer to the source were included.
We found, however, that, for real tissues, transport
theory that did not include polarization-dependent
scattering did not always provide an accurate descrip-

tion of the reflectance close to the source, even when
crossed polarizers were used.
In this study we have used a mirror to reflect the

incident beam into the camera so that it may be
characterized for themeasurement of absolute reflec-
tance. An alternative approach would be to mea-
sure the spatially resolved reflectance for a material
with known optical properties. As long as the source
characteristics remain unchanged, data obtained for
unknownmaterials could then be referenced to these
data at each distance. Training the neural network
on these ratios would be equivalent to using absolute
reflectance values.
We also demonstrated in this paper that diffusion

theory does not provide a sufficiently accurate calcu-
lation of the absolute diffuse reflectance at distances
between 2 and 12 mm from the source if the refrac-
tive index is not the same inside and outside the
turbid medium. Again this is in contrast to our
previous experience with a matched surface probe,12
in which diffusion theory was adequate at distances
greater than one transport mean-free path from the
source. This is also contrary to the experience of
Jacques et al.,15who used diffusion theory to analyze
their measurements of spatially resolved as well as
total diffuse reflectance. Their analysis differed in
that Eq. 112 was also integrated over r to provide an
expression for the total diffuse reflectance. Be-
cause a separate measurement of total diffuse reflec-
tance was made, this additional information was
used to restrict the search for µa, µs8 to those
combinations that yielded the correct total diffuse
reflectance. The combination chosenwas thatwhich
gave the best agreement between Eq. 112 and the
spatially resolved data. Jacques et al.15 did not
state specifically what distance range was used in
their fitting, but they did not include ‘‘data too close
to the point source.’’ Measurements were made on
only three phantoms, and rms errors of 3.6% in µa
and 7.4% in µs8 were reported, compared with our
rms errors 1on a larger data set2 of 13.6% in µa and
2.6% in µs8. It is interesting to note that Jacques et
al.15 report larger errors in µs8 than in µa, whereas
the opposite was found in our study. A more com-
plete comparison would be necessary to determine if
this is characteristic of the two different methods.
We assume that the separate measurement of the
total diffuse reflectance by Jacques et al.15 must
contribute substantially to the accuracy of their
results because, as shown above, reliance on the
spatially resolved reflectance at some distance from
the source as calculated by diffusion theory yields
poor results.
Because our method does not rely on diffusion

theory, in principle it can be applied to any combina-
tion of µs8 and µa, although we have tested it only
over the range 0.5 , µs8 , 2.5 mm21 and 0.002 ,

µs8 , 0.1 mm21. Of course, there would be practical
problems associated with reflectance measurements
on highly absorbing tissues.
Reasons for the disagreement between the theoreti-

Fig. 9. Spatially resolved diffuse reflectance for bovine muscle at
751 nm. Measurements were made with the beam incident at
10° with parallel 1solid curve2 and crossed 1dotted curve2 polarizers
and at 45° with parallel 1long-dashed curve2 and crossed 1short-
dashed curve2 polarizers.
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cal values and the tissue experiments at small
distances 1i.e., less than 2 mm2 from the incident
beam could be

112 In the Monte Carlo simulations we assume
that g 5 0.9. If the anisotropy parameter is smaller
than this value, the reflectance at small distances is
greater 1see Fig. 42 and therefore the theoretical
curves are closer to the experimental data.
122 Because the disagreement is greater formuscle

than for fat, there might be light piping effects in the
fibers of the muscle that are not described by the
simulations.
132 The assumption of the Lambertian distribu-

tion causes an underestimation of R1r2 at small r 1see
Fig. 32.

We are currently investigating a number of im-
provements that would expand the potential of this
technique. Although data close to the source were
not used in the analysis, saturation of the pixels that
correspond to these positions causes blooming in the
detector and limits the exposure time. It should be
possible to mask the CCD detector to avoid this
problem. Simultaneousmultiwavelengthmeasure-
ments could also be made by using a white-light
source and a combination of beam splitters and
filters in the detector optics. We have also begun to
extend the analysis to layered tissues, although
preliminary studies28 indicate that additional infor-
mation, such as layer thickness, must be known
before reasonable estimates can be made of the
optical properties of the different layers.
The method we have described avoids many of the

problems inherent in contact-probe measurements.
Because a full two-dimensional map of reflectance is
obtained, future studies will be aimed at assessing
the heterogeneity of real tissues and the impact of
such heterogeneity on the estimation of average
absorption and scattering coefficients.
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Improved solutions of the steady-state and the
time-resolved diffusion equations for

reflectance from a semi-infinite turbid medium
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Improved solutions of the diffusion equation for time-resolved and steady-state spatially resolved reflectance
are investigated for the determination of the optical coefficients of semi-infinite turbid media such as tissue.
These solutions are derived for different boundary conditions at the turbid-medium–air interface and are com-
pared with Monte Carlo simulations. Relative reflectance data are fitted in the time domain, whereas relative
and absolute reflectance are investigated in the steady-state domain. It is shown that the error in deriving
the optical coefficients is, especially for steady-state spatially resolved reflectance, considerably smaller for the
solutions under study than for the commonly used solutions. Analysis of experimental measurements of ab-
solute steady-state spatially resolved reflectance confirms these results. © 1997 Optical Society of America.
[S0740-3232(97)03201-8]

1. INTRODUCTION

In recent years knowledge of photon migration in biologi-
cal tissue has become an important tool for monitoring
the physiological state of tissue.1,2 Solutions of the diffu-
sion equation have frequently been applied to derive the
optical parameters from experimental data.3–5 Although
the diffusion equation is an approximation of the more ex-
act transport equation,6 it has the advantage that its so-
lutions can be obtained in analytical form for relevant
geometries.7 However, for each solution the range of ap-
plicability has to be carefully examined. For example,
Hielscher et al.8 showed for time-resolved reflectance
from a semi-infinite medium that the reduced scattering
coefficient derived from solutions of the diffusion equation
is incorrect if the source–detector distance is small.
They applied three commonly used boundary conditions:
the partial-current boundary condition (PCBC), the zero-
boundary condition (ZBC), and the extrapolated-
boundary condition (EBC). For the case of steady-state
spatially resolved reflectance from a semi-infinite me-
dium we previously pointed out that an EBC solution
leads to great errors in deriving the optical coefficients for
mismatched-boundary conditions.9

In this study we show that solutions of the diffusion
equation that use EBC’s can be significantly improved for
steady-state spatially resolved and time-resolved reflec-
tance from a semi-infinite medium by application of an
approach used by Haskell et al.10 for applications in the
frequency domain. They calculated the reflectance from
the integral of the reflected radiance and not from the
gradient of the fluence rate. We investigated the errors
in determining the reduced scattering ms8 and the absorp-
tion coefficient ma by fitting the diffusion solutions to
Monte Carlo simulations for time-resolved and spatially
resolved reflectance. In the time domain we used rela-
tive data, and in the steady-state domain we used abso-

lute and relative data. Measurements of absolute spa-
tially resolved reflectance were used to confirm the
theoretical calculations.

2. THEORY

We describe different solutions of the diffusion equation
for time-resolved and steady-state spatially resolved re-
flectance from a semi-infinite turbid medium. The ZBC,
the EBC, and the PCBC were applied to solve the diffu-
sion equation.

A. Zero- and Extrapolated-Boundary Conditions
The ZBC states that the fluence rate is zero on the surface
of the turbid medium, whereas the EBC states that the
fluence rate goes to zero some distance beyond the actual
surface. Employing the ZBC and the EBC and the
method of image sources to solve the diffusion equation
for the fluence rate F within the medium leads to11,12

F~r, z, t ! 5

c

~4pDct !3/2
exp~2mact !

3 H expF2

~z 2 z0!2
1 r2

4Dct
G

2 expF2

~z 1 z0 1 2zb!2
1 r2

4Dct
G J , (1)

where D 5 1/@3(ma 1 ms8)# is the diffusion constant, c is
the speed of light in the turbid medium, r is the radial
distance from the source, and z is the distance normal to
the boundary. The first term is due to a point source at
z0 5 (ma 1 ms8)

21 that results from the perpendicularly
incident collimated light, and the second is due to a nega-
tive image source at 2z0 2 2zb . For the ZBC zb is zero,
whereas it is
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zb 5

1 1 Reff

1 2 Reff
2D (2)

for the EBC. Reff represents the fraction of photons that
is internally diffusely reflected at the boundary. Reff was
calculated according to Haskell et al.,10 who found that
Reff 5 0.493 for a refractive index n of 1.4, which is rep-
resentative of measured tissue data.13,14 A thorough dis-
cussion of the quantity zb can be found in Ref. 15. In the
steady-state case (indicated by the superscript s) the flu-
ence rate is given by16

Fs~r, z ! 5

1

4pD
Xexp$2meff @~z 2 z0!2

1 r2#1/2%

@~z 2 z0!2
1 r2#1/2

2

exp$2meff @~z 1 z0 1 2zb!2
1 r2#1/2%

@~z 1 z0 1 2zb!2
1 r2#1/2

C,
(3)

where meff 5 @3ma(ma 1 ms8)#
1/2.

In previous studies by Moulton,12 by Hielscher et al.8

and by others, the diffuse reflectance from the medium
was calculated as the current across the boundary, with

R f ~r, t ! 5 2D“F~r, z, t ! • ~2z!uz50 . (4)

[If the reflectance is calculated with Eq. (4) we use the
subscript f.] Inserting Eq. (1) into Eq. (4) yields

R f ~r, t ! 5 1/2~4pDc !23/2t25/2 exp~2mact !

3 Fz0 expS 2

r1
2

4Dct
D 1 ~z0 1 2zb!

3 expS 2

r2
2

4Dct
D G , (5)

where r1
2

5 z0
2

1 r2 and r2
2

5 (z0 1 2zb)2
1 r2. With

Eqs. (3) and (4) the steady-state reflectance becomes

R f
s~r ! 5

1

4p F z0S meff 1

1

r1
D exp~2meff r1!

r1
2

1 ~z0 1 2zb!S meff 1

1

r2
D exp~2meff r2!

r2
2 G . (6)

As pointed out by Haskell et al.10 it is more nearly correct
to express the reflectance as the integral of the radiance
over the backward hemisphere. In diffusion theory the
radiance is expressed as the sum of two terms one propor-
tional to the fluence rate and one proportional to the cur-
rent or flux, which should be much smaller than the flu-
ence rate term. The integral for the time-resolved or the
steady-state reflectance can be written as10

R ~s !~r, t ! 5 E
2p

dV@1 2 R fres~u !#
1

4p
FF ~s !~r, z 5 0, t !

1 3D
]F ~s !~r, z 5 0, t !

]z
cos uGcos u, (7)

where R fres(u) is the Fresnel reflection coefficient for a
photon with an incident angle u relative to the normal to
the boundary. For a refractive index n 5 1.4, Eq. (7)
gives10

R ~s !~r, t ! 5 0.118F ~s !~r, z 5 0, t ! 1 0.306R f
~s !~r, t !.

(8)

We refer to Eq. (8) as the reflectance derived from the
EBC, whereas if only the flux term is considered [Eq. (5)
for the time domain and Eq. (6) for the steady-state do-
main] we use the abbreviation EBCF. For the ZBC the
fluence rate is by definition zero at the physical boundary;
therefore Eq. (5) with zb 5 0 is applied for time-resolved
reflectance.

B. Partial-Current-Boundary Condition
In the partial-current-boundary treatment the irradiance
at the boundary is set equal to the integral of the reflected
radiance.17 The solution for the time-resolved fluence
rate in the medium when the PCBC is used is10,18

F~r, z, t ! 5

c

~4pDct !3/2
exp~2mact !

3 H expF2

~z 2 z0!2
1 r2

4Dct G
1 expF2

~z 1 z0!2
1 r2

4Dct G
2

2

zb
E

0

`

dl exp~2l/zb!

3 expF2

~z 1 z0 1 l !2
1 r2

4Dct G J , (9)

and, employing the same method of images that was used
to derive Eq. (9), we have for the steady-state fluence rate

Fs~r, z ! 5

1

4pD
Xexp$2meff @~z 2 z0!2

1 r2#1/2%

@~z 2 z0!2
1 r2#1/2

1

exp$2meff @~z 1 z0!2
1 r2#1/2%

@~z 1 z0!2
1 r2#1/2

2

2

zb
E

0

`

dl exp~2l/zb!

3

exp$2meff @~z 1 z0 1 l !2
1 r2#1/2%

@~z 1 z0 1 l !2
1 r2#1/2

C.
(10)

Considering the radiance terms proportional to the flux
and the fluence rate [Eq. (7)], we obtain for n 5 1.4 for
the time-resolved or steady-state reflectance10

R ~s !~r, t ! 5 0.170F ~s !~r, z 5 0, t !. (11)

Inserting Eq. (9) [Eq. (10)] into Eq. (11), one obtains the
time-resolved (steady-state) reflectance for the PCBC.

We note that in the case of the PCBC the reflectance
has also been derived from Eq. (4).8,12 Hielscher et al.8

showed that the results from this solution are similar to
those from the EBCF solution. Thus it is not considered
here.
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C. Monte Carlo Simulations
In Sections 3 and 4 the solutions of the diffusion equa-
tions are compared with Monte Carlo simulations. The
principles of Monte Carlo simulation of photon transport
have been thoroughly described,19,20 so we point out only
the salient features of our self-written Monte Carlo pro-
gram. A pencil photon beam was normally incident upon
the semi-infinite turbid medium. The Henyey–
Greenstein21 phase function was assumed for calculation
of the scattering angle. For the Monte Carlo simulations
in the time domain a spatial resolution of 0.5 mm and a
temporal resolution of 2.5 ps for t , 100 ps and of 10 ps
for t . 100 ps were chosen for scoring the reflectance.
The simulations were run for a certain reduced scattering
coefficient and for zero absorption. From these data we
calculated the reflectance curves with different absorp-
tion coefficients, using Beer’s law and the path length of
the photons through the turbid medium.22 This ap-
proach has the advantages that only one simulation is
needed for reflectance curves with different absorption co-
efficients and that the statistic of the reflectance at long
times is improved. The anisotropy factor g was chosen to
be 0.8, because g values between 0.8 and 1 do not influ-
ence the reflectance significantly as long as ms8 is
constant.23

The spatial resolution of the steady-state Monte Carlo
simulations was 0.1 mm, and distances up to 25 mm were
scored. For the anisotropy factor 0.9 was chosen. As in
the time domain, the steady-state spatially resolved re-
flectance is practically invariant if g > 0.8 and ms8 is
constant.9

For the nonlinear regression a combination of the gra-
dient search method and the method of linearizing the fit-
ting function was used.24 The logarithm of the reflec-
tance data was fitted in nonlinear regressions for
investigations both in the time domain and in the steady-
state domain. Equal weights for all the data points were
used in the fitting procedure. The logarithm of the re-
flectance using equal weights was employed because it
was more robust than other possibilities (e.g., fitting the
raw reflectance data with equal weights or with weights
calculated from 1/R). Also, the optical properties could
be found most accurately in this way.

3. TIME-DOMAIN REFLECTANCE

A. Comparison with Monte Carlo Simulations
Figures 1 and 2 compare time-resolved reflectance from a
semi-infinite turbid medium calculated with the solutions
for the EBC with only the flux term and with both the flux
and the fluence terms with Monte Carlo simulations at
two distances, 4.75 and 9.75 mm, and for three distances,
4.75, 9.75, and 14.75 mm. In Fig. 1 the PCBC solution is
also shown. The optical coefficients for the curves shown
in Fig. 1 are ma 5 0.02 mm21 and ms8

5 1 mm21, and those for the curves in Fig. 2 are ma

5 0.02 mm21 and ms8 5 0.5 mm21. Using the diffu-
sion solution that includes the flux and the fluence terms
[Eq. (8)] results in an improvement at early times com-
pared with the solution of Eq. (5), for which only the flux
term is considered. At longer times the different solu-
tions are close to the Monte Carlo simulation (and also

close to experiments25). The deviation from the Monte
Carlo simulation occurs at approximately 100–200 ps,
whereas for the EBCF solution it occurs at approximately
200–400 ps. For the PCBC solution the deviation occurs
between those of the other two solutions. Thus the
PCBC solution is worse than the EBC solution, although
its boundary condition is physically more rigorous. The
reasons for this are unclear.

B. Derivation of the Optical Coefficients
To investigate how the different solutions of the diffusion
equation influence the derivation of the optical properties
from time-resolved reflectance measurements, we fitted
the corresponding equations to Monte Carlo simulations.
Because relative measurements were assumed, three pa-
rameters were fitted: ms8 , ma , and a multiplicative fac-
tor. This is similar to the approach taken by Hielscher
et al.,8 but we used the improved solutions for the EBC
and the PCBC.

Fig. 1. Comparison of time-resolved diffuse reflectance, calcu-
lated by means of diffusion theory with different boundary con-
ditions, with Monte Carlo simulations at r 5 4.75, 9.75 mm. The
optical coefficients are ms8 5 1 mm21, ma 5 0.02 mm21, g

5 0.8, and n 5 1.4.

Fig. 2. Comparison of time-resolved diffuse reflectance, calcu-
lated by means of diffusion theory with different boundary con-
ditions, with Monte Carlo simulations at r 5 4.75, 9.75, and
14.75 mm. The optical coefficients are ms8 5 0.5 mm21, ma

5 0.02 mm21, g 5 0.8, and n 5 1.4.
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Figures 3 and 4 show the derived reduced scattering
and absorption coefficients, respectively, for a nonlinear
regression to a Monte Carlo simulation calculated for
ms8 5 1 mm21, ma 5 0.02 mm21 and r 5 9.75 mm.
The optical coefficients are plotted versus the time at
which the first reflectance value was used for the nonlin-
ear regression. This start time was gradually increased
to demonstrate the influence of the reflectance at early
times where diffusion theory is least accurate. The data
were fitted up to times at which the reflectance is greater
than 1024 times the maximum value of the reflectance,
because this dynamic range is the best that can be
achieved for typical time-domain reflectance
measurements.8

As Fig. 3 indicates, the accuracy with which ms8 can be
determined depends on which diffusion solution is used.
Disregarding the reflectance data at times earlier than
100 ps, the errors in ms8 for the different models are

;12% for the ZBC, ;9% for the EBCF, ;6% for the
PCBC, and ;2% for the EBC, whereas the error in ma is
always smaller than 1% for this fitting region regardless
of which model is used. Additional nonlinear regressions
for other distances and optical coefficients revealed that,
although the EBC solution is closest to the Monte Carlo
simulation, the derived optical coefficients were not al-
ways better than those derived with the other solutions.
This is because relative data were fitted, and thus the
shape of the curves is more important than the absolute
values. This is especially true if early times are not in-
cluded in the calculations.

In general, diffusion theory is valid if the photons have
experienced many scattering interactions, i.e., ms8r @ 1.
In the example above this product is ms8r 5 9.75. For

Fig. 3. Reduced scattering coefficients derived from nonlinear
regressions of different solutions of the diffusion equation for
time-resolved reflectance to a Monte Carlo simulation versus the
start time of the fitting range. The optical coefficients of the
Monte Carlo simulation are ms8 5 1 mm21, ma 5 0.02 mm21,
and n 5 1.4, and the distance from the source is r 5 9.75 mm.

Fig. 4. Absorption coefficients derived from nonlinear regres-
sions of different solutions of the diffusion equation for time-
resolved reflectance to a Monte Carlo simulation versus the start
time of the fitting range. The optical coefficients of the Monte
Carlo simulation are ms8 5 1 mm21, ma 5 0.02 mm21, and n
5 1.4, and the distance from the source is r 5 9.75 mm.

Fig. 5. Reduced scattering coefficients derived from nonlinear
regressions of the EBC solution for time-resolved reflectance to
Monte Carlo simulations with different ms8r values versus the
start time of the fitting range. The optical coefficients of the
Monte Carlo simulation are ms8 5 1 mm21, ma 5 0.02 mm21,
and n 5 1.4 and the distances from the source, r, are shown.

Fig. 6. Absorption coefficients derived from nonlinear regres-
sions of the EBC solution for time-resolved reflectance to Monte
Carlo simulations with different ms8r values versus the start
time of the fitting range. The optical coefficients of the Monte
Carlo simulation are ms8 5 1 mm21, ma 5 0.02 mm21, and n
5 1.4, and the distances from the source, r, are shown.
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greater values the errors in the optical properties derived
with the same fitting approach as in Figs. 3 and 4 de-
crease, whereas they increase for smaller values. To ex-
amine this effect quantitatively we fitted the EBC solu-
tion to Monte Carlo data for different ms8r. Figures 5
and 6 show the derived reduced scattering and absorption
coefficients, respectively. We altered the product ms8r
by changing the source–detector distance, 5.75 mm
< r < 8.75 mm, whereas the reduced scattering coeffi-
cient was held constant, ms8 5 1 mm21. The absorption
coefficient was ma 5 0.02 mm21.

Figure 5 indicates that the error in determining ms8 ex-
ceeds 10% for distances smaller than ;7 mm (ms8r
, 7) if the data at the early times are disregarded.
Similar calculations for ms8 5 0.5 mm21 and ms8

5 1.5 mm21 showed also that the error in deriving the
reduced scattering exceeds 10% for ms8r , 7. The ab-
sorption coefficient (see Fig. 6) can be derived within 2%.

We note that the derivation of the optical coefficients
from the diffusion solutions also depends on the absorp-
tion coefficient. In general, it can be stated that the er-
rors in determining ms8 decrease if the absorption coeffi-
cient is decreased, and vice versa.

4. STEADY-STATE REFLECTANCE

A. Comparison with Monte Carlo Simulations
Figure 7 compares the steady-state spatially resolved re-
flectance with the EBC solution and with the EBCF solu-
tion to a Monte Carlo simulation. The optical coefficients
are ms8 5 1 mm21, ma 5 0.01 mm21, and in the Monte
Carlo simulations the anisotropy factor is g 5 0.9. Fig-
ure 7 shows that the EBC solution approximates the
Monte Carlo simulations much better than does the
EBCF solution. Only for distances smaller than 1.5 mm
are systematic differences greater than 5% seen, whereas
for the EBCF solution this is the case for distances up to
10 mm. Figure 8 compares these curves for a smaller
distance range, and, in addition, the PCBC solution is
shown. This solution is worse than the EBC solution for

distances smaller than 4 mm. Therefore in Subsections
4.B and 4.C the EBC solution is applied.

B. Derivation of the Optical Coefficients from Absolute
Steady-State Spatially Resolved Reflectance
Here the errors in deriving the optical properties from ab-
solute steady-state spatially resolved reflectance are in-
vestigated. Recently we showed that it is possible to
measure absolute spatially resolved reflectance with a
CCD camera.9 There it was also pointed out that the ap-
plication of the EBCF solution often results in errors of
;50% or ;100%.

Because of the absolute reflectance data, only two pa-
rameters, ms8 and ma , were fitted. The EBC solution was
used in the nonlinear regression to reflectance data gen-
erated with the Monte Carlo method for different distance
ranges. Figures 9 and 10 show contour plots of the abso-
lute values of the relative error in deriving ms8 and ma ,
respectively, versus the start and the end distances of the
fitting range. The start distance is varied from 0.35 to
4.05 mm in steps of 0.1 mm; the end distance, from 5.95 to
24.95 mm in steps of 1 mm. The optical coefficients of
the Monte Carlo simulations are ms8 5 1 mm21, ma

5 0.01 mm21, g 5 0.9, and n 5 1.4.
Figure 9 shows that the error in deriving ms8 is less

than 6% for start distances up to almost 4 mm. The er-
rors in deriving ma are smaller than 15% for the entire fit-
ting range and are mostly smaller than 10%; see Fig. 10.
The random errors caused by statistical uncertainty in
the Monte Carlo data are in the range of a few percent
and have no influence on the general conclusions. We
performed calculations similar to those of Figs. 9 and 10
for ms8 5 1 mm21 and different absorption coefficients
(ma 5 0.003, 0.005, 0.03, 0.05 mm21). In the range of
the investigated absorption coefficients the relative errors
in the derived optical coefficients decreased if the absorp-
tion coefficient was increased, and vice versa. For ex-
ample, for ma 5 0.003 mm21 the maximum error in the
derived absorption coefficient was ;25% and in the re-
duced scattering coefficient it was ;10% for start dis-
tances smaller than 3 mm. The reason for this is prob-

Fig. 7. Comparison of steady-state spatially resolved reflec-
tance, calculated by means of diffusion theory with different
boundary conditions (EBCF and EBC), with Monte Carlo simu-
lations. The optical coefficients are ms8 5 1 mm21, ma

5 0.01 mm 2 1, g 5 0.9, and n 5 1.4.

Fig. 8. Comparison of steady-state spatially resolved reflec-
tance, calculated by means of diffusion theory with different
boundary conditions (EBCF, EBC, and PBCC), with Monte Carlo
simulations. The distance range is decreased compared with that
shown in Fig. 7. The optical coefficients are ms8 5 1 mm21, ma

5 0.01 mm21, g 5 0.9, and n 5 1.4.
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ably that a certain relative change of the absorption
coefficient alters the spatially resolved reflectance more
when ma is great compared with the case in which ma is
small. Therefore a certain relative difference between
the diffusion equation and Monte Carlo data results in a
greater error of the derived optical properties if ma is
small. In contrast, even for ma 5 0.05 mm21 the reduced

scattering coefficient is 20 times greater than the absorp-
tion coefficient. Thus the diffusion approximation is still
valid. We note that the results of these contour plots cal-
culated for ms8 5 1 mm21 can be used for other reduced
scattering coefficients, because it is possible to scale the
data. For example, the error contour plots in Figs. 9 and
10 are the same for ms8 5 0.5 mm21 and ma 5 0.005
mm21 if the start and the end distances are multiplied by
two.

C. Derivation of the Optical Coefficients from Relative
Steady-State Spatially Resolved Reflectance
Most of the experimental data presented in the literature
are based on relative steady-state spatially resolved re-
flectance measurements. Because of the lack of the ab-
solute values and the need to fit an additional parameter,
the ability of the nonlinear regression algorithm to re-
cover the correct optical coefficients is worse than the fit
of absolute reflectance data.

Figures 11 and 12 show contour plots of the absolute
values of the relative errors in deriving ms8 and ma , re-
spectively, versus the start and the end distances of the
fitting range. The optical coefficients and the fitting
range are the same as in Figs. 9 and 10.

These figures show that, in general, the errors are
greater than the nonlinear regression to the absolute re-
flectance. For the derivation of ms8 the errors are as
much as ;20% for small end distances, but they are
smaller than 10% if the end distance is greater than 12
mm. The errors of the derived absorption coefficients are
greater than those for the reduced scattering coefficients,
especially at small end distances of the fitting range; see
Fig. 12. For end distances greater than ;12 mm the er-
rors are smaller than 20%. Calculations similar to those
shown in Figs. 11 and 12 were performed for ms8 5 1
mm21 and ma 5 0.003, 0.005, 0.03, 0.05 mm21. In
general, they showed the same behavior with respect to
start and end distances, although the errors were some-
what greater. However, for start distances smaller than
2 mm and end distances greater than 15 mm the errors
were smaller than 25% in deriving ma and smaller than
15% in deriving ms8. Once again, these results can be
transferred to other reduced scattering coefficients by
scaling. For example, for ms8 5 0.5 mm21 the errors in
deriving ms8 are smaller than 15% if the start distance is
smaller than 4 mm and the end distance is greater than
30 mm.

D. Absolute Steady-State Spatially Resolved
Reflectance Measurements
We made absolute steady-state spatially resolved reflec-
tance measurements, using a CCD camera. These mea-
surements were described in detail previously.9 Briefly,
a He–Ne laser at l 5 633 nm with a beam diameter of 0.4
mm was incident approximately perpendicularly upon a
tissue phantom, which consisted of diluted Intralipid as

Fig. 9. Absolute values of the relative errors of the reduced scat-
tering coefficients derived from nonlinear regressions of the
steady-state EBC solution to Monte Carlo data of absolute spa-
tially resolved reflectance. The start and the end distances of the
fitting range are varied. The optical coefficients of the Monte
Carlo simulations are ms8 5 1 mm21, ma 5 0.01 mm21, g
5 0.9, and n 5 1.4.

Fig. 10. Absolute values of the relative errors of the absorption
coefficients derived from nonlinear regressions of the steady-
state EBC solution to Monte Carlo data of absolute spatially re-
solved reflectance. The start and the end distances of the fitting
range are varied. The optical coefficients of the Monte Carlo
simulations are ms8 5 1 mm21, ma 5 0.01 mm21, g 5 0.9, and
n 5 1.4.
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the scattering medium and Trypan Blue as the absorbing
medium. The diffusely reflected photons were imaged
onto a CCD camera, and the intensity values were re-
corded. From these records the spatially resolved reflec-
tance was calculated. Absolute measurements were pos-
sible because we also recorded the incident beam with the
CCD camera by replacing the phantom with a mirror.
The true optical coefficients of the phantom were derived
from the independently measured reduced scattering co-
efficient of Intralipid and the absorption coefficient of Try-
pan Blue. Table 1 shows the reduced scattering and ab-
sorption coefficients derived from a nonlinear regression
with the EBC solution and the EBCF solution of four
measurements of the absolute spatially resolved reflec-
tance. The true optical coefficients are also given in the
table. A distance range of 2–12 mm was used for the
nonlinear regression.

Table 1 indicates that with the diffusion solution con-
sisting only of the EBCF it is not possible to derive the

optical coefficients accurately. For two measurements no
result could be obtained because the nonlinear regression
diverged. With the EBC solution, however, the optical
coefficients can be derived quite satisfactorily. The er-
rors are smaller than 10%, except for the phantom with
the lowest absorption coefficient. This behavior of the
nonlinear regression to absolute spatially resolved reflec-
tance data was described in Subsection 4.B and probably
occurs because even a large fractional change in ma will
have little effect on the reflectance curve if ma is small.

5. DISCUSSION AND CONCLUSIONS

We applied improved solutions of the diffusion equation
for time-resolved and steady-state spatially resolved re-
flectance from a semi-infinite medium as originally used
by Haskell et al.10 in the frequency domain. In contrast

Fig. 11. Absolute values of the relative errors of the reduced
scattering coefficients derived from nonlinear regressions of the
steady-state EBC solution to Monte Carlo data of relative spa-
tially resolved reflectance. The start and the end distances of the
fitting range are varied. The optical coefficients of the Monte
Carlo simulations are ms8 5 1 mm21, ma 5 0.01 mm21, g
5 0.9, and n 5 1.4.

Fig. 12. Absolute values of the relative errors of the absorption
coefficients derived from nonlinear regressions of the steady
state EBC solution to Monte Carlo data of relative spatially re-
solved reflectance. The start and the end distances of the fitting
range are varied. The optical coefficients of the Monte Carlo
simulations are ms8 5 1 mm21, ma 5 0.01 mm21, g 5 0.9, and
n 5 1.4.

Table 1. Optical Properties Derived from Nonlinear Regressions to Spatially Resolved Absolute Reflec-

tance Measurements on Phantoms by Use of the EBC Solution [Eq. (8)] and the EBCF Solution [Eq. (6)]a

True Optical Properties (mm21) EBC Solution (mm21) EBCF Solution (mm21)

ma ms8 ma ms8 ma ms8

0.0033 0.98 0.0024 1.11 Divergent Divergent

0.0088 0.98 0.0080 1.07 Divergent Divergent

0.025 0.97 0.026 1.02 0.013 1.53

0.070 0.94 0.074 0.91 0.051 1.27

a For comparison the true optical coefficients are also shown.
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to their results, we found a significant improvement when
we used the flux and the fluence terms to calculate the re-
flectance.

In the time domain we showed that the new equations
describe the reflectance correctly for times approximately
twice as short as for the previously used equations. In
general, this method of calculation results in smaller er-
rors in deriving the optical coefficients from the time-
resolved reflectance. However, because relative data
were used in the nonlinear regression, this is not always
the case, especially when the fitting range includes only
the decreasing part of the reflectance curve.

For steady-state spatially resolved reflectance it was
pointed out that the new equation that we obtained by ap-
plying the EBC results in a great improvement compared
with results from previously used equations. Significant
deviations from Monte Carlo simulations occur only at
distances smaller than ;1.5/ms8, whereas this critical
distance is more than five times greater for the EBCF so-
lution.

When the EBC solution was used to fit absolute spa-
tially resolved reflectance data generated with Monte
Carlo simulations it was shown that the errors in deriving
ms8 and ma were smaller than 10% and 15%, respectively,
for practically relevant distance ranges. For nonlinear
regressions to relative spatially resolved reflectance data
the errors are in general greater and depend more on the
distance range used for the fit. Therefore, one must con-
sider the possible range of the optical coefficients of the
investigated samples and the distance range of the mea-
surements to decide whether the optical parameters can
be derived with the needed accuracy.

For applications for which the errors from the improved
EBC solution are too great, a neural network trained with
Monte Carlo data can be used for both the steady state9,26

and the time-resolved reflectances. One can obtain even
more-accurate results by fitting the output of one Monte
Carlo simulation to the experimental data by applying
Beer’s law and scaling techniques.23

For the calculations of the reflectance in Eq. (7) it was
assumed that all remitted photons are detected indepen-
dently of the emission angle. To investigate the effect of
detectors that have a small numerical aperture and that
are oriented normal to the boundary of the turbid me-
dium, we calculated the steady-state reflectance for these
conditions [using the approximation cos(u) ' 1 in Eq. (7)]
and compared it with the results computed with Eq. (7).
We found that the differences were small except for small
distances to the source. For example, for ms8 5 1
mm21 and ma 5 0.01 mm21 the difference between the
two curves is smaller than 5% for all the distances greater
than 1.3 mm. In a recent study similar results were
found with the Monte Carlo method.9

Finally, we compared the EBCF solution and the EBC
solution of the diffusion equation by analyzing experi-
mental absolute spatially resolved reflectance measure-
ments. With the new solution (EBC) it was possible to
deduce the optical coefficients of the measured tissue
phantoms mostly within errors of 10%, whereas with the
old solution EBCF it was not possible to derive the correct
coefficients.
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2. A. Knüttel, S. Koch, R. Schork, and D. Böcker, ‘‘Tissue char-
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Abstract. We describe a fast, accurate method for determination of the optical coefficients of
‘semi-infinite’ and ‘infinite’ turbid media. For the particular case of time-resolved reflectance
from a biological medium, we show that a single Monte Carlo simulation can be used to fit the
data and to derive the absorption and reduced scattering coefficients. Tests with independent
Monte Carlo simulations showed that the errors in the deduced absorption and reduced scattering
coefficients are smaller than 1% and 2%, respectively.

Knowledge of the optical properties of biological tissue is important for many applications
of light in medicine. Derivation of the absorption and scattering coefficients from a set of
measurements requires a theoretical model. The transport equation (Ishimaru 1978) can be
used to describe light propagation in tissue, but because this equation can only be solved
numerically for most cases of interest, the diffusion approximation (Ishimaru 1978, Patterson
et al 1991) is often applied. Solutions of the diffusion equation for simple geometries can be
readily obtained (Patterson et al 1989, Moulton 1990, Haskell et al 1994) but the diffusion
approximation breaks down near a radiation source (Kienle et al 1996, Hielscher et al
1995). This region is of special interest in applications such as endoscopy and coherent
light measurements.

The Monte Carlo method (Wang et al 1995) is often used to solve the transport equation
numerically, but it is too slow to use in an iterative algorithm where the optical properties
are estimated by comparison of simulation results with actual measurements. Here we
show that this limitation can be overcome by using a single Monte Carlo simulation if
the refractive index and the anisotropy factor of the medium are known. This is possible
because a Monte Carlo simulation for a certain anisotropy factor, g, refractive index, n,
and scattering coefficient, µs , can be used to calculate the desired quantities for all possible
absorption cofficients, µa , by applying Beer’s law. Also, the results for all scattering
coefficients (if g and n are constant) can be obtained by suitably scaling the outcome of
a single Monte Carlo simulation, because different µs values change only the distances
between the interaction points on the photon paths through the tissue. This ‘Mono Monte
Carlo’ approach can be used for steady state and for time-resolved problems if the geometry
is infinite or semi-infinite. In this study we illustrate the concept by estimating the reduced
scattering coefficient, µ′

s = µs(1−g), and the absorption coefficient from the time-resolved
diffuse reflectance from a semi-infinite turbid medium.

In the Monte Carlo simulations a point source with an infinitely small pulse was used
and the length of the photon path was computed to obtain the travel time through the turbid
medium. Convolution can be applied to calculate the reflectance for arbitrary sources. As
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phase-function the Henyey-Greenstein function (Henyey and Greenstein 1941) was used.
(We simulated a slab with a thickness of 30 m. Thus, the probability that a photon reached
the lower boundary equaled zero and the geometry could be considered as semi-infinite.)

First we demonstrate that different anisotropy factors do not significantly influence the
time-resolved reflectance if g is close to 1, as is the case for tissue, so that the results of
a single simulation can be used. In general the solution to the transport equation depends
on four different optical parameters n, g, µs and µa . The refractive index, n, is about
1.4 for all soft tissue (Bolin et al 1989). The number of unknown optical coefficients
can be further reduced if the principle of similarity is valid. This principle states that
different combinations of g and µs yield similar results for dependent quantities such as
diffuse reflectance. The simplest relationship is that conservation of (1 − g)µs will ensure
similarity. We performed Monte Carlo simulations of time-resolved reflectance, R(t), for
different optical parameters and radial distances, ρ, from the source to investigate the validity
of this relationship. Figure 1 shows R(t) for µ′

s = 1 mm−1 and µa = 0 mm−1 at ρ = 2.25,
3.25 and 4.75 mm for g = 0, 0.5, 0.8 and 0.9. This figure, and calculations with other
sets of optical coefficients, shows that the simple similarity relation is valid for g > 0.8.
Because the anisotropy factor of tissue is normally greater than 0.8 (Cheong et al 1990) and
Monte Carlo calculations are faster for smaller g, g = 0.8 was applied in the Monte Carlo
simulations in this study.

Figure 1. Time-resolved diffuse reflectance for different anisotropy factors, g = 0 (long dashed
curve), g = 0.5 (dashed), g = 0.8 (circles) and g = 0.9 (solid), at distances ρ = 2.25, 3.25 and
4.75 mm. The other optical properties are µ′

s = 1 mm−1, µa = 0 mm−1 and n = 1.4.

Determination of the optical properties of a semi-infinite or infinite turbid medium with
a single Monte Carlo simulation is based on the following principle: it is possible to extract
from the output of one simulation, performed with certain optical parameters, the desired
quantities for other optical coefficients if the anisotropy factor is the same (or the similarity
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relation is valid) and the refractive index does not change. From the results of a Monte Carlo
simulation performed with certain reference parameters, µsr and µar , the desired quantity,
such as the diffuse reflectance, can be obtained for µsr and any absorption coefficient µa

using Beer’s law. For example, if µar = 0, the time-resolved diffuse reflectance, R(ρ, t),
can be calculated for any µa from the reference time-resolved reflectance Rr(ρ, t) by

R(ρ, t) = Rr(ρ, t) exp (−µac t) (1)

where c is the speed of light in the turbid medium. For the case µar = 0, the results of
the single Monte Carlo simulation can also be scaled to yield the desired quantities for any
scattering coefficient. This is because altering the scattering coefficient in the simulation
results only in different lengths of the photon paths through the tissue (Graaff et al 1993).
In the case of time-resolved reflectance this means that R(ρ, t), for arbitrary µs and µa = 0,
can be derived from Rr(ρ, t) calculated for µsr and µar = 0 using

R(ρ, t) =

(

µs

µsr

)3

Rr

(

ρ
µs

µsr

, t
µs

µsr

)

. (2)

The scaling factor for the distance variable is due to the different path lengths of the photons,
and consequently the time variable has to be scaled by the same value. A factor (µs/µsr)

2

(before Rr ) stems from the scaling of the area and the remaining factor (µs/µsr) from the
scaling of the time.

In principle, using equation (1) and equation (2), R(ρ, t) can be easily and quickly
calculated for any absorption and scattering coefficients. However, it is not possible to
calculate Rr(ρ, t) with Monte Carlo simulations for continuous ρ and t values, but only
for certain distance and time intervals, Rr(ρi, ti), centered at ρi and ti . As a consequence,
the results of the reference Monte Carlo simulation have to be interpolated to compute
R(ρ, t) with equation (2). In this study a Monte Carlo simulation for µ′

s = 1 mm−1,
g = 0.8 and µa = 0 mm−1 was performed, and Rr(ρi, ti) was recorded for distances
between ρ1 = 0.25 mm and ρ40 = 19.75 mm at intervals of 0.5 mm, and for times between
t1 = 1.25 ps and t40 = 98.75 ps at intervals of 2.5 ps, and between t41 = 105 ps and
t230 = 1995 ps at intervals of 10 ps. 33 million photon histories were used to achieve good
statistics. A non-linear regression method was applied to estimate the optical coefficients
from time-resolved reflectance data using the Mono Monte Carlo approach. Because it is
difficult in practice to make absolute measurements of the time-resolved reflectance, we
fitted relative data. Thus, not only µa and µ′

s but also a scaling parameter was fitted. For
the non-linear regression, reflectance data up to t = 1 ns were used, and the logarithm of
R(t) was fitted. This requires that µ′

s < 2 mm−1, because of the scaling of equation (2)
and because the maximum time recorded in the Monte Carlo simulation was 2 ns. In the ρ

direction the logarithm of Rr(ρi, ti) was linearly interpolated. For example, if the ρ-scaling
of equation (2) results in ρ ′ = ρµs/µsr with ρk < ρ ′ < ρk+1, then the time-resolved
reflectance, R(ρ ′, ti), is calculated from

R(ρ ′, ti) = exp
[

(1 − h) ln (Rr(ρk, ti)) + h ln (Rr(ρk+1, ti))
]

(3)

where

h =
ρ ′ − ρk

ρk+1 − ρk

. (4)

Usually the time-resolved reflectance is measured at a certain distance, ρ, at different
time-values R(ti). Thus, for each iteration of the non-linear regression the reflectance
must be evaluated at these times requiring interpolation of the reflectance data produced
by the Mono Monte Carlo. Initially we used a linear interpolation of ln (R(ti)) between
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the adjacent time values, but this resulted in optical coefficients which were in many
cases incorrect and which depended on the initial estimates for the non-linear regression.
Linear interpolation failed because of statistical noise in the Monte Carlo data and rapid
changes in the reflectance at short times and small distances. Algorithms such as polynomial
interpolation or cubic spline interpolation provided only marginal improvement. In order to
improve the interpolation in time we sought an arbitrary function to approximate the R(t)

curves of the Monte Carlo simulation. Equation (5) provided a good fit to the logarithm of
the time-resolved reflectance for all ρ values:

ln(R(t)) = c0 + c1 ln t + c2(ln t)2... + c10(ln t)10 . (5)

The time-resolved reflectance data for all 40 distances were fitted to equation (5) and the
fitting parameters, c0, ..., c10 at each distance were stored for later application.

Figure 2. Regression (solid curve) to a Monte Carlo simulation (circles) using equation (5).
The parameters of the simulation are µ′

s = 1 mm−1, µa = 0 mm−1, n = 1.4, g = 0.8 and
ρ = 9.75 mm.

Figure 2 shows one comparison of the Monte Carlo data and the fit generated from
equation (5). Using these fitting functions the interpolation errors in the time axis could
be minimized and the noisier data at large time values could be smoothed. Accordingly,
the non-linear regression performance was greatly improved and delivered the right optical
coefficients in most cases when tested with independent Monte Carlo simulations. However,
for small distances and small reduced scattering coefficients the derived optical coefficients
were still incorrect. This was caused by the larger interpolation errors in the ρ variable
(equation (3)) at small ρµ′

s , where the second derivative at the maximum value of R(t)

and the first derivative at early times are greater. We solved this problem by creating R(t)

curves for intermediate distances by fitting ln (Rr(ρi, ti)) for constant ti values between
t1 = 1.25 ps and t29 = 73.75 ps to an eighth order polynomial. Between each two adjacent
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R(ρi, t = constant) data points in the above mentioned time region, three new values were
deduced from the fitting curves, increasing the number of R(ρ = constant, t) curves from
40 to 157. These 157 curves were then fitted to equation (5) and a subset is shown in
Figure 3. (In Figure 3 the reflectance for small distances exceeds 1 mm −2ns−1 in a certain
time region. To calculate the probability that an incident photon is re-emitted the reflectance
has to be integrated over a certain time interval and area. Thus, the probability does not
exceed unity.)

Figure 3. A sample of the 157 fitted time-resolved reflectance curves using equation (5). The
parameters of the Monte Carlo simulations are µ′

s = 1.0 mm−1, µa = 0 mm−1, g = 0.8,
n = 1.4 and 1 < ρ < 12.5 mm; the top curve is for ρ = 1 mm, the bottom curve is for
ρ = 12.5 mm, and the other curves have been calculated for intervals of 0.125 mm.

The performance of the non-linear regression using these fitted curves was excellent even
for smaller ρ and µ′

s values. Independent Monte Carlo simulations with µ′
s = 0.5 mm−1,

0.72 mm−1, 1.0 mm−1 and 1.5 mm−1 were performed for the same time values as in the
reference simulation to test the non-linear regression. 120 reflectance curves for distances
2.5/µ′

s < ρ < 20 mm (ρµ′
s < 20) and an absorption coefficient of µa = 0.02 mm−1 were

used. The mean error in the derived optical parameters was smaller than 2% for the reduced
scattering coefficient and smaller than 1% for the absorption coefficient. The reflectance
values at the earliest times (where the reflectance was less than 10% of the peak reflectance)
were not included, but enough data before the maximum of the curve were used so that no
essential information was lost. The absolute error in the absorption coefficient was found
to be independent of the value of the absorption coefficient, resulting in a greater relative
error for smaller µa values.

In conclusion, a new method was developed to derive the reduced scattering and
absorption coefficients of semi-infinite and infinite turbid media. Using the example of time-
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resolved reflectance from a semi-infinite medium, we showed that the reduced scattering
coefficient and the absorption coefficient could be determined with errors smaller than 2%
and 1%, respectively. The performance of the method was good even close to the source
(ρ = 2.5/µ′

s) and, in addition, it can be applied for very large absorption coefficients.
(Thus, the method works for the diffuse and the non-diffuse limit of photon propagation.)
Either of these conditions can invalidate algorithms based on approximate solutions to the
transport equation, such as diffusion theory. However, one has to pay particular attention
to potential interpolation errors in the scaling of the reference Monte Carlo data. Once the
reference simulation has been performed and the parameters of the regressions of the time-
resolved data to equation (5) have been stored, the optical coefficients can be determined
from time-resolved reflectance data in approximately one second with a state-of-the-art
personal computer. We note that if the Mono Monte Carlo method is used to determine
the optical coefficients from steady-state reflectance from a semi-infinite medium (Kienle
et al 1996), the interpolation problem is less important because the reflectance curves are
smoother and monotonically decreasing with distance.

For the simulations an anisotropy factor of g = 0.8 and a refractive index of n = 1.4
were used. We showed that the similarity relation is valid for the high g values found in
tissue enabling the use of one anisotropy factor. In order to investigate the influence of a
different value of n on the performance of the Mono Monte Carlo method, we performed
simulations with n = 1.35 and determined the optical properties using n = 1.4 in the
reference simulation. The absorption coefficient could be estimated within 3%, but the
error in the reduced scattering coefficient was usually much greater, exceeding 10% for
ρ < 10 mm. Therefore, knowledge of the tissue refractive index improves the accuracy of
the µa and µ′

s estimates.
The Mono Monte Carlo method can also be applied in the frequency domain by

numerical Fourier transformation of the time-resolved reflectance data at each evaluation of
R(t) in the non-linear regression.
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turbid media from frequency-domain reflectance close to
the source

Alwin Kienle and Michael S Patterson
Department of Medical Physics, Hamilton Regional Cancer Centre and McMaster University,
699 Concession Street, Hamilton, Ontario, L8V 5C2 Canada

Received 15 January 1997, in final form 6 May 1997

Abstract. We investigate theoretically the errors in determining the reduced scattering
and absorption coefficients of semi-infinite turbid media from frequency-domain reflectance
measurements made at small distances between the source and the detector(s). The errors are
due to the uncertainties in the measurement of the phase, the modulation and the steady-state
reflectance as well as to the diffusion approximation which is used as a theoretical model to
describe light propagation in tissue. Configurations using one and two detectors are examined
for the measurement of the phase and the modulation and for the measurement of the phase and
the steady-state reflectance. Three solutions of the diffusion equation are investigated. We show
that measurements of the phase and the steady-state reflectance at two different distances are best
suited for the determination of the optical properties close to the source. For this arrangement
the errors in the absorption coefficient due to typical uncertainties in the measurement are
greater than those resulting from the application of the diffusion approximation at a modulation
frequency of 200 MHz. A Monte Carlo approach is also examined; this avoids the errors due
to the diffusion approximation.

1. Introduction

Investigation of the physiology of tissue with visible or near-infrared light for medical
diagnosis normally requires the determination of its optical properties. In order to obtain
the scattering and absorption coefficients of tissue, steady-state and time-resolved techniques,
in both the frequency and time domain, have been used. The radiative transfer equation
and its approximation, the diffusion theory, have usually been applied as the theoretical
model for light propagation in tissue (Ishimaru 1978). Diffusion theory has the advantage
that simple analytical formulae can be found for certain geometries. This is the case for
the semi-infinite geometry investigated in this article. The main criterion for the validity
of diffusion theory is that the radiance is approximately isotropic. This criterion is better
fulfilled further from any light source because the detected photons have undergone more
scattering interactions. The loss of photons at boundaries also introduces anisotropy in the
radiance and causes diffusion theory to be less accurate in these regions.

For measurements on accessible tissue, for example the arm (Fantini et al 1994) or
the head (Cope and Delpy 1988), the light diffusely reflected from the tissue can be mea-
sured sufficiently far away from the source that the diffusion equation is valid. However,
if measurements close to the source must be made, such as in endoscopy, application of
the diffusion equation is questionable. While its validity has been investigated in the time
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domain (Hielscher et al 1995, Kienle and Patterson 1997), to our knowledge errors in the
optical properties caused by applying the diffusion equation to frequency domain measure-
ments have not been examined. In such measurements the source intensity is modulated
at rf frequencies (typically 0.1–1.0 GHz) and the phase and steady-state reflectance of the
modulated diffuse reflectance are detected at some distance(s) from the source. A num-
ber of strategies have been proposed to deduce the scattering and absorption coefficients
from such measurements. In principle, phase and modulation (relative to the source) at a
single distance provide sufficient information, but Pogue and Patterson (1996) have shown
that superior results can be achieved by measuring the phase difference and steady-state
reflectance ratio between signals at two distances. Fantini et al (1994) described a system
which uses four source–detector distances. The experimental uncertainties associated with
the measurement apparatus have a greater effect on the estimates of the tissue optical prop-
erties if the distance between source and detector is decreased because the phase and the
demodulation decrease, resulting in an increase in the relative error of these quantities.

In this paper we investigate theoretically the errors in the determined absorption µa and
the reduced scattering coefficient µ′

s caused by typical uncertainties in the measurements
(section 3) and from the application of the diffusion approximation (section 4) for measure-
ments of the reflectance from a semi-infinite medium in the frequency domain close to the
source. The first task is addressed by fitting a solution of the diffusion theory to results (phase
and modulation data or phase and steady-state reflectance data) from the same solution to
which typical experimental errors are added, and the second by fitting a solution of the dif-
fusion equation to data obtained from Monte Carlo simulations. Optical properties typical of
tissue for red or near-infrared light are used. The absorption coefficient was varied between
0.002 mm−1 < µa < 0.04 mm−1 and for the reduced scattering coefficient we used µ′

s =
0.5 mm−1 and µ′

s = 1 mm−1. The frequency f of the intensity modulated incident light
was changed between f ≈ 100 MHz and f ≈ 1000 MHz and the distance from the detector
to the source ρ between ρ ' 1 mm and ρ = 10 mm and phase and steady-state reflectance
data as well as phase and modulation data were considered. Configurations that measure
these quantities at one distance as well as configurations that measure them at two distances
are considered. In the former case the phase and the modulation are determined relative to
the source and an absolute measurement of the steady-state reflectance is assumed. (For ex-
ample, this can be achieved using a calibration measurement on a tissue-simulating phantom
with accurately known optical properties or by characterizing the incident beam (Kienle et al
1996).) In the latter case the phase difference and modulation ratio or the phase difference
and the steady-state reflectance ratio between two distances is calculated. Three different
solutions of the diffusion equation are introduced and their performance for determination
of the optical properties is investigated by fitting them to Monte Carlo simulation results.

We also discuss a solution for the reflectance in the frequency domain which is based
on the use of a single Monte Carlo simulation. Using scaling principles, this simulation
can be used to generate rapidly the exact (within statistical uncertainties) reflectance for any
set of optical properties (Kienle and Patterson 1996). Hence it is possible to find the set
of µa , µ′

s values which minimizes the difference between experimental data and calculated
reflectance without reliance on the diffusion approximation.

2. Theory

In section 2.1 we present three solutions of the diffusion equation which have been proposed
in the literature for frequency-domain reflectance R(ω, ρ). For each solution the fluence rate
8 in the scattering medium is calculated with the extrapolated-boundary condition, but the
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reflectance at the physical boundary is computed in different ways: (i) using the fluence rate
term; (ii) using the flux term; and (iii) using the fluence and flux terms. The second solution
is included here, because it has often been used in the literature (Moulton 1990, Fantini
et al 1994, Pogue and Patterson 1994). The first solution has been suggested by (Haskell
et al 1994) as a simplification of the third solution which results from the calculation of the
reflectance which is most correct within the diffusion approximation (Haskell et al 1994).
It has been shown that this physically rational solution (i.e. the third solution) works the
best in the time domain (Kienle and Patterson 1997). In section 2.2 we describe Monte
Carlo simulations which are used in section 4 for comparison with the various solutions of
the diffusion equation. In section 2.3 it is investigated if the determination of the optical
properties from measurements of the phase and steady-state reflectance or of the phase and
modulation at one and two distances has an unique solution.

2.1. Solutions of the diffusion equation

At least three different boundary conditions have been applied to solve the diffusion equation
for photon propagation in turbid media. The zero-boundary condition, the extrapolated-
boundary condition and the partial-current boundary condition were used to calculate the
reflectance from a semi-infinite turbid medium in the time domain R(ρ, t) (Moulton 1990,
Hielscher et al 1995, Kienle and Patterson 1997), in the frequency domain R(ρ, ω) (Moulton
1990, Haskell et al 1994, Fantini et al 1994) and in the steady-state domain R(ρ) (Farrell
et al 1992, Bolt and ten Bosch 1994, Kienle and Patterson 1996). These quantities are
linked by the Fourier transform (Arridge et al 1992). In the frequency-domain method the
source is sinusoidally modulated (A exp(iωt)) and thus the measured signal at the detector
is also sinusoidal but the oscillation is delayed in time and the modulation is reduced. The
observable quantities in the frequency domain are the phase angle θ between source and
the detected signal, the modulation M and the steady-state reflectance:

θ = tan−1 Im[R(ρ, ω)]
Re[R(ρ, ω)]

(1)

M =

√

[Im R(ρ, ω)]2 + [Re R(ρ, ω)]2

[R(ρ, ω = 0)]2 (2)

R(ρ) = R(ρ, ω = 0) (3)

where ω = 2πf . Haskell et al (1994) showed that the zero-boundary condition solution
is the least accurate and that the solutions using the partial-current boundary condition and
the extrapolated-boundary condition deliver optical coefficients that differ by less than 3%
when used to fit the same data sets. (The smallest source–detector distance which they
applied was ρ = 10 mm.) Note that the zero-boundary condition states that the fluence
rate is zero on the surface of the turbid medium, while the extrapolated-boundary condition
states that the fluence rate goes to zero some distance beyond the actual surface. In the
partial-current boundary treatment the irradiance at the boundary is set equal to the integral
of the reflected radiance over solid angle 2 π (Haskell et al 1994). The reflected radiance
is caused from the photons that approach the boundary from inside and that are reflected
back due to the mismatch of the refractive index inside and outside the medium.

Haskell et al suggested a unification of the extrapolated-boundary and the partial-current
boundary solutions. They calculated 8 from the extrapolated boundary condition and used
the result from the partial-current boundary condition that the reflectance is proportional
to the fluence rate to compute the reflectance. Besides this solution (denoted with R8) we
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investigate two additional solutions. For both solutions the fluence rate is the same as above
but the reflectance is calculated either from the gradient of the fluence rate ( Rf ) or from
the integral of the radiance over the backward hemisphere (R8,f ).

The extrapolated-boundary condition states that the fluence rate is zero at an artificial
extrapolated boundary which is parallel to the boundary of the turbid medium. For a semi-
infinite medium irradiated with a normally incident ‘pencil’ beam this can be achieved using
a positive source term at z = z0 = 1/(µ′

s +µa) and a negative source term at z = −z0 −2zb,
where z is the direction perpendicular to the boundary pointed into the medium. (We note
that for isotropic scattering we do not in fact have one source of the incident photons but
a line of isotropic sources with strengths which are exponentially damped. For anisotropic
scattering the situation is in general more complicated but we have found that the single
point source approximation works well.) The quantity zb equals

zb =
1 + Reff

1 − Reff
2D. (4)

Reff represents the fraction of photons that is internally diffusely reflected at the boundary.
Haskell et al (1994) found that Reff equals 0.493 for a refractive index n of 1.4 which
is representative of measured tissue data (Bolin et al 1989, Tearney et al 1995). D =
[3(µa + µ′

s)]
−1 is the diffusion coefficient. For a refractive index of n = 1.4 we get

R8(ρ, ω) =
0.17
4πD

(

exp (−kr1)

r1
−

exp (−kr2)

r2

)

exp(iωt) (5)

where

k =
√

(µac + iω)/Dc

r1 =
√

z2
0 + ρ2

r2 =
√

(z0 + 2zb)2 + ρ2

c is the velocity of light in the tissue and i =
√

−1. The constant in equation (5) is
obtained by calculating the reflectance R(ρ, ω) as the integral of the radiance over the
backward hemisphere (Haskell et al 1994)

R(ρ, ω) =
∫

2π

d� (1 − Rfres(θ))
1

4π

(

8(ρ, z = 0, ω) + 3D
∂8(ρ, z = 0, ω)

∂z
cos θ

)

cos θ

(6)

where Rfres(θ) is the Fresnel reflection coefficient for a photon with an incident angle θ

relative to the normal to the boundary. To derive equation (5) the flux term in equation (6)
is replaced by

∂8(ρ, z = 0, ω)

∂z
=

1
zb

8(ρ, z = 0, ω) (7)

as a result of the partial-current boundary condition (Haskell et al 1994).
For the second solution the fluence rate in the medium is calculated as in the first

solution but the reflectance is computed with Fick’s law (Moulton 1990)

Rf (ρ, ω) = −D∇8(ρ, z, ω) · (−z)|z=0 (8)

yielding

Rf (ρ, ω) =
1

4π

[

z0

(

k +
1
r1

)

exp (−kr1)

r2
1

+ (z0 + 2zb)

(

k +
1
r2

)

exp (−kr2)

r2
2

]

exp(iωt).

(9)
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We note that Moulton (1990) derived exact and Fantini et al (1994) approximate analytical
formulae for the phase and modulation in this case. This solution was also used by Pogue
and Patterson (1994).

The third solution also employs the extrapolated-boundary condition to derive the fluence
rate and, as for the first solution, the reflectance R8,f is calculated as the integral of the
radiance over the backward hemisphere (equation (6)), but we do not use the result from
the partial-current boundary condition that the flux is proportional to the fluence rate as was
applied for the derivation of R8 (equation (7)). For a refractive index n = 1.4 equation (6)
gives (Kienle and Patterson 1997)

R8,f (ρ, ω) =
0.118
4πD

(

exp (−kr1)

r1
−

exp (−kr2)

r2

)

exp(iωt) + 0.306Rf (ρ, ω). (10)

(We note that R8,f (ρ, ω) and R8(ρ, ω) are calculated from the total re-emitted radiance
matching the conditions of the Monte Carlo simulations, see section 2.2.) We tested the
mathematical correctness of the results of equations (5), (9) and (10) by comparing them
with the Fourier transforms of the time-domain reflectance R(ρ, t) derived from the time-
domain diffusion solution and the corresponding boundary conditions.

2.2. Monte Carlo method

In section 4 the solutions of the diffusion equation are compared with Monte Carlo
simulations. The principles of Monte Carlo simulation of photon transport have been
thoroughly described (Wilson and Adam 1983, Wang et al 1995), so that we point out
only the salient features of our Monte Carlo program. In order to calculate the phase and
the modulation for different frequencies, the simulations were performed in the time domain
using an impulse source and the observed reflectance R(ρ, t) was Fourier transformed using
an FFT code (Press et al 1990). For the time-domain Monte Carlo simulations a ‘pencil’
photon beam consisting of a Dirac function in time was normally incident onto the semi-
infinite turbid medium. The scattering angle was calculated with the Henyey–Greenstein
(Henyey and Greenstein 1941) phase function. The anisotropy factor g was chosen to be
0.8, because variation in g between 0.8 and 1 does not influence the reflectance significantly
as long as µ′

s is constant (Kienle and Patterson 1996) and because simulations are faster for
smaller g values. All re-emitted photons were scored independent of the emergence angle.

The simulations were run for zero absorption and for a certain reduced scattering
coefficient. From these data the reflectance curves with different absorption coefficients
were calculated using Beer’s law and the pathlength of the photons through the turbid
medium (Graaff et al 1993). This approach has the advantage that only one simulation is
needed to generate reflectance data for different absorption coefficients and that the statistical
uncertainty of the results is not limited by histories terminated by absorption events.

Spatial resolution of 0.5 mm and temporal resolution of 2.5 ps for t < 100 ps and
of 10 ps for 100 ps < t < 2 ns were chosen for scoring the reflectance. Photons that
spent more than 2 ns in the turbid medium were usually artificially absorbed to decrease
the computation time. However, for small absorption coefficients and large µ′

sρ values the
reflectance at t > 2 ns cannot be neglected, because it still influences the results of the
Fourier transform. To address this problem a solution of the diffusion equation was used to
calculate the reflectance for times longer than 2 ns. We compared the reflectance from the
corresponding time-domain solutions of equations (5), (9) and (10) (which are connected
by the Fourier transform) with that calculated from Monte Carlo simulations and found
that the corresponding time-domain solution of equation (9) (equation (5) in Kienle and
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Patterson (1997)) approximates the Monte Carlo data well for long times. Figure 1 shows
the normalized difference between the reflectance calculated with Monte Carlo simulations
RMC and the above mentioned time domain solution (equation (5) in Kienle and Patterson
(1997)) for µ′

s = 1 mm−1, µa = 0 mm−1 and ρ = 2.75, 4.75, 9.75, 14.75 mm.

Figure 1. Comparision of time-domain reflectance obtained from Monte Carlo simulations
RMC and of reflectance computed with equation (5) in (Kienle and Patterson 1997) Rf .
(RMC − Rf )/RMC is shown for µ′

s = 1 mm−1, µa = 0 mm−1 and ρ = 2.75, 4.75, 9.75,
14.75 mm.

From figure 1 it can be seen that this equation (equation (5) in Kienle and Patterson
(1997)) approximates Monte Carlo data well for times as short as 500 ps. This is also true
for non-zero absorption coefficients used in this study (figures not shown). The relative
differences (RMC − Rf )/RMC for a reduced scattering coefficient of µ′

s = 0.5 mm−1 can
also be found from figure 1 by scaling the data. In this case the number on the time axis
and the distances in figure 1 must be doubled (Kienle and Patterson 1996).

The reflectance is a rapidly increasing function of time at early times and small distances
ρ. The temporal resolution of the time-domain reflectance calculated with the Monte Carlo
method must be high enough to ensure that no information is lost when the Fourier transform
is performed. This was checked by comparing the phase and intensity values obtained
by Fourier transforming a time-resolved solution of the diffusion equation (for example
equation (5) in Kienle and Patterson (1997)) with the phase and intensity values from the
corresponding solution in the frequency domain (equation (7)). We found that a temporal
resolution of 2.5 ps produce errors which are negligible compared with typical experimental
errors even for distances close to the source. Time-domain reflectance data up to 6 ns
were used (2400 data points) for calculation of the Fourier transform. The remainder of the
4096-element array required for the FFT code was padded with zeros.

In section 4 solutions of the diffusion equation are fitted to Monte Carlo simulations
to determine the accuracy of the diffusion approximation. For the nonlinear regression a
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combination of the gradient search method and the method of linearizing the fitting function
was used (Bevington 1983). Equal weights for the phase and modulation or the phase and
steady-state reflectance were used in the fitting procedure.

Figure 2. Contour plot of the steady-state reflectance (mm −2) versus µa and µ′
s for ρ = 5 mm

using equations (10) and (3).

2.3. Uniqueness of the derived optical properties

In this section it is investigated whether the phase and steady-state reflectance data or the
phase and modulation data lead to a unique set of optical properties, µa and µ′

s . In order
to examine this question we calculated these quantities with equation (10) and present
them versus the optical properties in a contour plot. Figure 2 (figure 3) shows the steady-
state reflectance (phase) versus the absorption and reduced scattering coefficients for a
distance of 5 mm and a modulation frequency of 200 MHz. As expected, an increase in
the absorption coefficient for a constant reduced scattering coefficient results in a decreased
steady-state reflectance. However, if the absorption coefficient is constant and the reduced
scattering coefficient is changed, two values of µ′

s exist which result in the same steady-
state reflectance. Comparing figure 2 with figure 3 it can be seen that the isophase lines can
intersect with the isosteady-state reflectance lines at more than one point. This means that
the determination of the optical properties is not unique if phase and steady-state reflectance
are measured at a single point close to the source. We note that this ambiguity is not a
result of the inaccuracy of the diffusion equation. For a certain distance ρ from the source
and constant µa there always exist a maximum of R(ρ).

Figure 4 shows the contour plot for the steady-state reflectance ratio at the distances
ρ2 = 2.5 mm and ρ = 5 mm. (The smaller distance is termed ρ2 and the larger distance ρ.)
In this case only one reduced scattering coefficient exists that results in a certain value of
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1808 A Kienle and M S Patterson

Figure 3. Contour plot of the phase (radians) versus µa and µ′
s for ρ = 5 mm using

equations (10) and (1). The modulation frequency is 200 MHz.

the steady-state reflectance ratio for a constant absorption coefficient. Because the contour
plot of the relative phase for these distances (figure not shown) is qualitatively similar to
figure 3, it follows that measurements of the phase difference and steady-state reflectance
ratio between two distances result in an unique set of absorption and reduced scattering
coefficients.

For phase and modulation data similar investigations show that the determination of the
optical properties is unique for data measured at one or two distances.

3. Derivation of the optical coefficients for typical mean experimental errors in the
measurements

In order to investigate how experimental uncertainties in the phase, steady-state reflectance
and modulation influence the determination of the optical properties, these quantities were
calculated for given values of the distance, frequency, absorption and reduced scattering
coefficients, using equation (10), and errors typical of a well designed apparatus were added
(Pogue and Patterson 1996). A nonlinear regression also applying equation (10) was used
to determine µa and µ′

s from these error-added-values. For the instrumental errors normal
distributions having standard deviations of 0.1◦ for the phase and 0.001 for the modulation
were sampled, and for the steady-state reflectance a relative error with a standard deviation
of 0.001 was used (Pogue and Patterson 1996, Fantini et al 1994, Bocher et al 1995).
For each set of parameters the nonlinear regression was performed with 200 different
samples from the error distribution (Pogue and Paterson 1996) and the relative standard
deviations (standard deviation divided by the correct value) of the obtained µa and µ′

s were
calculated. In the following this quantity is termed σa (σs) when the absorption coefficient
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Figure 4. Contour plot of the steady-state reflectance ratio at ρ = 5 mm and ρ2 = 2.5 mm
versus µa and µ′

s using equations (10) and (3).

Figure 5. σa versus µa and ρ for µ′
s = 1 mm−1 and f = 200 MHz determined from phase

and modulation measured at a single distance.
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(the reduced scattering coefficient) is determined. (In some cases the nonlinear regression
did not converge if the added error was large. In this case these results were disregarded
and the calculations were continued until 200 nonlinear regressions were successful.) This
process was repeated for the parameter range indicated in the introduction. Contour lines of
σa and σs were plotted versus the absorption coefficient and the distance between source and
detector. Phase/steady-state reflectance as well as phase/modulation data were considered
for measurements at one distance ρ and at two distances. For data measured at two distances,
the first distance ρ2 was half of the second distance ρ. In the following we concentrate on
the determination of the absorption coefficient but the reduced scattering coefficient is also
considered.

Figure 5 shows contour lines of constant σa for µ′
s = 1 mm−1 and f = 200 MHz

determined from phase and modulation data measured at one distance for 0.002 mm−1 <

µa < 0.04 mm−1 and 1.25 mm < ρ < 10 mm. The relative error in µa increases if
the distance is decreased because the phase and the demodulation decrease. For the same
reason σa also increases if µa is increased. The errors in the reduced scattering coefficient
(figure not shown) are in this case similar to those of the absorption coefficient. If σa is
calculated under the same conditions as above but based on phase and modulation data at
two distances, the greater distance being equal to the distance of the single detector in the
case of the measurements at one distance, then the relative errors in µa and µ′

s are larger.
This is because the phase difference and the demodulation for the data measured at two
distances are smaller resulting in a greater relative error.

Figure 6 (figure 7) shows the contour lines of σa (σs) for µ′
s = 1 mm−1 and

f = 200 MHz determined from phase difference and steady-state reflectance ratio data
between two distances for the same range of µa and ρ values as in figure 5. As in figure 5,
the error in µa increases if ρ decreases but the error does not depend significantly on µa

for µa > 0.01 mm−1. This is probably because the difference in steady-state reflectance
at the two distances is smaller for smaller µa resulting in a greater relative error. This
seems to compensate the µa dependence of the phase error explained above. The main
feature, however, is that the errors are everywhere smaller than those in figure 5. The
reason for this is that the measurement of the demodulation has higher relative uncertainty
than the measurement of the steady-state reflectance under these conditions. The errors
in the estimated reduced scattering coefficient are smaller than those in the absorption
coefficient (see figure 7). This can be understood from the following argument. The steady-
state reflectance does not depend strongly on the absorption coefficient for small distances
(figure 2). Thus, the absorption coefficient is mainly determined from the phase data which
have larger relative errors than the steady-state reflectance data.

We also investigated σa and σs for phase and steady-state reflectance measured at a
single distance. These plots (not shown) show regions for certain ρ and µa values where
σa or σs are very large or where the determination of the optical properties is not possible.
This behaviour is caused by the ambiguity discussed in section 2.3. However, outside these
regions, the errors are smaller than the errors associated with the phase and steady-state
reflectance data at two distances. Because of the poor performance of the estimation based
on phase and modulation and the ambiguity of the solution which uses the phase and steady-
state reflectance at one distance, we concentrate in the following on the strategy employing
the phase and steady-state reflectance data measured at two distances.

Figure 8 shows a contour plot for the same conditions as used for figure 6 except the
reduced scattering coefficient has been reduced to µ′

s = 0.5 mm−1. This results in an
increase of the error in the absorption coefficient, because decreasing µ′

s means that the
phase is decreased and, thus, the relative error in the determination of the phase is increased
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Figure 6. σa versus µa and ρ for µ′
s = 1 mm−1 and f = 200 MHz determined from phase

difference and steady-state reflectance ratio measured at two distances. The detectors are located
at ρ and ρ/2.

Figure 7. σs versus µa and ρ for µ′
s = 1 mm−1 and f = 200 MHz determined from phase

difference and steady-state reflectance ratio measured at two distances. The detectors are located
at ρ and ρ/2.
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Figure 8. σa versus µa and ρ for µ′
s = 0.5 mm−1 and f = 200 MHz determined from phase

difference and steady-state reflectance ratio measured at two distances. The detectors are located
at ρ and ρ/2.

Figure 9. σa versus µa and ρ for µ′
s = 0.5 mm−1 and f = 500 MHz determined from phase

difference and steady-state reflectance ratio measured at two distances. The detectors are located
at ρ and ρ/2.
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(this is also the case for the steady-state reflectance). We note that the same arguments are
also valid for the errors in the reduced scattering coefficient (data not shown).

Figure 10. χa versus µa and ρ for µ′
s = 1 mm−1 and f = 195 MHz determined from phase

and modulation data at a single distance using equation (10).

In order to decrease the errors in the determination of µa and µ′
s the modulation

frequency can be increased, because this increases the absolute phase difference between
detectors and, thus, decreases the relative error in the phase. Figure 9 shows σa for the
same parameters as in figure 8 but the frequency was changed from f = 200 MHz to
f = 500 MHz. Figure 9 indicates the expected decrease of the errors. We note that
although we assumed that the errors of the phase are the same for f = 500 MHz and
f = 200 MHz it is in general more difficult to achieve the required phase accuracy at
higher frequencies.

4. Errors caused by using diffusion theory

In this section we consider errors in µa and µ′
s caused by fitting solutions of the diffusion

equation to Monte Carlo simulations which were generated as described in section 2.2. To
be able to compare the errors caused from uncertainties due to the measuring apparatus
with those due to the application of the diffusion equation we first present contour plots
for the same conditions as the plots in section 3. (The modulation frequency is slightly
different because of the sampling interval used in the Monte Carlo simulations.) For
these calculations, equation (10) was applied as the solution of the diffusion equation;
equations (5) and (9) are considered later.

The difference between the optical parameters obtained from nonlinear regression and
the correct values divided by the correct values were calculated. In the following we term
these relative errors in µa and µ′

s, χa and χs respectively.
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Figure 10 shows χa versus ρ and µa for a reduced scattering coefficient of µ′
s = 1 mm−1

and a frequency of 195 MHz. The phase and the modulation at a single distance were used
to estimate µa and µ′

s . This figure corresponds to figure 5 of section 3. The errors shown
in figure 10 are generally smaller than those in figure 5, especially at small distances. We
note that the errors in reduced scattering coefficient (data not shown) are greater than in the
absorption coefficient.

Figure 11. χa versus µa and ρ for µ′
s = 1 mm−1 and f = 195 MHz determined from phase

difference and steady-state reflectance ratio data at two distances using equation (10). The
detectors are located at ρ and ρ/2.

Figure 11 (figure 12) shows the contour lines of χa (χs) for µ′
s = 1 mm−1 and

f = 195 MHz determined from phase and steady-state reflectance data measured at two
distances corresponding to figure 6 (figure 7) in section 3. Whereas the errors in deriving
µ′

s are comparable (figure 12 compared to figure 7), the errors in deriving µa are much
smaller in figure 11 than in figure 6. This means that, for the derivation of the absorption
coefficient, the error caused from the uncertainty in the measurement apparatus is more
important than that caused from the diffusion approximation.

Figure 13 gives χa for the same data as above but µ′
s is changed to 0.5 mm−1. As

expected, the errors increase if the reduced scattering coefficient is decreased. However,
they are smaller than the errors caused from the uncertainties in measuring the phase and
intensities (figure 8).

Figure 14 shows χa at 488 MHz for µ′
s = 0.5 mm−1. The errors are similar to the

errors in figure 13. (In general, the errors in deriving µa and µ′
s caused by the diffusion

approximation show either almost no dependence on the frequency or they increase if the
frequency is increased.) Comparing figure 14 with figure 9 it can be seen that errors
in deriving µa are similar. Thus, the approximations of the diffusion theory and the
uncertainties of the experimental apparatus are equally important in this case.

In order to investigate the performance of equation (5) and equation (9) compared with
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Figure 12. χs versus µa and ρ for µ′
s = 1 mm−1 and f = 195 MHz determined from phase

difference and steady-state reflectance ratio data at two distances using equation (10). The
detectors are located at ρ and ρ/2.

Figure 13. χa versus µa and ρ for µ′
s = 0.5 mm−1 and f = 195 MHz determined from

phase difference and steady-state reflectance ratio data at two distances using equation (10).
The detectors are located at ρ and ρ/2.
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Figure 14. χa versus µa and ρ for µ′
s = 0.5 mm−1 and f = 488 MHz determined from

phase difference and steady-state reflectance ratio data at two distances using equation (10).
The detectors are located at ρ and ρ/2.

equation (10), χa and χs were calculated using these equations to fit Monte Carlo simulations
for the parameter range indicated in the introduction. Figures 15 and 16 show χa using
equations (5) and (9) respectively for µ′

s = 1.0 mm−1 and f = 195 MHz and phase and
steady-state reflectance data measured at two distances. The performance of equation (5)
is worse compared to that of equation (10) (see figure 11), whereas that of equation (9)
is much worse. For equation (9) it is not possible to determine the optical coefficients for
distances less than ≈ 4 mm, because the nonlinear regression does not converge. This
behaviour, that equation (9) is considerably and equation (5) is, in general, slightly worse
than equation (10) has been observed for the whole considered parameter range indicated
in the introduction.

5. Discussion

We investigated the influence of typical experimental uncertainties and inaccuracy in the
diffusion approximation on estimates of the optical properties of tissue based on frequency-
domain reflectance measurements for a semi-infinite medium close to the source. It was
shown that the measurement of the phase and steady-state reflectance at one distance does
not always deliver a unique solution for the reduced scattering coefficient and the absorption
coefficient. Thus, it must be carefully checked if this approach is feasible under the expected
conditions.

Investigating the influence of the experimental uncertainties we found, in general, that
the errors in determining µa and µ′

s are greater for frequency-domain data at two distances
compared with data at one distance if the distance of the farther detector in the case of
the ‘two-detector’ data equals the distance of the single detector in the case of the ‘one-
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Figure 15. χa versus µa and ρ for µ′
s = 1 mm−1 and f = 195 MHz determined from

phase difference and steady-state reflectance ratio data at two distances using equation (5). The
detectors are located at ρ and ρ/2.

detector’ data. It was also shown that the errors are smaller if the phase and the steady-state
reflectance are measured rather than the phase and modulation. Thus, in principle, the
phase and steady-state reflectance data at one distance are least affected by the errors in
the measuring apparatus. However, because the determination of the optical properties is
not always unique in this case, we propose the measurement of the phase and steady-state
reflectance at two distances as the best alternative. Measurements at one distance also
present other difficulties: for example, calibration of the apparatus would require baseline
measurements on a tissue-simulating phantom with accurately known optical properties.
This procedure will result in additional errors that have not been considered in this study.

For the measurements using phase difference and steady-state reflectance ratio between
two distances we found that the reduced scattering coefficient can be determined with errors
smaller than 10% at distances as close as 2 mm for typical optical coefficients in the
near-infrared and f = 200 MHz. The errors in determining the absorption coefficient are
considerably higher. Roughly, the errors in µa exceed 10% for distances smaller than about
5 mm. It was shown that the errors can be reduced if the modulation frequency is increased.

Regarding the errors due to the application of the diffusion equation, it is favourable
to make measurements at two distances, because the errors due to the poor performance of
the diffusion approximation immediately at the source can be avoided. Whereas we found
that the errors for the phase and modulation methods are similar to those for phase and
steady-state reflectance, the errors attributable to different solutions of the diffusion equation
vary considerably. The solution which uses the flux and the fluence terms (equation (10))
performs, in general, better than equation (5) and much better than equation (9).

In general, the errors in determining the absorption coefficient which are due to the
diffusion approximation are smaller than those which result from experimental uncertainties
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Figure 16. χa versus µa and ρ for µ′
s = 1 mm−1 and f = 200 MHz determined from

phase difference and steady-state reflectance ratio data at two distances using equation (9). The
detectors are located at ρ and ρ/2.

if low modulation frequencies (200 MHz) and phase difference and steady-state reflectance
ratio data at two distances are used.

The errors due to the application of the diffusion approximation can be avoided if
Monte Carlo simulations are used as the theoretical description of light propagation in
turbid media. Because the iterative use of Monte Carlo simulations for determination of the
optical properties requires long computation time, we developed an approach which allows
determination of the reduced scattering and absorption coefficients of semi-infinite turbid
media from a single Monte Carlo simulation (Kienle and Patterson 1996). We showed for
time-domain data that this is possible using scaling techniques. This ‘Mono Monte Carlo’
approach can also be used in the frequency domain if the time-domain data are Fourier
transformed at every iteration. We investigated the Mono Monte Carlo technique in the
frequency domain for the parameters used above by using this method to fit the results
of the independent Monte Carlo simulations described in section 2.3. No experimental
errors were added. We found that the errors in determining µ′

s and µa were about 1%
for ρµ′

s ≈ 10, about 2% for ρµ′
s ≈ 5 and about 5% for ρµ′

s ≈ 2.5. These relatively
small errors result from interpolation errors in the scaling procedure due to the finite spatial
resolution of the Monte Carlo simulations and can be reduced using a finer grid of stored
data versus distance.
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Noninvasive determination
of the optical properties of two-layered turbid media

Alwin Kienle, Michael S. Patterson, Nora Dögnitz, Roland Bays, Georges Wagnières,
and Hubert van den Bergh

Light propagation in two-layered turbid media having an infinitely thick second layer is investigated in
the steady-state, frequency, and time domains. A solution of the diffusion approximation to the trans-
port equation is derived by employing the extrapolated boundary condition. We compare the reflectance
calculated from this solution with that computed with Monte Carlo simulations and show good agree-
ment. To investigate if it is possible to determine the optical coefficients of the two layers and the
thickness of the first layer, the solution of the diffusion equation is fitted to reflectance data obtained from
both the diffusion equation and the Monte Carlo simulations. Although it is found that it is, in principle,
possible to derive the optical coefficients of the two layers and the thickness of the first layer, we
concentrate on the determination of the optical coefficients, knowing the thickness of the first layer. In
the frequency domain, for example, it is shown that it is sufficient to make relative measurements of the
phase and the steady-state reflectance at three distances from the illumination point to obtain useful
estimates of the optical coefficients. Measurements of the absolute steady-state spatially resolved
reflectance performed on two-layered solid phantoms confirm the theoretical results. © 1998 Optical
Society of America

OCIS codes: 290.7050, 050.1960, 170.6930.

1. Introduction

In recent years great efforts have been made to de-
termine the optical properties of biological tissue that
can, in turn, be used to obtain knowledge of the phys-
iological state of tissue. In almost all applications,
models have been used that assume that the inves-
tigated tissue is homogeneous, but this assumption is
often not valid. Instead, many parts of the body
such as skin, esophagus, stomach, intestine, bladder,
and head have a layered tissue structure. Thus, it is
increasingly recognized that the results obtained
from homogeneous models must be interpreted care-
fully1,2 and that the theoretical models must be im-
proved.

Using the diffusion approximation to the transport
equation,3 one can readily find solutions for a semi-

infinite and homogeneous turbid medium in the
steady-state, frequency, and time domains.4–6

These equations can be used to obtain the optical
properties by applying nonlinear regression to exper-
imental data. For the semi-infinite geometry it is
even possible to obtain the optical coefficients from
the more exact transport equation using an approach
that is based on scaling data from a single Monte
Carlo simulation.7 Monte Carlo simulations can
also be used to calculate the light propagation in
layered tissue,8 but determination of the optical co-
efficients of two layers with this approach needs a
high amount of computation time if used in an in-
terative algorithm.9,10 Although the solution of the
diffusion equation for two layers is more complex
than that for the semi-infinite medium, it offers much
more rapid calculation than is possible with Monte
Carlo simulations.

Several researchers have investigated the solution
of the diffusion equation for layered turbid media.
Takatani and Graham11 and Schmitt et al.12 derived
analytical formulas for the steady-state reflectance
by use of Green’s functions to solve the diffusion
equation, while Dayan et al.13 applied Fourier and
Laplace transforms to obtain expressions for the
steady-state and the time-resolved reflectance. Keij-
zer et al.14 and Schweiger et al.15 employed a finite
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element method and Cui and Ostrander16 used a fi-
nite difference approach. A random walk model has
been developed by Nossal et al.17 However, these
researchers did not compare their results to solutions
of the transport equation, and the possibility of de-
riving the optical properties of the two layers from
their models has not been studied.

In this article we solve the diffusion equation using
the Fourier transform approach for a two-layered tur-
bid medium having a semi-infinite second layer.
Unlike Dayan et al.,13 who introduced approxima-
tions to obtain relatively simple expressions for the
reflectance, we avoided any approximation by calcu-
lating the reflectance using numerical integration.
Moreover, the zero boundary condition was replaced
by the more accurate extrapolated boundary condi-
tion.

We compare these solutions to Monte Carlo simu-
lations in the steady-state, frequency, and time do-
mains. Furthermore, by fitting the solutions of the
diffusion equation to reflectance data obtained from
the same equations to which typical experimental
errors have been added, we attempt to solve the in-
verse problem and determine the optical properties of
the two layers as well as the thickness of the first
layer. To investigate whether the optical properties
can also be derived if the solution of the diffusion
equation is fitted to data from the more exact Monte
Carlo method, nonlinear regressions were performed
in the steady-state and frequency domains. For ex-
perimental confirmation of these theoretical results
we measured the absolute steady-state spatially re-
solved reflectance on two-layered tissue phantoms.

We chose the values of the optical coefficients of the
two layers and the thickness of the first layer of the
investigated turbid media to resemble those that are
especially relevant for two potential applications of
the layered model: Near-infrared spectroscopy for
measurements of cerebral oxygenation, where the
thickness of the tissues above the brain is ;10 mm,18

and optical noninvasive glucose monitoring, which
has been investigated by measuring the steady-state
spatially resolved reflectance on the abdomen,19

where the thickness of the skin above the fat layer is
approximately 2 mm.

2. Theory

A. Diffusion Equation

We derive the solutions of the diffusion equation for a
two-layer medium for the steady-state reflectance
~Subsection 2.A.1!, for the phase and modulation of
the reflectance in the frequency domain ~Subsection
2.A.2!, and for the time domain reflectance ~Subsec-
tion 2.A.3!. The first layer of the two-layer medium
has a thickness l and the second layer is semi-infinite.

1. Steady-State Reflectance
Similar to Dayan et al.13 we assume that an infinitely
thin beam is incident perpendicular onto the turbid
two-layer medium and that the beam is scattered
isotropically in the upper layer at a depth of z 5 z0 5

1y~ms19 1 ma1!, where msi9 and mai are the reduced
scattering and the absorption coefficients of layer i,
respectively. The origin of the coordinate system is
the point where the beam enters the turbid medium
and the z coordinate has the same direction as the
incident beam. The x and y coordinates lie on the
surface of the turbid sample and r 5 ~x2 1 y2!1y2.
Thus, the steady-state diffusion equation becomes

D1DF1~r! 2 ma1F1~r! 5 2d~x, y, z 2 z0!, 0 # z , l,

(1)

D2DF2~r! 2 ma2F2~r! 5 0, l # z,
(2)

where r 5 ~x, y, z!. Di 5 1y3~mai 1 msi9! and Fi are
the diffusion constant and the fluence rate of layer i,
respectively.

We solve these equations by the following steps.
First the equations are transformed to ordinary dif-
ferential equations with the use of a two-dimensional
Fourier transform

fi~z, s1, s2! 5 *
2`

`

*
2`

`

Fi~x, y, z!exp@i~s1x 1 s2y!#dxdy.

(3)

The derived equations are solved by use of the appro-
priate boundary conditions, and finally the results
are inverse Fourier transformed to obtain the solu-
tion of Eqs. ~1! and ~2!. Using Eq. ~3!, we obtain from
Eqs. ~1! and ~2!

]2

]z2 f1~z, s! 2 a1
2f1~z, s! 5 2

1
D1

d~z 2 z0!, 0 # z , l,

(4)

]2

]z2 f2~z, s! 2 a2
2f2~z, s! 5 0, l # z,

(5)

where ai
2 5 ~Dis

2 1 mai!yDi and s2 5 s1
2 1 s2

2.
The following boundary conditions were employed

to solve Eqs. ~4! and ~5!:

f1~2zb, s! 5 0, (6)

f2~`, s! 5 0, (7)

f1~l, s!

f2~l, s!
5

n1
2

n2
2 5 1, (8)

D1

]f1~z, s!

]z Uz5l 5 D2

]f2~z, s!

]z Uz5l. (9)

Equation ~6! states the extrapolated boundary condi-
tion for the tissue–air boundary.5 Previously we
compared different possible boundary conditions for a
semi-infinite medium and found that Eq. ~6! provides
the best agreement between the diffusion equation
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solution and Monte Carlo simulations.6 The quan-
tity zb equals

zb 5
1 1 Reff

1 2 Reff
2D1. (10)

Reff represents the fraction of photons that is inter-
nally diffusely reflected at the boundary. Reff was
calculated according to Haskell et al.,5 who found that
Reff equals 0.493 for a refractive index n of 1.4, which
is representative of measured tissue data. In Eq. ~8!
we assumed that the refractive index ni is the same
for the first and the second layer. We solved Eqs. ~4!
and ~5! by using Eqs. ~6!–~9! and by considering the
appropriate treatment of the Dirac function in Eq.
~4!. The results for f1~z, s! are

f1~z, s! 5
sinh@a1~zb 1 z0!#

D1a1

3
D1a1 cosh@a1~l 2 z!# 1 D2a2 sinh@a1~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#

2
sinh@a1~z0 2 z!#

D1a1
, 0 # z , z0, (11)

f1~z, s! 5
sinh@a1~zb 1 z0!#

D1a1

3
D1a1 cosh@a1~l 2 z!# 1 D2a2 sinh@a1~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
,

z0 , z , l,
(12)

where we assumed that l . z0, and for f2~z, s! we get

f2~z, s! 5
sinh@a1~zb 1 z0!#exp@a2~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
.

(13)

The two-dimensional Fourier inversion of Eqs. ~11!–
~13! is given by

Fi~r, z! 5
1

~2p!2 *̀
`

*̀
`

fi~z, s!exp@2i~s1x 1 s2y!#ds1ds2

5
1

2p *
0

`

fi~z, s!sJ0~sr!ds, (14)

where J0 is the Bessel function of zeroth order. We
performed this inverse transform numerically by ap-
plying Gauss’s formula.20 To check the obtained re-
sults, the Simpson formula for numerical integration
was also programmed. The spatially resolved reflec-

tance R~r! is calculated as the integral of the radiance
over the backward hemisphere5

R~r! 5 *
2p

dV@1 2 Rfres~u!#

3
1

4p FF1~r, z 5 0! 1 3D1

]F1~r, z 5 0!

]z
cos uG

3 cos u, (15)

where Rfres~u! is the Fresnel reflection coefficient for a
photon with an incident angle u relative to the normal
to the boundary. For a refractive index n 5 1.4, Eq.
~15! gives6

R~r! 5 0.118F1~r, z 5 0! 1 0.306D1

]

]z
F1~r, z!uz50. (16)

In Subsection 4.C a semi-infinite model is also used to
fit the steady-state spatially resolved reflectance
from two-layered media. Equation ~8! from Ref. 6 is
applied, which is identical to Eq. ~16! from this article
for ma1 5 ma2 and ms19 5 ms29.

2. Frequency Domain Reflectance
In the frequency domain method the source is sinu-
soidally modulated at frequency f. Thus the mea-
sured signal at the detector is also sinusoidal but the
oscillation is delayed and the modulation is reduced.
The interesting quantities in the frequency domain
are the phase angle u between the source and the
detected signal and the modulation M:

u 5 tan21 Im@R~r, v!#

Re@R~r, v!#
, (17)

M 5 HIm@R~r, v!#2 1 Re@R~r, v!#2

Re@R~r, v 5 0!#2 J1y2

, (18)

where v 5 2pf.
The real and imaginary parts of the reflectance

R~r, v! can be obtained by using the formula for R~r!
in Subsection 2.A.1, but ai has now to be computed
with ai

2 5 ~Dis
2 1 mai 1 jvyc!yDi. The velocity of

light in the medium is c and j 5 ~21!1y2.
In this article the investigated quantities for mea-

surements in the frequency domain are the phase
and steady-state reflectance because the use of these
quantities is often superior to the use of the phase
and modulation for the determination of the optical
coefficients.21,22 In Subsection 4.C we also use a
semi-infinite model to fit the phase and the steady-
state reflectance from two-layered media. Equa-
tions ~1! and ~3! from Ref. 22 are applied, which are
identical to Eqs. ~15! and ~16! of this article for ma1 5
ma2 and ms19 5 ms29.

3. Time Domain Reflectance
The time domain reflectance R~r, t! can be derived by
the Fourier and Laplace transforming Eq. ~11!.13 A
different approach has been used here. The real and

1 February 1998 y Vol. 37, No. 4 y APPLIED OPTICS 781

¿1ì



imaginary parts of the reflectance in the frequency
domain R~r, v!, ~see Subsection 2.A.2! were calcu-
lated at many frequencies. To obtain the time do-
main reflectance these data were fast Fourier
transformed. We checked these results by compar-
ing R~r, t! for a semi-infinite turbid medium using
ms19 5 ms29 and ma1 5 ma2 in Eqs. ~11! and ~12! with
the time domain reflectance obtained from the diffu-
sion equation for a semi-infinite medium @Eq. ~8! in
Ref. 6#.

B. Monte Carlo Simulations

The solutions of the diffusion equation are compared
~Subsection 4.A! and fitted ~Subsection 4.C! to Monte
Carlo simulations. The principles of Monte Carlo
simulation of photon transport in turbid media have
been described elsewhere,23,24 so that we mention
only the salient features of our Monte Carlo program.
A pencil photon beam was normally incident onto the
two-layered turbid medium. For calculation of the
scattering angle we used the Henyey-Greenstein25

phase function. The refractive index was equal to
1.4 for both layers. The Monte Carlo simulations
were performed in the time domain. The steady-
state reflectance and the phase were calculated from
the time domain reflectance using the fast Fourier
transform. For the Monte Carlo simulations in the
time domain a spatial resolution of 0.5 or 1.0 mm and
a temporal resolution of 2.5 ps for t , 100 ps and of
10 ps for 100 ps , t , 4000 ps were chosen for scoring
the reflectance. This ensures that all essential in-
formation about R~r, t! is obtained from the simula-
tions, and errors are avoided when the steady-state
and frequency domain reflectance are calculated.
The anisotropy factor g was chosen to be 0.8, because
the variation in g between 0.8 and 1 does not change
the reflectance significantly as long as ms9 is con-
stant.7 For investigations of the turbid media with
thicknesses of the first layer of 6 and 10 mm, R~r, t!
was calculated for different absorption coefficients in
the second layer from only one simulation by scoring
the lengths of the photon paths in the second layer
and applying Beer’s law.26,7

For the nonlinear regression a combination of the
gradient search method and the method of lineariz-
ing the fitting function was used.27 The logarithm of
the absolute reflectance was fitted in the nonlinear
regressions for both the investigations in the time
domain and in the steady-state domain. For the in-
vestigations in the frequency domain, relative phase
values ~the phase difference determined at adjacent
distances! and relative steady-state reflectance ~the
ratio determined at adjacent distances! were used.
Equal weights for all data points were applied in the
fitting procedure.

3. Materials and Methods

Absolute steady-state spatially resolved reflectance
measurements were performed in a similar way to
those described in detail previously.28 Briefly, light
from a He–Ne laser at l 5 543 nm or at l 5 612 nm
was incident approximately perpendicular onto the

tissue phantoms. The diffusely reflected photons
were imaged onto a CCD camera and the intensity
values were recorded. From these, the spatially re-
solved reflectance was calculated. To make absolute
measurements it is necessary to calibrate the detec-
tor response. This was done by measuring the re-
flectance profile for a homogeneous Liposyn phantom
with known optical properties. By measuring the
source power and calculating the theoretical reflec-
tance, we determined the detector response.

The measurements of the spatially resolved reflec-
tance were made on two-layered tissue phantoms.
The principles of the manufacturing process are de-
scribed in Ref. 29. The basic medium is a two-
component transparent silicone that cures at room
temperature. The refractive index of the silicone is
close to 1.4.29 Before the base and the catalyst were
mixed, the scattering and absorbing particles were
added. We used polystyrene spheres with a 2.5-mm
diameter dispersed in ethanol as scattering material
and graphite powder ~also dispersed in ethanol! as
absorbing material. These components were mixed
in the silicone and heated at ;100 °C for several
hours to remove the ethanol. If the ethanol is in-
completely removed, bubbles can be formed during
the curing process.

Two two-layered phantoms were manufactured,
one consisting of a 2-mm-thick and the other of a
6-mm-thick first layer. Two silicon mixtures were
made, each with different optical properties. One of
these was used for the first layer of phantom 1 and for
the second layer of phantom 2. The other mixture
was used for the first layer of phantom 2 and the
second layer of phantom 1 ~see Fig. 1!. Therefore, it
was possible to determine the optical properties of the
layers separately by measuring the absolute spatially
resolved reflectance at the sides of the second layers
of the phantoms. In these measurements the first
layer does not influence the light propagation, and
thus the solution of the diffusion equation for a semi-
infinite medium can be applied. The lateral dimen-
sions of the smaller of the two phantoms were 9 cm 3
9 cm and the height was 6 cm. This is large enough
to eliminate any influence of the lateral boundaries.

4. Results

In this section we first present results comparing the
solutions of the diffusion equation derived in Subsec-
tion 2.A to Monte Carlo simulations in the steady-
state, frequency, and time domains ~Subsection 4.A!.
This is followed by two subsections in which the pos-
sibility of extracting information about the two-layer

Fig. 1. Scheme of the manufactured phantoms.
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medium predominantly by measurements in the
steady-state and frequency domains is studied. The
optical coefficients of the two-layered medium were
determined by fitting the diffusion solutions to reflec-
tance data calculated with the diffusion equation
~Subsection 4.B! or with the Monte Carlo method
~Subsection 4.C!. Finally, we present the results ob-
tained from the measurements of the absolute
steady-state spatially resolved reflectance from two-
layered phantoms ~Subsection 4.D!.

A. Comparison with Monte Carlo Simulations

In our comparison of the solutions of the diffusion
equation to Monte Carlo simulations, the reflectance
is compared for media having optical coefficients that
are used in Subsection 4.C. Figure 2 shows the
steady-state reflectance R~r! for ma1 5 0.02 mm21, ms19
5 1.3 mm21, ma2 5 0.01 mm21, and ms29 5 1.2 mm21

or ms29 5 0.7 mm21. The thickness of the first layer
is l 5 2 mm. In general, R~r! calculated with the
diffusion equation is close to the Monte Carlo data
~the differences are smaller than 7% for distances
greater than 1.25 mm!. This is not the case for dis-
tances close to the source, where it is known that the
diffusion approximation is not valid. The different
behavior of the reflectance for the media with differ-
ent ms29 can be explained as follows. For small dis-
tances ~r , 2 mm! the influence of the second layer is
minimal and therefore the reflectance is similar.
For long distances ~r . 8 mm! the reflectance from
the turbid medium with ms29 5 0.7 mm21 is greater
than from that with ms29 5 1.2 mm21, because the
smaller reduced scattering coefficient of the second
layer allows the light to travel further away from the
incident beam. For intermediate distances the
greater reflectance for the medium with ms29 5 1.2
mm21 is caused by the enhanced remitted photons
from the second layer due to the higher reduced scat-
tering coefficient of the second layer.

In Figs. 3 and 4 the steady-state spatially resolved
reflectance for two-layered media with thicknesses of
the first layer of 6 and 10 mm, respectively, are
shown. The optical parameters are ms19 5 1.3
mm21, ma1 5 0.005 mm21, ms29 5 1.0 mm21, and ma2
5 0.01 mm21 or ma2 5 0.022 mm21. For these pa-
rameters the solutions of the diffusion equation are
also close to the Monte Carlo simulations. For small
distances the curves for different ma2 are similar,
because the reflectance is not influenced by the opti-
cal properties of the second layer. Because of the
greater absorption coefficient of the second layer of
the medium with ma2 5 0.022 mm21 the reflectance is
smaller at large distances values compared with the
turbid medium with ma2 5 0.01 mm21. The distance
from the source where the reflectance of the medium
with the greater ma2 has a noticeablely smaller re-

Fig. 2. Comparison of the steady-state spatially resolved reflec-
tance calculated with Eq. ~16! ~lines! to Monte Carlo simulations
~symbols!. The optical parameters of the two-layered turbid me-
dia are ma1 5 0.02 mm21, ms19 5 1.3 mm21, ma2 5 0.01 mm21, and
ms29 5 1.2 mm21 ~solid curve, crosses! or ms29 5 0.7 mm21 ~dashed
curve, circles!. The thickness of the first layer is l 5 2 mm and
n 5 1.4.

Fig. 3. Comparison of the steady-state spatially resolved reflec-
tance calculated with Eq. ~16! ~lines! to Monte Carlo simulations
~symbols!. The optical parameters of the two-layered turbid me-
dia are ms19 5 1.3 mm21, ma1 5 0.005 mm21, ms29 5 1.0 mm21, and
ma2 5 0.01 mm21 ~solid curve, circles! or ma2 5 0.022 mm21

~dashed curve, crosses!. The thickness of the first layer is l 5 6
mm and n 5 1.4.

Fig. 4. Comparison of the steady-state spatially resolved reflec-
tance calculated with Eq. ~16! ~curves! to Monte Carlo simulations
~symbols!. The optical parameters of the two-layered turbid me-
dia are ms19 5 1.3 mm21, ma1 5 0.005 mm21, ms29 5 1.0 mm21, and
ma2 5 0.01 mm21 ~solid curve, circles! or ma2 5 0.022 mm21

~dashed curve, crosses!. The thickness of the first layer is l 5 10
mm and n 5 1.4.

1 February 1998 y Vol. 37, No. 4 y APPLIED OPTICS 783

ÈG�



flectance than the medium with the smaller ma2 is
greater when the top layer is thicker ~compare Fig. 3
with Fig. 4!. These figures show also that the dif-
ference between the reflectance for media of different
ma2 is greater for l 5 6 mm than for l 5 10 mm.
Consequently, one has to measure at greater dis-
tances to obtain the optical coefficients from media
having a thicker first layer.

For the determination of the optical coefficients in
the frequency domain ~Subsections 4.B and 4.C! the
measurement of the steady-state reflectance and the
phase is assumed. Figure 5 compares the phase cal-
culated with Eq. ~17! with that obtained from Monte
Carlo simulations. The optical coefficients and the
thickness of the first layer are those that have been
used in Fig. 2. The modulation frequency is f 5 195
MHz. The phase values from the turbid medium
with the greater reduced scattering coefficient in the
second layer are greater than those from the other
medium. The phase obtained from the diffusion
equation has a systematically lower value than the
Monte Carlo data. Similar differences can also be
observed with the solutions of the diffusion equation
for the semi-infinite geometry. In Subsections 4.B
and 4.C we use the phase difference determined at
different distances to determine the optical coeffi-
cients. In this way a considerable part of these dif-
ferences is canceled out.

To compare the time-resolved reflectance from
these two-layered media the solution of the diffusion
equation was obtained by calculating the real part
and the imaginary part of R~r, v! at 512 different
frequencies ~97.7 MHz, 195 MHz, . . . , 50 GHz! and
by fast Fourier transforming these data. The reflec-
tance at r 5 9.75 mm can be seen in Fig. 6. The
results calculated with the diffusion theory are
within the statistical errors of the Monte Carlo data
for times longer than t 5 0.2 ns. The differences at
shorter times are caused by the failure of the diffu-

sion approximation for photons that have been min-
imally scattered. The time-resolved reflectance for
the medium with ms29 5 0.7 mm21 calculated with
the solution proposed by Dayan et al. is also shown in
the figure @long dashed curve, Eqs. ~12! and ~25! in
Ref. 13#. It can be seen that this solution does not
match the Monte Carlo data owing to the approxima-
tions made in its derivation.

B. Determination of the Optical Coefficients from
Nonlinear Regressions to Solutions of the Diffusion
Equation

To investigate what information can be obtained from
measurements of the reflectance from a two-layered
medium in the steady-state, frequency, and time do-
mains if no approximations in the theoretical descrip-
tion are made, we used the solutions presented in
Subsection 2.A for nonlinear regressions to data that
were calculated with the same equations and to
which typical experimental errors were added. Er-
rors of 1% and 0.1° were assumed for the measure-
ment of the steady-state reflectance and the phase.
We found that for measurements of the absolute
steady-state spatially resolved reflectance it is possi-
ble to determine ms9 and ma for both layers if the
thickness of the first layer is known and the distance
range of the measurements of R~r! is suitable. This
confirms the results that we obtained in a previous
study10 where Monte Carlo simulations were used or
the solution of the diffusion equation described by
Schmitt et al.12 For a first layer thickness of 2 mm,
measurement errors in R~r! in the range of 1% result
in errors of typically 10–20% in ma1, ms29, ma2,
whereas ms19 can be determined with an accuracy of
better than 5%. Uncertainties in l of the order of
10% give similar errors in the determination of the

Fig. 5. Comparison of the phase versus distance calculated with
Eq. ~17! ~curves! to Monte Carlo simulations ~symbols!. The op-
tical parameters of the two-layered turbid media are n 5 1.4, ma1

5 0.02 mm21, ms19 5 1.3 mm21, ma2 5 0.01 mm21, and ms29 5 1.2
mm21 ~solid curve, crosses! or ms29 5 0.7 mm21 ~dashed curve,
circles!. The thickness of the first layer is l 5 2 mm and the
modulation frequency is f 5 195 MHz.

Fig. 6. Comparison of the time-resolved reflectance calculated
with the diffusion theory ~curves! to Monte Carlo simulations
~symbols!. The optical parameters of the two-layered turbid me-
dia are n 5 1.4, ma1 5 0.02 mm21, ms19 5 1.3 mm21, ma2 5 0.01
mm21, and ms29 5 1.2 mm21 ~solid curve, crosses! or ms29 5 0.7
mm21 ~dashed curve, circles!. The thickness of the first layer is
l 5 2 mm, and the distance is r 5 9.75 mm. The time-resolved
reflectance calculated with the solution proposed by Dayan et al. is
also shown for the medium with ms29 5 0.7 mm21 ~long dashed
curve!.
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optical coefficients. If the thickness of the first layer
is not known, i.e., if five parameters are fitted, it is
possible to get reasonable values of the optical coef-
ficients and l when the starting parameters of the
nonlinear regression are not too far from the real
ones. We note that these quantitive data depend on
the number of points at which R~r! is measured.
~Here, typically, reflectance data at approximately 20
or 40 distances located between r 5 1 mm and r 5 20
mm were used.!

In the frequency domain it is also, in principle,
possible to determine ms9 and ma of the two layers and
the thickness of the first layer. However this is true
only if the start parameters of the nonlinear regres-
sions are not too far from the real ones. In addition,
it was found that the convergence of the nonlinear
regression was often slow. We also investigated the
determination of ms9 and ma when the thickness of the
first layer was known. We found that it is sufficient
to measure the phase and steady-state reflectance at
three distances to obtain the correct optical coeffi-
cients. Here it was assumed that the phase differ-
ence and the steady-state reflectance ratio are
determined between the first and the second and be-
tween the second and the third distances. We added
typical errors for the measurements of the phase and
the intensity and found that the obtained optical co-
efficients are quite stable. This was also the case
when the thickness of the first layer was known only
within an error of 10%. For example, for l 5 6 mm
and measurement positions at 7.5, 13.5, and 19.5 mm
and with optical coefficients similar to those in Sub-
section 4.A, the errors in the derived absorption and

reduced scattering coefficients were ;10% or less as-
suming measurement errors of 0.1° in the phase and
1% in the steady-state reflectance. Similar errors
were obtained when assumptions of l 5 5.4 mm or l 5
6.6 mm were used in the nonlinear regression to re-
flectance data generated for a medium with l 5 6 mm.

In the time domain it was found that it is possible
to determine ms9 and ma for both layers from absolute
time-resolved reflectance measured at one distance if
the thickness of the first layer is known.

C. Determination of the Optical Coefficients from
Nonlinear Regressions to Monte Carlo Simulations

To determine the optical properties with the use of
nonlinear regressions to Monte Carlo data, we con-
centrate here on the steady-state domain and fre-
quency domain reflectance, because the time domain
calculations are relatively time-consuming. We de-
scribed above the possibility of obtaining not only the
optical parameters of the two layers but also the
thickness of the first layer if the theoretical model
contains no approximations ~a solution of the diffu-
sion equation was fitted to data from this solution
plus noise!. However, if the solution of the diffusion
equation is used to fit Monte Carlo data or experi-
ments, a systematic error is introduced. In this case
it is difficult to obtain good estimates of all five pa-
rameters. Thus, in the following it is assumed that
the thickness of the first layer is known.

1. Steady-State Domain
We first present the optical coefficients obtained by
fitting the solution of the diffusion equation to Monte

Fig. 7. Estimated absorption coefficients of the first ~ma1*, cross-
es! and second layer ~ma2*, open circles! determined by nonlinear
regressions of Eq. ~16! to Monte Carlo data are shown versus the
true absorption coefficient of the second layer used in the Monte
Carlo simulations ~ma2!. The optical parameters of the Monte
Carlo simulations are ms19 5 1.3 mm21, ma1 5 0.02 mm21, ms29 5
1.0 mm21, and ma2 is varied between ma2 5 0.0025 mm21 and ma2

5 0.02 mm21. The thickness of the first layer is l 5 2 mm. The
lines indicate the correct values. Also shown are the absorption
coefficients ~ma*! obtained from nonlinear regressions to the two-
layer Monte Carlo data using a diffusion solution that assumes a
semi-infinite medium ~solid circles!. Reflectance data at dis-
tances r 5 1.25, 1.75, . . . , 17.75 mm were used in the nonlinear
regression.

Fig. 8. Estimated reduced scattering coefficients of the first
~ms19*, crosses! and second layer ~ms29*, open circles! determined by
nonlinear regressions of Eq. ~16! to Monte Carlo data are shown
versus the absorption coefficient of the second layer used in the
Monte Carlo simulations ~ma2!. The optical parameters of the
Monte Carlo simulations are ms19 5 1.3 mm21, ma1 5 0.02 mm21,
ms29 5 1.0 mm21, and ma2 is varied between ma2 5 0.0025 mm21

and ma2 5 0.02 mm21. The thickness of the first layer is l 5 2 mm.
The lines indicate the correct values. Also shown are the reduced
scattering coefficients ~ms9*! obtained from nonlinear regressions to
the two-layer Monte Carlo data using a diffusion solution that
assumes a semi-infinite medium ~solid circles!. Reflectance data
at distances r 5 1.25, 1.75, . . . , 17.75 mm were used in the non-
linear regression.
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Carlo data for a two-layered medium consisting of a
2-mm-thick first layer. The optical coefficients used
in the Monte Carlo simulations are ms19 5 1.3 mm21,
ma1 5 0.02 mm21, ms29 5 1.0 mm21, and ma2 is varied
between ma2 5 0.0025 mm21 and ma2 5 0.02 mm21.
Figures 7 and 8 show the absorption and reduced
scattering coefficients, respectively, which were ob-
tained from the nonlinear regressions. These
graphs show that it is possible to obtain the four
optical coefficients from absolute spatially resolved
reflectance measurements by using the solution of
the diffusion equation in the nonlinear regression.
The reduced scattering coefficient of the first layer
can be determined quite accurately, while ma1, ms29,
and ma2 show differences of typically 10–30% com-
pared with the correct values. These deviations are
caused by both the statistical uncertainty in the
Monte Carlo results and the systematic errors intro-
duced by the diffusion approximation. To demon-
strate the former, ma2* and ms29* obtained from
nonlinear regression to three independent Monte
Carlo simulations calculated with ma2 5 0.01 mm21

are shown in Figs. 7 and 8. About five million pho-
tons were used in the simulations resulting in an
error in R~r! of ;2% at distances greater than r 5 15
mm. This results in an uncertainty in the determi-
nation of ma2 and ms29 of ;10–20%. In contrast, the
reduced scattering and absorption coefficients deter-
mined from the nonlinear regression using a solution
of the diffusion equation for a semi-infinite medium
show a change smaller than 1% when different Monte
Carlo simulations are fitted. However, the derived
optical coefficients give little information about the

true optical coefficients. As we reported in an ear-
lier study, in some cases the estimate is not even
between the true values for the top and bottom lay-
ers.10

Figure 9 shows the reduced scattering coefficients
derived from nonlinear regressions to Monte Carlo
reflectance data from a two-layered medium having
the same optical parameters in the first layer as the
case discussed above. However, ma2 5 0.01 mm21

was now held constant and ms29 was varied between
ms29 5 0.7 mm21 and ms29 5 1.2 mm21. The thick-
ness of the first layer was 2 mm. The reduced scat-
tering coefficient of the first layer can be determined
with errors less than 5%, whereas the estimates of
ms29 are ;0.15 mm21 too low. The figure indicates
that the errors arising from the diffusion approxima-
tion are greater than those produced from the statis-
tical uncertainty of the Monte Carlo results. The
errors in determining ma1 and ma2 are smaller than
10% and 30%, respectively ~data not shown!.

Investigations of the turbid media with thicknesses
of the first layer of 6 and 10 mm showed that the
errors in deriving the optical coefficients by use of
absolute steady-state spatially resolved reflectance
were greater than for l 5 2 mm. We found for media
with l 5 6 mm, ms19 5 1.3 mm21, ma1 5 0.005 mm21,
ms29 5 1.0 mm21, and ma2 between ma2 5 0.01 mm21

and ma2 5 0.026 mm21, that ms19 can be derived
within an error of 3% and that the errors in the other
coefficients are approximately 50% when reflectance
values for distances up to r 5 30 mm are used. For
media with the same optical coefficients and l 5 10

Fig. 9. Estimated reduced scattering coefficients of the first
~ms19*, crosses! and second layer ~ms29*, open circles! determined by
nonlinear regressions of Eq. ~16! to Monte Carlo data are shown
versus the reduced scattering coefficient of the second layer used in
the Monte Carlo simulations ~ms29!. The optical parameters of the
Monte Carlo simulations are ma1 5 0.02 mm21, ms19 5 1.3 mm21,
ma2 5 0.01 mm21, and ms29 is varied between ms29 5 0.7 mm21 and
ms29 5 1.2 mm21. The thickness of the first layer is l 5 2 mm.
The lines indicate the correct values. Also shown are the reduced
scattering coefficients ~ms9*! obtained from nonlinear regressions to
the two-layer Monte Carlo data using a diffusion solution that
assumes a semi-infinite medium ~solid circles!. Reflectance data
at distances r 5 1.25, 1.75, . . . , 19.75 mm were used in the non-
linear regression.

Fig. 10. Estimated reduced scattering coefficients of the first
~ms19*, crosses! and second layer ~ms29*, open circles! determined by
nonlinear regressions of Eqs. ~16! and ~17! to Monte Carlo data are
shown versus the reduced scattering coefficient of the second layer
used in the Monte Carlo simulations ~ms29!. The optical parame-
ters of the Monte Carlo simulations are ma1 5 0.02 mm21, ms19 5
1.3 mm21, ma2 5 0.01 mm21, and ms29 is varied between ms29 5 0.7
mm21 and ms29 5 1.2 mm21. The thickness of the first layer is l 5
2 mm. The lines indicate the correct values. The frequency do-
main reflectance at distances r 5 3.75, 6.75, 9.75 mm were used in
the nonlinear regression and the modulation frequency is f 5 195
MHz. Also shown are the reduced scattering coefficients ~ms*!
obtained from nonlinear regressions to the two-layer Monte Carlo
data using a diffusion solution that assumes a semi-infinite me-
dium ~solid circles!.

786 APPLIED OPTICS y Vol. 37, No. 4 y 1 February 1998

ÈS¶



mm the errors in the optical coefficients of the second
layer are even greater.

2. Frequency Domain
Figure 10 shows the reduced scattering coefficient
estimated from frequency domain data for the same
Monte Carlo simulations that have been used in Fig.
9. The phase difference and the steady-state reflec-
tance ratio between r 5 3.75 mm and r 5 6.75 mm
and between r 5 6.75 mm and r 5 9.75 mm are used
in the nonlinear regression. The modulation fre-
quency is f 5 195 MHz, as in all results for this
subsection. Also shown is the reduced scattering co-
efficient derived by employing a solution for the semi-
infinite medium. In this case the phase difference
and the steady-state reflectance ratio between r 5
3.75 mm and r 5 9.75 mm are used in the nonlinear
regression.

Whereas ms19 can be determined less accurately
than in the steady-state domain, better estimates of
ms29 are obtained. The errors in determining ma2 are
typically smaller than 10% and ma1 can be deter-
mined with an error of typically 30–40% ~data not
shown!. The reduced scattering coefficient deter-
mined from the semi-infinite model is usually be-
tween ms19 and ms29.

Figures 11 and 12 show ma2 derived from nonlinear
regressions to Monte Carlo reflectance data from two-
layered turbid media with first layer thicknesses of 6
and 10 mm, respectively. The optical parameters of
the Monte Carlo simulations are ms19 5 1.3 mm21,

ma1 5 0.005 mm21, ms29 5 1.0 mm21, and ma2 is
varied between ma2 5 0.01 mm21 and ma2 5 0.026
mm21 ~ma2 5 0.022 mm21 in Fig. 12!. The data from
two independent Monte Carlo simulations are shown
in Fig. 11. The reflectance for the media with dif-
ferent ma2 values were calculated from one Monte
Carlo simulation as explained in Subsection 2.B.
Frequency domain reflectance data at r 5 7.5, 13.5,
and 19.5 mm were used in the analysis. The absorp-
tion coefficients derived from a semi-infinite model
are also shown. In this case the phase difference
and the reflectance ratio between r 5 7.5 mm and r 5
19.5 mm ~r 5 29.5 mm in Fig. 12! are used in the
nonlinear regression.

It can be seen from Fig. 11 that the absorption
coefficient of the second layer can be derived quite
accurately. The errors increase with an increasing
absorption coefficient, probably because fewer de-
tected photons have passed through the second layer.
The results for the two different Monte Carlo simu-
lations show that the errors at large ma2 values are
due to the statistical uncertainty in the Monte Carlo
results. For these simulations approximately 10
million photons were used, which resulted in uncer-
tainties in the phase of ;0.1° and in the steady-state
reflectance of ;1% at r 5 19.75 mm. The errors in
the derived ms19, ms29, and ma1 are smaller than 1%,
10%, and 15%, respectively, ~figure not shown!.

In Fig. 12 the results of one independent Monte
Carlo simulation are shown. The absorption coeffi-
cients of the second layer can be derived within an
error of 20%. The errors in ms19, ms29, and ma1 are
smaller than 1%, 20%, and 20%, respectively, ~figure

Fig. 11. Estimated absorption coefficients of the second layer
~ma2*, open circles, pluses! determined by nonlinear regressions of
Eqs. ~16! and ~17! to Monte Carlo data are shown versus the
absorption coefficient of the second layer used in the Monte Carlo
simulations ~ma2!. The optical parameters of the Monte Carlo
simulations are ms19 5 1.3 mm21, ma1 5 0.005 mm21, ms29 5 1.0
mm21, and ma2 is varied between ma2 5 0.01 mm21 and ma2 5
0.025 mm21. The thickness of the first layer is l 5 6 mm. The
line indicates the correct values. Also shown is the absorption
coefficient ~ma*, crosses, boxes! obtained from nonlinear regres-
sions to the two-layer Monte Carlo data when a diffusion solution
that assumes a semi-infinite medium is used. The frequency do-
main reflectance at distances r 5 7.5, 13.5, 19.5 mm were used in
the nonlinear regression and the modulation frequency is f 5 195
MHz. Two independent Monte Carlo simulations were per-
formed.

Fig. 12. Estimated absorption coefficients of the second layer
~ma2*, solid circles! determined by nonlinear regressions of Eqs.
~16! and ~17! to Monte Carlo data are shown versus the absorption
coefficient of the second layer used in the Monte Carlo simulations
~ma2!. The optical parameters of the Monte Carlo simulations are
ms19 5 1.3 mm21, ma1 5 0.005 mm21, ms29 5 1.0 mm21, and ma2 is
varied between ma2 5 0.01 mm21 and ma2 5 0.022 mm21. The
thickness of the first layer is l 5 10 mm. The line indicates the
correct values. Also shown is the absorption coefficient ~ma*, open
circles! obtained from nonlinear regressions to the two-layer Monte
Carlo data when a diffusion solution that assumes a semi-infinite
medium is used. The frequency domain reflectance at distances r
5 7.5, 18.5, 29.5 mm were used in the nonlinear regression and the
modulation frequency is f 5 195 MHz.
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not shown!. Although 50 million photons were used
for these Monte Carlo simulations, the uncertainties
are quite large at distances of approximately 25–30
mm. Therefore, the errors in the derived optical
properties are probably mainly due to the uncertain-
ties in the Monte Carlo results. Figures 11 and 12
also show that the relative increase in the absorption
coefficient estimated with the semi-infinite model is
much smaller than the true increase in ma2.

D. Determination of the Optical Coefficients from
Measurements on Phantoms

As described in Section 3, the optical properties of the
two-layer phantoms were determined from measure-
ments of the absolute spatially resolved reflectance
on the side of the second layer of these phantoms far
away from the first layer so that a semi-infinite me-
dium could be assumed. For the second layer of
phantom 2 ~same material as the first layer of phan-
tom 1! we obtained at l 5 543 nm ~l 5 612 nm! ms9 5
0.52 mm21, ma 5 0.024 mm21 ~ms9 5 0.50 mm21, ma
5 0.025 mm21!; and for the second layer of phantom
1 ~same material as the first layer of phantom 2! ms9
5 1.05 mm21 and ma 5 0.009 mm21 ~ms9 5 1.05
mm21, ma 5 0.008 mm21! ~see Table 1!. The mea-
surement of phantom 2 at l 5 543 nm is shown in
Fig. 13 ~lower dashed curve! and that for phantom 1
in Fig. 14 ~upper dashed curve!. Also shown are the
theoretical curves obtained from the nonlinear re-

gression ~corresponding solid curves!. Figures 13
and 14 show also the measurements of the spatially
resolved reflectance on the top surface of the two-
layer medium for phantom 1 ~upper dashed curve of
Fig. 13! and phantom 2 ~lower dashed curve of Fig.
14! and the corresponding theoretical curves ~solid
curves!. The theoretical curves were calculated us-
ing the solutions of the two-layer diffusion equation of
Section 2 and the optical coefficients derived from the
semi-infinite measurements. This means no param-
eter has been fitted in this case. It can be seen in the
figures that the measurements agree qualitatively
with the theoretical predictions. However, the mea-
sured reflectance of the two-layered phantoms is in
both cases lower than the theoretical prediction.
Similar results have been obtained for the measure-
ments at l 5 612 nm ~data not shown!. We also
performed Monte Carlo simulations for the two-
layered phantoms by using as input optical proper-
ties determined from the measurements in semi-
infinite geometry. It was found that the results of
the simulations were a bit closer to the experimental
data, especially at distances of ;2 mm, but the mea-
sured reflectance was still smaller than the theoret-
ical reflectance.

The effect of the second layer on the spatially re-
solved reflectance is evident in Figs. 13 and 14. In
the case of phantom 1 the second layer causes an
increase of the reflectance for all distances compared

Fig. 13. Measurements of the spatially resolved absolute reflec-
tance at the top of phantom 1 ~two-layered, upper dashed curve!
and at the side of phantom 2 ~semi-infinite, lower dashed curve!.
Also shown are the nonlinear regression to the semi-infinite mea-
surement ~lower solid curve! and the theoretical curve of the two-
layer measurement calculated from the known optical coefficients
~upper solid curve!. A He–Ne laser at l 5 543 nm was used as a
light source.

Fig. 14. Measurements of the spatially resolved absolute reflec-
tance at the top of phantom 2 ~two-layered, lower dashed curve!
and at the side of phantom 1 ~semi-infinite, upper dashed curve!.
Also shown are the nonlinear regression to the semi-infinite mea-
surement ~lower solid curve! and the theoretical curve of the two-
layer measurement calculated from the known optical coefficients
~upper solid curve!. A He–Ne laser at l 5 543 nm was used as a
light source.

Table 1. Optical Coefficients of the Two-Layered Medium ~Phantom 1! Having a First Layer Thickness of l 5 2 mm Derived from Measurements on
the Side of Phantom 1 and 2 ~Semi-Infinite Media! and on the Top ~Two-Layered Media! at 543 and 612 nm

Phantom 1 l @nm# ms19 @mm21# ma1 @mm21# ms29 @mm21# ma2 @mm21#

Semi-infinite 543 0.52 0.024 1.05 0.009
Two-layer 543 0.43 0.035 0.80 0.007
Semi-infinite 612 0.50 0.025 1.05 0.008
Two-layer 612 0.47 0.025 0.85 0.015
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with the semi-infinite case; this is because the second
layer has a greater reduced scattering coefficient and
a smaller absorption coefficient so that more photons
are remitted back to the first layer. In contrast, the
spatially resolved reflectance of the second phantom
decreases compared with the semi-infinite case, be-
cause of the greater absorption of the second layer.
The decrease is greater at long distances, whereas
almost no difference can be seen at small distances.
Because the first layer of phantom 2 is relatively
thick ~l 5 6 mm!, only a small number of the photons
remitted at small distances have propagated through
the second layer.

Equation 16 was used to fit the spatially resolved
absolute reflectance measurements from phantom 1,
and the results are summarized in Table 1. The
errors in the reduced scattering coefficients range
from 6% to 24% whereas those of the absorption co-
efficients are between 0% and 88%. Because of the
experimental errors the results are worse than those
obtained in Subsection 4.C. The nonlinear regres-
sion to the measurements of phantom 2 did not result
in reasonable optical coefficients, because, as ex-
plained in Subsection 4.C.1, the greater thickness of
the first layer results in greater errors in the derived
optical coefficients. This is especially true for these
experiments because the reflectance could be accu-
rately measured only at distances to 14 mm.

Both measurements on the side ~semi-infinite case!
of the phantoms show values of R~r! at small dis-
tances ~r # 1 mm! that are much greater than the
theoretical ones. This is caused by specular reflec-
tion, because the surfaces are not very flat at the
sides of the phantoms. This effect is removed when
measuring at the top of the phantoms ~see Figs. 13
and 14!, which are much smoother.

5. Conclusions

The solutions of the diffusion equation for a two-
layered turbid medium presented in this article have
been derived with the Fourier transform approach
proposed by Dayan et al.13 However, we did not in-
troduce any approximation, and, furthermore, we
solved the equations employing the extrapolated
boundary condition. It has been shown for a semi-
infinite medium in the steady-state, frequency, and
time domains that this boundary condition results in
expressions of the reflectance that are closer to Monte
Carlo simulations than those based on the zero
boundary condition used by Dayan et al.6 The com-
parisons of the reflectance in the steady-state, fre-
quency, and time domains showed that the derived
solutions are close to the results obtained from two-
layer Monte Carlo simulations and much better than
those derived from Dayan et al. Thus, for many ap-
plications the reflectance ~and probably the fluence
rate in the tissue! calculated with these equations are
exact enough to replace the time-consuming Monte
Carlo simulations. Nonlinear regressions of these
solutions of the diffusion equation to reflectance data
obtained from the same solutions to which typical
experimental noise were added showed in the steady-

state and frequency domains that the absorption and
the reduced scattering coefficients of the two layers
and the thickness of the first layer can, in principle,
be obtained. However, additional systematic errors,
caused by the diffusion approximation ~when com-
pared with experiments or Monte Carlo simulations!
or by the experimental apparatus, will deteriorate
the results.

Although the solutions of the diffusion equation for
the reflectance from a two-layered medium are quite
close to the results of the transport theory, the errors
in determining the optical properties caused by this
approximation are greater than in the semi-infinite
case. Therefore, it would be advantageous to have a
solution of the transport equation for a two-layer me-
dium fast enough to be used for determination of the
optical properties. We have concentrated in this ar-
ticle on the determination of the absorption and re-
duced scattering coefficients when the thickness of
the first layer is known. This information can often
be obtained from general anatomy or can be deter-
mined from other methods in specific cases, e.g., from
ultrasound. In the frequency domain it was found
that the four optical coefficients can be determined
from relative measurements of the phase and steady-
state reflectance at three distances. Fantini et al.30

developed an apparatus with which it is possible to
perform accurate and fast measurements of the
phase and steady-state reflectance at four distances.
Their aim was to determine the oxygen saturation in
the muscle, for example, on the forearm by use of a
semi-infinite model. However, these measurements
can be influenced by the overlying subcutaneous fat
layer and the skin. If the thickness of the tissues
above the muscle can be determined, the two-layer
model presented here could be applied and should
lead to improved results.

It was shown by fitting the solutions of the diffu-
sion equation to results obtained from Monte Carlo
data that the optical parameters are obtained with
different accuracy. For example, for a layer thick-
ness of l 5 2 mm, ms19 could be derived within 5%
from measurements in the steady-state domain,
whereas ms29 could be more accurately determined in
the frequency domain compared with the steady-
state domain. Thus one can choose the method ac-
cording to the problem that has to be investigated.
For example, if the optical coefficients of the skin are
required, frequency domain measurements ~at least
if performed at relatively small frequencies! do not
seem to add useful informations. Investigations for
greater thicknesses of the first layers showed that in
these cases measurements in the frequency domain
are superior to those performed in the steady-state
domain. It was observed that the optical coefficients
obtained from the two-layered model are more influ-
enced by statistical errors than those derived with
the semi-infinite model. This might be a serious dis-
advantage of the two-layer approach when used for
monitoring physiological variables.

The results obtained in this article can a priori be

1 February 1998 y Vol. 37, No. 4 y APPLIED OPTICS 789

È1È



used only for two-layered turbid media. Biological
tissue often has a multilayered structure. It must
be carefully investigated to determine if it is possible
to condense several tissue layers to one in order to use
the two-layered model. This point is crucial for the
application of the two-layered model for in vivo mea-
surements. Alternatively, it is possible to extend
the solution of the diffusion equation presented here
to three or more layers in a straightforward manner,
but the inverse problem becomes more difficult.

A major question in near-infrared spectroscopy of
the adult head is whether the probing volume of the
measurements is limited to the skull and skin layers
or if it is possible to obtain information from the
brain. Measurements on the adult head are limited
by signal-to-noise to distances of approximately r 5 5
cm, and the layers above the brain are ;10 mm
thick.31 Thus, this situation is comparable with
those for which results are presented in Figs. 11 or
12. These figures show that the use of a semi-
infinite model results in apparent changes in the ab-
sorption coefficient that are much smaller than the
real changes in ma2. For the medium with l 5 10
mm ~Fig. 12!, the derived absorption coefficient in-
creases by 0.0022 mm21 when ma2 increases from ma2
5 0.01 mm21 to ma2 5 0.022 mm21. Thus the real
change in the absorption coefficient is more than five
times greater than the derived change. Therefore, a
multilayer model could potentially improve the mea-
surement of hemodynamics in the adult brain.

The investigations in the time domain showed that
it is possible to obtain the optical coefficients of the
two layers from a measurement of the absolute re-
flectance at a single distance if the thickness of the
first layer is known. Measurements in the time do-
main contain more information than those in the
steady-state or frequency domains ~when performed
at a single frequency! and may, therefore, offer the
greatest potential for the determination of the optical
properties of multilayered media.
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Investigation of two-layered turbid media with

time-resolved reflectance

Alwin Kienle, Thomas Glanzmann, Georges Wagnières, and Hubert van den Bergh

Light propagation in two-layered turbid media that have an infinitely thick second layer is investigated
with time-resolved reflectance. We used a solution of the diffusion equation for this geometry to show
that it is possible to derive the absorption and the reduced scattering coefficients of both layers if the
relative reflectance is measured in the time domain at two distances and if the thickness of the first layer
is known. Solutions of the diffusion equation for semi-infinite and homogeneous turbid media are also
applied to fit the reflectance from the two-layered turbid media in the time and the frequency domains.
It is found that the absorption coefficient of the second layer can be more precisely derived for matched
than for mismatched boundary conditions. In the frequency domain, its determination is further im-
proved if phase and modulation data are used instead of phase and steady-state reflectance data.
Measurements of the time-resolved reflectance were performed on solid two-layered tissue phantoms that
confirmed the theoretical results. © 1998 Optical Society of America

OCIS codes: 120.5700, 290.1990, 290.7050, 300.6340, 330.6790.

1. Introduction

Many diagnostic and therapeutic applications of light
in medicine require information about the scattering
and the absorption properties of tissues. In deter-
mining these quantities, it is usually assumed that
the investigated tissue is homogeneous. In many
applications, however, this assumption is not valid.
It is thus necessary to interpret results obtained from
homogeneous models carefully or to improve the the-
oretical models.1 Because of the layered structure of
many parts of the body, the investigation of a layered
tissue model is especially promising. Potential ap-
plications of a layered model are, for example, optical
noninvasive glucose monitoring,2 near-infrared spec-
troscopy to measure the hemoglobin content or the
hemoglobin saturation in the brain or in muscles of
the extremities,3–5 or noninvasive determination of
photosensitizer uptake in tissue.6 Solutions for a
semi-infinite and homogeneous turbid medium can
be readily found in the steady-state, frequency, and
time domains7–9 by use of the diffusion approxima-

tion to the transport equation.10 Layered turbid me-
dia have been investigated with different
mathematical approaches. Several researchers
have derived solutions of the diffusion equation for
this geometry.11–13 A random-walk model for the
calculation of the photon migration in layered media
has also been developed.14,15 Monte Carlo simula-
tions were applied to solve the more exact transport
equation for layered media,16,17 but determining the
optical coefficients with this approach is time con-
suming if used in a nonlinear regression algorithm.18

We recently solved the diffusion equation by using
the Fourier-transform approach for a two-layered
turbid medium that has a semi-infinite second lay-
er.19 Unlike Dayan et al.,13 who introduced approx-
imations to obtain relatively simple expressions for
the reflectance, we avoided any approximation by cal-
culating the reflectance by using numerical integra-
tion. Moreover, the zero boundary condition was
replaced by the more accurate extrapolated boundary
condition. It was found that these results are close
to those obtained from Monte Carlo simulations in
the steady-state, frequency, and time domains. We
also showed that it is possible to derive the absorption
and the reduced scattering coefficients of both layers
from steady-state-domain and frequency-domain re-
flectance if the thickness of the first layer is known.
In the frequency domain, for example, it was found
that performing relative measurements of the phase
and the steady-state reflectance at three distances
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from the illumination point was sufficient to obtain
useful estimates of the optical properties.

In this study we investigate the possibility of de-
riving the optical properties of the two layers from
reflectance measurements in the time domain by fit-
ting the solutions of the two-layered diffusion equa-
tion to results obtained from this solution or from
two-layered Monte Carlo simulations and to experi-
mental data. Solutions of the diffusion equation for
a semi-infinite and homogeneous medium in the time
and the frequency domains were also used to fit the
theoretical and the experimental two-layered reflec-
tance data in order to investigate the conditions un-
der which these solutions can be applied to obtain the
optical coefficients of the second layer. Time-
domain measurements were performed on two-
layered solid tissue phantoms, with a mode-locked
Nd:YLF laser as source and a streak camera as de-

tector. We concentrated on determining the absorp-
tion coefficient of the second layer, because this
quantity is especially relevant in several applications
such as the determination of the hemodynamics in
the brain or in muscles. In order to be able to com-
pare the theoretical and the experimental results, we
chose the optical properties of the two-layered turbid
media in the theoretical investigations in accordance
with those determined from the measurements on
the tissue phantoms.

2. Theory

A. Diffusion Equation

In this section we present solutions of the diffusion
equation for two-layered ~Subsection 2.A.1! and for
homogeneous, semi-infinite turbid media ~Subsection
2.A.2! in the frequency and the time domains that are
used in Sections 4 and 5 for the determination of the
optical properties of two-layered turbid media. The
origin of the coordinate system is the point where the
beam enters the turbid medium. The z coordinate
has the same direction as the incident beam. The x
and the y coordinates lie on the surface of the turbid
sample and r 5 ~x2 1 y2!1y2. It is assumed that an
infinitely thin beam is incident upon the turbid me-
dium and that the beam is scattered isotropically at a
depth of z 5 z0 5 1y~m9s 1 ma!, where m9s and ma are the
reduced scattering and the absorption coefficients,
respectively, of the turbid medium ~first layer of the
two-layered medium!. For all solutions the extrap-
olated boundary condition is used.8

1. Two-Layered Media

Recently we solved the diffusion equation for two-
layered turbid media that have a first-layer thickness
l and an infinitely thick second layer by using the
Fourier-transform approach.19 In order to obtain the
time-domain reflectance, we first derived the solutions
in the frequency domain. It was assumed that the
refractive indices n of the first and the second layer
were the same ~n1 5 n2! and that the source was si-
nusoidally modulated at frequency f 5 vy~2p!. For
the fluence rate in layer i, Fi~r, z, v! we obtained19

Fi~r, z, v! 5
exp~ jvt!

2p *
0

`

fi~z, v, s!sJ0~sr!ds, (1)

where J0 is the zeroth-order Bessel function and f1~z,
v, s! is given by

where we assumed that l . z0, and for f2~z! we got

f2~z! 5
sinh@a1~zb 1 z0!#exp@a2~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
.

(4)

Di 5 1y3~mai 1 m9si! is the diffusion coefficient; ~Re-
cently it was found20–22 that it is more exact to use Di

5 1y3m9si. However, this is not relevant in this study
because m9si .. mai.!; m9si and mai are the reduced scat-
tering and the absorption coefficients of layer i, re-
spectively; and ai

2 5 ~Dis
2 1 mai 1 jvyc!yDi. The

velocity of light in the medium is c and j 5 =21.
The extrapolated boundary is located at z 5 2zb,
where

zb 5
1 1 Reff

1 2 Reff
2D1. (5)

Reff represents the fraction of photons that are inter-
nally diffusely reflected at the boundary. Reff equals
0.493 for a refractive index of no 5 1 outside and of
ni 5 1.4 inside the turbid medium.8 According to
the experimental situation, the matched boundary
condition ~no 5 ni! is mainly used in this paper,
where we have Reff 5 0.

The integration in Eq. ~1! is performed numerically
by application of Gauss’s formula. The frequency-

f1~z, v, s! 5
sinh@a1~zb 1 z0!#

D1a1

D1a1 cosh@a1~l 2 z!# 1 D2a2 sinh@a1~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
2

sinh@a1~z0 2 z!#

D1a1
, 0 # z , z0; (2)

f1~z, v, s! 5
sinh@a1~zb 1 z0!#

D1a1

D1a1 cosh@a1~l 2 z!# 1 D2a2 sinh@a1~l 2 z!#

D1a1 cosh@a1~l 1 zb!# 1 D2a2 sinh@a1~l 1 zb!#
, z0 , z , l, (3)
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domain reflectance R~r, v! is calculated as the inte-
gral of the radiance over the backward hemisphere8:

R~r, v! 5 *
2p

dV@1 2 Rfres~u9!#
1

4p FF1~r, z 5 0, v!

1 3D1

]

]z
F1~r, z, v!uz50 cos u9Gcos u9, (6)

where Rfres~u9! is the Fresnel reflection coefficient for
a photon with an incidence angle u9 relative to the
normal to the boundary. For ni 5 1.4 and no 5 1,
Eq. ~6! gives9

R~r, v! 5 0.118F1~r, z 5 0, v!

1 0.306D1

]

]z
F1~r, z,v!uz50, (7)

and for the matched boundary condition we get

R~r,v! 5
1
4

F1~r, z 5 0, v! 1
1
2

D1

]

]z
F1~r, z, v!uz50.

(8)

The phase angle u between the source and the de-
tected signal and the modulation M is given by

u 5 tan21 Im@R~r, v!#

Re@R~r, v!#
, (9)

M 5 H@Im R~r, v!#2
1 @Re R~r, v!#2

@R~r, v 5 0!#2 J1y2

. (10)

The steady-state reflectance R~r! is calculated with
Eq. ~8! @Eq. ~7!#:

R~r! 5 R~r, v 5 0!. (11)

The time-domain reflectance R~r, t! is obtained by
calculation of the real and the imaginary parts of the
reflectance in the frequency domain R~r, v! at many
frequencies and by fast Fourier transforms of these
data.19

2. Semi-Infinite and Homogeneous Media

The fluence rate for semi-infinite and homogeneous
turbid media in the frequency domain is8

F~r, z, v! 5
exp~ jvt!

4pD
Sexp$2k@~z 2 z0!

2
1 r2#1y2%

@~z 2 z0!
2

1 r2#1y2

2
exp$2k@~z 1 z0 1 2zb!

2
1 r2#1y2%

@~z 1 z0 1 2zb!
2

1 r2#1y2 D , (12)

where k 5 @~mac 1 iv!yDc#1y2. We calculate the re-
flectance by inserting Eq. ~12! into Eq. ~7! or Eq. ~8!
and the phase, modulation, and steady-state reflec-
tance are obtained with Eqs. ~9!, ~10!, and ~11!, re-
spectively.

The time-domain fluence rate is given by7

F~r, z, t! 5
c

~4pDct!3y2 exp~2mact!

3 HexpF2 ~z 2 z0!
2

1 r2

4Dct
G

2 expF2 ~z 1 z0 1 2zb!
2

1 r2

4Dct
GJ . (13)

We calculate the time-domain reflectance by insert-
ing Eq. ~13! into Eq. ~7! or Eq. ~8! ~where v has to be
replaced by t!.

B. Monte Carlo Simulations

In Section 4 the solutions of the diffusion equation are
fitted to reflectance data obtained from Monte Carlo
simulations. The Monte Carlo method of photon
transport in turbid media has been thoroughly de-
scribed in literature.23 The essential features of our
code are listed below. For illumination of the two-
layered tissue, a pencil beam was used. The Henyey–
Greenstein24 phase function, which has an anisotropy
factor g of 0.8, was used for calculation of the scattering
angle. A refractive index of 1.4 was applied to both
layers and to the surrounding medium ~matched
boundary condition!. The Monte Carlo simulations
were performed in the time domain. The fast Fourier
transform was used to obtain the steady-state reflec-
tance, the phase, and the modulation. R~r, t!, for dif-
ferent absorption coefficients in the second layer, was
obtained from one simulation by the scoring of the
lengths of the photon paths in the second layer and
application of Beer’s law.25,26

C. Nonlinear Regression

A combination of the gradient search method and the
method of linearizing the fitting function27 was imple-
mented for the nonlinear regression. The logarithm
of the reflectance was fitted for the investigations in
the time domain. The time range for the nonlinear
regression of R~r, t! was chosen as follows: the start
time was variable and the end time was Rmaxy1000,
where Rmax is the maximum value of the reflectance
curve. The end time was reduced if the Monte Carlo
simulations or the experiments showed large statisti-
cal noise in this time range. Relative phase values
~the phase difference determined at adjacent distanc-
es! and relative steady-state reflectance or modulation
values ~the ratio determined at adjacent distances!
were used for the investigations in the frequency do-
main. For all data points, equal weights were applied
in the fitting procedure.

3. Materials and Methods

In Section 5 the solutions of the diffusion equation
are used to fit experimental results obtained from
measurements on solid phantoms in the time do-
main. 70-ps-pulses at a wavelength of l 5 528 nm,
generated from a mode-locked and frequency-doubled
Nd:YLF laser ~Antares 76-YLF, Coherent, Palo Alto,
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Calif.!, were incident upon the surface of the phan-
toms by an optical fiber with a 600-mm core diameter.
The same type of fiber collected the scattered light at
distances between r 5 14 and 25 mm from the source.
A black cylindrical probe was manufactured and
placed onto the phantom. Holes were drilled into
the probe to hold the detection and the source fibers
in contact with the surface of the phantom and at a
precise distance from each other. The black probe
also served as a photon sink. The detector was a
streak camera ~C4334, Hamamatsu, Hamamatsu
City, Japan! with a maximum temporal resolution of
15 ps, coupled to a spectrograph. The detector part
was described in detail in Ref. 28. It can be used in
the analog mode and in the photon-counting mode.
The analog mode of the streak camera was applied for
the experiments presented here because it is faster,
and, furthermore, both modes were found to be
equally accurate in determining the optical coeffi-
cients from experiments.

To determine the optical properties in the time
domain with nonlinear regressions, we considered
the duration of the incident laser pulse by convolving
the measured laser pulse with the theoretical solu-
tions for the time-resolved reflectance ~which were
derived for a delta pulse!. For this purpose, the la-
ser pulse was measured with the streak camera be-
fore each experiment on the phantoms. We did this
by replacing the phantom with a black sheet of alu-
minium that was positioned several centimeters be-
low the fibers and by measuring the reflected pulse.
We were able to determine the time when the pulse left
the source fiber by knowledge of the distance between
the fibers and the sheet. The zero time of the reflec-
tance measurements on the phantoms could thus be
obtained from these measurements. This procedure
requires a stable laser source with a small jitter.

The time-resolved reflectance measurements were
made on two-layered solid tissue phantoms.19,29

The basic medium was two-component transparent
silicone, which cures at room temperature. Before
the base and the catalyst were mixed, the scattering
and the absorbing particles were added. Polysty-
rene spheres with a 2.5-mm diameter and graphite
powder were used as scattering and absorbing mate-
rial. Two two-layered phantoms were manufac-
tured, one consisting of a 2-mm-thick first layer
~phantom 1! and the other of a 6-mm-thick first layer
~phantom 2!. The first layer of phantom 1 ~phantom
2! was made from the same material as that of the
second layer of phantom 2 ~phantom 1!. Thus mea-
surements on the side of the second layer of the two
phantoms allowed us to derive the optical properties
of the layers separately. The solution of the diffu-
sion equation for a semi-infinite medium could be
applied in these measurements, because the first
layer does not influence the light propagation. The
lateral dimensions of the smaller phantom were
9 cm 3 9 cm and the height was 6 cm, which elimi-
nated any influence from the lateral boundaries.
Below we considered mainly the phantom with a
thickness of 6 mm because it is more difficult to ob-

tain the optical properties of the second layer when
the first-layer thickness is great.

The black probe that served as a holding device for
the fibers was made of polyoxymethylene, which has a
refractive index of no 5 1.48. The refractive index of
the tissue phantoms is close to ni 5 1.4.29,30 The frac-
tion of photons that are internally reflected is low for
this boundary condition ~Reff 5 0.010! because of the
absence of total internal reflection. For the measure-
ments, the matched boundary condition is assumed
~the polyoxymethylene probe stuck to the phantoms so
that no air layer was formed between them!, because it
was found that this approximation causes errors of less
than 1% in determining the optical properties.

4. Determination of the Optical Properties from

Nonlinear Regression to Solutions of the Diffusion

Equation or to Monte Carlo Simulations

In this section we present the optical properties ob-
tained from nonlinear regressions of the solution of
the diffusion equation for a two-layered turbid me-
dium and of the semi-infinite and homogeneous so-
lutions to results calculated with the two-layered
diffusion equation or with two-layered Monte Carlo
simulations. Unless otherwise stated, the matched
boundary condition was used. For the investigated
two-layered turbid media, the reduced scattering co-
efficients of the first and the second layers and the
absorption coefficient of the first layer were chosen
according to those of phantom 2. The absorption
coefficient of the second layer was varied to simulate
measurements of the hemodynamics, for example, in
the brain or in muscles.

To demonstrate the influence of the two layers on
the time-resolved reflectance, Fig. 1 shows R~r, t!
from a two-layered medium @Rt~r, t!, solid curve# and
the reflectance from two semi-infinite and homoge-
neous turbid media that have the same optical prop-
erties as the first layer @R1~r, t!, short-dashed curve#
and the second layer @R2~r, t!, long-dashed curve! of
the two-layered turbid medium. These curves were
calculated with the corresponding solutions of the
diffusion equation presented in Subsection 2.A.
~For the optical coefficients and the thickness of the
first layer we used the values of phantom 2.! For
comparison the Monte Carlo simulation for the two-
layered medium ~open circles! is also shown. It can
be seen that Rt~r, t! is almost identical to R1~r, t! until
t ' 250 ps, indicating that the photons propagated
predominantly in the first layer. For longer times,
Rt~r, t! is located between R1~r, t! and R2~r, t!. Fi-
nally, Rt~r, t! approaches a similar slope as R2~r, t!.
This means that these late-arriving photons propa-
gated mostly in the second layer. Therefore it is
possible, in several cases, to determine the absorption
coefficient of the second layer by using a semi-infinite
and homogeneous model.16 The reflectance calcu-
lated with the Monte Carlo method is close to Rt~r, t!
for times greater than t ' 200 ps. For earlier times
the differences are caused by the failure of the diffu-
sion approximation.
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A. Nonlinear Regressions by Use of Solutions of the

Two-Layered Diffusion Equation

In this subsection we investigate what information can
be obtained from measurements of the reflectance
from a two-layered medium in the time domain if no
approximations in the theoretical model are made.
For this purpose, we used the solution of the two-
layered diffusion equation in the time domain pre-
sented in Subsection 2.A.1 for nonlinear regression to
data that were calculated with the same solution. It
was assumed that the time-resolved reflectance was
measured at two distances from the source.

We first examined the possibility of determining the
absorption and the reduced scattering coefficients of
the two layers and the thickness of the first layer. For
this purpose absolute time-resolved reflectance data at
two distances were used. It was found that these five
parameters can, in principle, be determined, but the
convergence of the nonlinear regression is slow and, in
addition, the start parameters must be close to the real
ones. We note that similar results were obtained
from investigations in the steady-state and the fre-
quency domains.19,31 Thus we assume below that the
thickness of the first layer is known.

Next we investigated the possibility of deriving the
optical coefficients with relative time-resolved reflec-
tance measurements at two distances. This means
that six parameters, the absorption and the reduced
scattering coefficients of the two layers and a multipli-
cative constant for the time-resolved reflectance at
each distance, were fitted. It was found by nonlinear
regressions to data calculated with the diffusion equa-
tion that these optical parameters can be correctly ob-
tained and that the convergence is faster than in the
case in which the first layer thickness is also fitted.

For examining more realistic situations, the time-

domain solution of the two-layered diffusion equation
was used to fit reflectance data at two distances ob-
tained from the more exact two-layered Monte Carlo
simulations. Thus the influence of the diffusion ap-
proximation and that of statistical noise arising from
the Monte Carlo simulations could be investigated.
The number of photons used in the Monte Carlo sim-
ulations was chosen so that the statistical noise of the
time-domain reflectance was comparable with the ex-
perimental noise of the measurements with the
streak camera. Reflectance data that begin at R~r,
t! 5 9y10Rmax ~before the maximum reflectance value
Rmax! were used for the nonlinear regressions. Mea-
surements of the relative time-resolved reflectance
were assumed, i.e., six parameters were fitted. Fig-
ure 2 shows the absorption coefficients of the second
layer ~m*

a2! obtained from the nonlinear regressions.
Time-resolved reflectance curves at r 5 14.5 and 19.5
mm were used. The correct values of ma2 are also
depicted in the figure. Figure 2 shows that it is
possible to determine the absorption coefficients of
the second layer with errors of less than a few per-
cent. The differences between the derived and the
correct values are caused mainly by the uncertainties
in the Monte Carlo simulations. The other optical
coefficients ~not shown! have greater errors, espe-
cially the absorption coefficient of the first layer,
which shows differences of up to 20%. This is caused
by the relatively small contribution of ma1 to the
shape of the time-domain reflectance curve.

B. Nonlinear Regressions by Use of Solutions of the

Homogeneous and Semi-Infinite Diffusion Equation

In this subsection the homogeneous and semi-infinite
solutions presented in Subsection 2.A.2 are used to fit
two-layered reflectance data calculated with the so-

Fig. 1. Time-resolved reflectance from a two-layered turbid me-
dium calculated with the diffusion equation ~solid curve! and with
Monte Carlo simulations ~open circles! are shown. The thickness
of the first layer is l 5 6 mm. The optical parameters are m9s1 5

1.28 mm21, ma1 5 0.0074 mm21, m9s2 5 0.67 mm21, and ma2 5

0.019 mm21. Also shown are R~r, t! for semi-infinite and homo-
geneous media calculated with m9s 5 1.28 mm21, ma 5

0.0074 mm21 ~short-dashed curve! and m9s 5 0.67 mm21, ma 5

0.019 mm21 ~long-dashed curve!. The matched boundary condi-
tion is assumed ~ni 5 no 5 1.4!, and the distance r equals 14.5 mm.

Fig. 2. Estimated absorption coefficients ~m*
a2! ~open circles! of the

second layer determined by nonlinear regressions of time-resolved
reflectance by use of the two-layered solution of the diffusion equa-
tion to Monte Carlo data are shown versus the true absorption
coefficient of the second layer used in the Monte Carlo simulations
~ma2!. The optical parameters of the Monte Carlo simulations are
m9s1 5 1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and
ma2 is varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21.
The thickness of the first layer is l 5 6 mm. The line indicates
ma2. Relative time-resolved reflectance data at distances r 5 14.5
and 19.5 mm were used in the nonlinear regression.
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lutions of the two-layered diffusion equation ~Subsec-
tion 2.A.1!. Examinations in the time domain are
followed by investigations in the frequency domain.

In the time domain, ma, m9s, and a multiplicative
constant were fitted. Figure 3 shows the absorption
coefficients obtained from nonlinear regression of Eq.
~8! @Eq. ~13!# at one distance to two-layered reflec-
tance data. Results from nonlinear regressions at
three distances, r 5 14.5, 19.5, and 24.5 mm, are
shown. The absorption coefficient obtained from the
semi-infinite model equals that of the second layer
from the two-layered model for ma2 5 0.01 mm21.
For larger ma2, the derived absorption coefficients are
smaller than ma2 because the number of remitted
photons that have been in the second layer decreases
when the absorption of the second layer is increased.
This behavior has already been reported by Hielscher
et al.16 Figure 3 shows that m*

a is closer to ma2 if the
distance between the source and the detector is in-
creased, because of the increase in the penetration
depth of the remitted photons.

In the frequency domain, several methods exist to
determine the optical coefficients of turbid media.
For example, it is possible to use any combination of
at least two quantities of the phase, the modulation,
and the steady-state reflectance at one modulation
frequency. In addition, the phase or the modulation
at different modulation frequencies can also be
used.32 In general, all methods result in different
optical properties when applied to two-layered media.

In order to examine some of these methods quan-
titatively, we fitted the solutions of the homogeneous
and semi-infinite diffusion equation in the frequency
domain to reflectance data calculated with the two-
layered diffusion equation. A modulation frequency
of 195 MHz was used for these investigations. Fig-

ure 4 shows the absorption coefficients obtained for
the same turbid two-layered media that were de-
scribed in Fig. 3. The phase difference and the
steady-state reflectance ratio ~filled circles! as well as
the phase difference and the modulation ratio ~open
circles! between r 5 14.5 mm and r 5 24.5 mm were
used in the nonlinear regression. Relative values of
the phase, modulation, and steady-state reflectance
at two distances were applied because the determi-
nation of the optical coefficients from absolute quan-
tities at one distance is not always unique.33 Figure
4 shows that the absorption coefficients obtained
from the two methods are considerably different.
Whereas m*

a determined from the phase difference
and the steady-state reflectance ratio is much lower
than ma2, the absorption coefficients derived from the
phase difference and the modulation ratio have er-
rors of less than 15%. Comparing Fig. 3 with Fig. 4,
we can see that the absorption coefficients obtained
from the time-domain investigations are between
those that have been obtained in the frequency do-
main. Similar investigations of two-layered media
that have other optical properties and thicknesses of
the first layer have been performed. In general, the
same behavior as described above was observed for
all investigated media.

Figure 4 also shows m*
a derived from the same tur-

bid media by use of modulation and phase data, but
now the mismatched boundary condition is used ~no

5 1.0, ni 5 1.4! ~crosses!. When the results are
compared with the corresponding matched data

Fig. 3. Estimated absorption coefficients ~m*a! determined by non-
linear regressions of time-resolved reflectance with the homoge-
neous solution of the diffusion equation to two-layered data are
shown versus the true absorption coefficient of the second layer
~ma2!. The optical parameters of the two-layered medium are m9s1

5 1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2

is varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
thickness of the first layer is l 5 6 mm. The line indicates ma2.
Results for time-resolved reflectance data at distances r 5 14.5
~open circles!, r 5 19.5 ~filled circles!, and r 5 24.5 mm ~crosses! are
shown.

Fig. 4. Estimated absorption coefficients ~m*
a! determined by non-

linear regressions of the homogeneous solution of the diffusion
equation in the frequency domain to two-layered data are shown
versus the true absorption coefficient of the second layer ~ma2!.
The optical parameters of the two-layered medium are m9s1 5

1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2 is
varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
thickness of the first layer is l 5 6 mm. The line indicates ma2.
Results from nonlinear regression by phase and steady-state re-
flectance ~filled circles! and phase and modulation data ~open cir-
cles! are depicted. The matched boundary condition is used ~no 5

ni 5 1.4!. Also shown are m*
a determined from the same two-

layered media by use of modulation and phase data, but the mis-
matched boundary condition ~no 5 1.0, ni 5 1.4! is applied
~crosses!. Relative data between r 5 14.5 and 24.5 mm are used
in the nonlinear regression.
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~open circles!, it can be stated that m*
a is closer to ma2

for the matched than for the mismatched boundary
condition if ma2 is large. This effect was also ob-
served for all investigated turbid media. For this
behavior to be explained, it has to be taken into con-
sideration that the penetration depth of the photons
is greater for the matched than for the mismatched
boundary condition. For demonstrating this effect,
the mean optical path length in layer i@^Li~r!&# was
calculated versus r for a two-layered medium.
^Li~r!& can be obtained from the modified Beer’s law34:

^Li~r!& 5 2D@ln R~r!#yDmai, (14)

where R~r! is calculated with Eq. ~11!, with Eq. ~7! for
the mismatched and Eq. ~8! for the matched bound-
ary condition. The results for a two-layered medium
that has the same optical properties as those of phan-
tom 2 can be seen in Fig. 5. Matched ~no 5 ni 5 1.4,
dashed curves! and mismatched ~no 5 1.0, ni 5 1.4,
solid curves! boundary conditions were applied.
Figure 5 shows that, for all distances, the mean op-
tical path length of the first layer is greater for the
mismatched boundary condition than it is for the
matched boundary condition, whereas it is vice versa
for ^L2~r!&. The apparent smaller penetration depth
for the mismatched boundary condition is caused by
the total reflection of the photons that approach the
boundary from inside the turbid medium.

The reduced scattering coefficients obtained from
the nonlinear regressions that are presented in Fig. 4
for the matched boundary condition are depicted in
Fig. 6. It can be seen that, in contrast to the deter-
mination of the absorption coefficients, the reduced
scattering coefficients, obtained from the nonlinear
regression of the phase and steady-state reflectance
~solid circles!, are closer to the values of the second
layer ~m9s2! compared with the coefficients obtained
from the phase and modulation data ~open circles!.
The reduced scattering coefficients obtained from the

investigation in the time domain at r 5 19.5 mm
presented in Fig. 3 are also depicted in Fig. 6. Here,
the reduced scattering coefficients are even larger
than m9s1 except for ma2 5 0.01 mm21.

It is obvious that the determination of the absorp-
tion coefficient of the second layer by use of homoge-
neous and semi-infinite models becomes problematic
when the thickness of the first layer is increased.
Figure 7 shows the absorption coefficients derived
from the same turbid media as those used for Fig. 4,
but the thickness of the first layer is increased to
10 mm. Phase difference and steady-state reflec-
tance ratio ~solid circles! and phase difference and
modulation ratio ~open circles! are used in the non-
linear regression. As expected, the obtained absorp-
tion coefficients are smaller than those presented in
Fig. 4 ~with the exception of ma2 5 0.01 mm21!, but
m*

a, determined from phase and modulation data, are
still closer to ma2 than m*

a, determined from phase and
steady-state reflectance data. Similar to those in
Fig. 4, the m*

a determined with the matched boundary
condition are closer to ma2 than those obtained with
the mismatched boundary condition.

5. Determination of the Optical Properties from

Nonlinear Regressions to Time-Resolved

Measurements on Phantoms

Time-resolved reflectance measurements were car-
ried out on the side of the two-layered phantoms to
derive their optical coefficients. Figure 8 shows
time-resolved reflectance measurements on the side
of phantom 1 at three distances r equal to 14, 18, and
20 mm ~solid curves!. As explained in Section 3, the
semi-infinite model can be used for these measure-

Fig. 5. Mean optical path lengths in the first and the second
layers of a two-layered medium versus distance r by use of
matched ~dashed curves! and mismatched ~solid curves! boundary
conditions. The optical parameters of the two-layered medium
are m9s1 5 1.28 mm21, ma1 5 0.0074 mm21, m9s2 5 0.67 mm21, and
ma2 5 0.019 mm21. The thickness of the first layer is l 5 6 mm.

Fig. 6. Estimated reduced scattering coefficients ~m9*s! determined
by nonlinear regressions of the homogeneous solution of the diffu-
sion equation in the frequency domain to two-layered data are
shown versus the true absorption coefficient of the second layer
~ma2!. The optical parameters of the two-layered medium are m9s1

5 1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2

is varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
thickness of the first layer is l 5 6 mm. The line indicates m9s2.
Results from nonlinear regression by phase and steady-state reflec-
tance ~solid circles! and phase and modulation data ~open circles! are
shown. Relative data between r 5 14.5 and 24.5 mm are used.
Also shown is m9*s obtained from nonlinear regressions in the time
domain at r 5 19.5 mm. The matched boundary condition is used.
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ments. Thus Eq. ~8!, with Eq. ~13!, was applied to
determine the optical coefficients from R~r, t! at one
distance. The parameter s of the Gaussian curve
was determined by nonlinear regression to the mea-
sured pulse profile. Time-resolved measurements
were made at several distances. For each measure-
ment the optical coefficients were determined. In
addition, for each measurement, ma and m9s were de-
termined for different start values of the time-

resolved reflectance curve. The absorption and the
reduced scattering coefficients and a multiplicative
factor were fitted. For the second layer of phantom
1 we obtained m9s 5 1.28 6 0.10 mm21 and ma 5
0.0074 6 0.0005 mm21. Figure 8 shows the theo-
retical time-resolved reflectance calculated with
these optical parameters ~dashed curves!. The ex-
perimental data were normalized to the maximum
value of the theoretical curves. The theoretical
curves are close to the experiments, except in the
earlier times, when the experiments show higher val-
ues than those of the theory. These differences are
caused by the scattering of photoelectrons in the
streak camera. The optical properties of the second
layer of phantom 2 were determined in the same
manner. We obtained m9s 5 0.67 6 0.07 mm21 and
ma 5 0.019 6 0.001 mm21.

Figure 9 shows measurements of the time-resolved
reflectance on the top of phantom 2 ~two-layered ge-
ometry! at three distances r equal to 15, 20, and 25
mm. For comparison, theoretical curves are also
shown in Fig. 9. They were calculated with the so-
lution of the diffusion equation for two-layered media
by use of the optical coefficients that had been deter-
mined from the measurements on the side of the
phantoms. The experimental curves were normal-
ized to the maximum of the theoretical curves. The
zero times of the experimental curves were obtained
by measurement of the pulse before each experiment
on the phantoms, as described in Section 3. To de-
termine the optical coefficients of the two-layered me-
dia, we used the solution of the diffusion equation for
two layers to perform nonlinear regressions to the
experimental data shown in Fig. 9. Time-resolved
measurements at two distances ~15 and 20, 15 and
25, or 20 and 25 mm! were used. In addition, we
varied the fitting range by changing the start times of
R~r, t! in the nonlinear regression. Six parameters,

Fig. 7. Estimated absorption coefficients ~m*
a! determined by non-

linear regressions of the homogeneous solution of the diffusion
equation in the frequency domain to two-layered data are shown
versus the true absorption coefficient of the second layer ~ma2!.
The optical parameters of the two-layered medium are m9s1 5

1.28 mm21, ma1 5 0.0074 mm21, and m9s2 5 0.67 mm21, and ma2 is
varied between ma2 5 0.01 mm21 and ma2 5 0.04 mm21. The
thickness of the first layer is l 5 10 mm. The line indicates ma2.
Results from nonlinear regression by use of phase and steady-state
reflectance ~solid circles! and phase and modulation data ~open
circles! are depicted. The matched boundary condition is used ~no

5 ni 5 1.4!. Also shown are m*
a determined from the same two-

layered media by use of modulation and phase data, but the mis-
matched boundary condition ~no 5 1.0, ni 5 1.4! is applied
~crosses!. Relative data between r 5 14.5 and 24.5 mm are used
in the nonlinear regression.

Fig. 8. Time-resolved reflectance measurements on the side of
phantom 1 ~semi-infinite and homogeneous geometry! at three
distances r 5 14, 18, and 20 mm ~solid curves! are shown. The
theoretical time-resolved reflectance is also depicted ~dashed
curves!. The optical parameters used in the calculations are m9s 5

1.28 mm21 and ma 5 0.0074 mm21. The theoretical curves are
convolved with a Gaussian curve with s 5 60 ps.

Fig. 9. Time-resolved reflectance measurements on the top of
phantom 2 ~two-layered geometry! at three distances r 5 15, 20,
and 25 mm ~solid curves! are shown. The theoretical time-
resolved reflectance ~dashed curves! is also depicted. The optical
parameters used are m9s1 5 1.28 mm21, ma1 5 0.0074 mm21, m9s2 5

0.67 mm21, and ma2 5 0.019 mm21. The thickness of the first
layer is l 5 6 mm. The theoretical curves are convolved with a
Gaussian curve ~s 5 60 ps!.
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the absorption and the reduced scattering coefficients
of both layers and a multiplicative constant for each
time-resolved reflectance curve, were fitted. We
found that m9s1 and ma2 could be determined within
10% of the values derived from the measurements on
the semi-infinite media, whereas the errors in deter-
mining m9s2 and ma1 were considerably greater. In
addition, the derived m9s2 and ma1 depended on the
start parameters of the nonlinear regression. This
behavior is not surprising, considering the results of
the nonlinear regressions to Monte Carlo data dis-
cussed in Subsection 4.A.

We note that the optical coefficients of phantom 1
were derived in the same way as those of phantom 2.
From the nonlinear regressions to the measurements
on the two-layer medium ~with the two-layer model!
m9s1, m9s2, and ma2 could be determined within 10% of
the values obtained from the measurements on the
semi-infinite media. However, no reasonable value
was derived for the absorption coefficient of the first
layer, as this parameter has a relatively small influ-
ence on the time-resolved reflectance curve.

As in Subsection 4.B, the semi-infinite equations in
the time and the frequency domains were also used to
derive the optical properties from the measurements
on phantom 2. Table 1 summarizes the optical co-
efficients obtained from the nonlinear regression of
Eq. ~8! with Eq. ~13! to the experiments performed at
r equal to 15, 20, and 25 mm. The results obtained
from fitting these equations to reflectance data, cal-
culated with the two-layered solution of the diffusion
equation, are shown for comparison. The optical co-
efficients, derived from the experimental data, are
close to those obtained from the theoretical data.

Finally, we compared the optical coefficients de-
rived with the semi-infinite and the homogeneous
solutions in the frequency domain. The time-
domain reflectance measurements at r equal to 15,
20, and 25 mm were Fourier transformed, and phase,
modulation, and steady-state reflectance data were
obtained. As in Subsection 4.B we fitted the phase
difference and the modulation ratio and the phase
difference and the steady-state reflectance ratio be-
tween two distances ~15y20 mm, 15y25 mm, or
20y25 mm! at f 5 195 MHz. We note that it is not
necessary to deconvolve the time-domain reflectance
measurements with the laser pulse because the
phase difference between different distances is calcu-

lated and therefore the effect of the deconvolution
cancels out. The mean optical absorption coeffi-
cient, derived from nonlinear regressions to phase
and modulation data ~phase and steady-state reflec-
tance! at the different combinations of distances, was
found to be ma 5 0.022 6 0.002 mm21 ~ma 5 0.014 6
0.002 mm21!. The corresponding value from nonlin-
ear regressions to frequency-domain reflectance cal-
culated with the two-layered diffusion equation is ma

5 0.021 6 0.001 mm21 ~ma 5 0.014 6 0.001 mm21!
and thus within the standard deviation of the exper-
imental data.

6. Discussion

The solution of the diffusion equation for a two-
layered turbid medium has been used to investigate
the determination of the optical properties from time-
resolved reflectance at two distances from the source.
It was found that the absorption and the reduced
scattering coefficients of both layers and the thick-
ness of the first layer can, in principle, be derived if
absolute measurements of R~r! are made at two dis-
tances from the source. However, similar to the re-
sults obtained in the steady-state and the frequency
domains,19 the convergence of the nonlinear regres-
sions was slow and the start parameters of the fit had
to be close to the true optical coefficients.

Thus we concentrated on the determination of the
absorption and the reduced scattering coefficients,
knowing the thickness of the first layer. We showed
that, by fitting the solution of the diffusion equation
for two-layered media to Monte Carlo simulations, it
is possible to obtain the four optical parameters from
relative ~a multiplicative constant was fitted for each
distance! time-resolved reflectance measurements at
two distances. The optical coefficients were deter-
mined with errors of less than a few percent for op-
tical properties that are typical of biological tissue.

Measurements of the time-resolved reflectance
were performed on turbid two-layered phantoms.
First we derived the optical properties of the phan-
tom layers by measuring the relative reflectance from
a semi-infinite geometry at one distance. The re-
duced scattering and absorption coefficients could be
found with differences of '10% and less than 10%,
respectively, as judged through the comparison of
experiments at different distances. For the two-
layered geometry we could show that the measured
R~r, t! was close to the theoretical reflectance, calcu-
lated with the optical properties determined from the
measurements in the semi-infinite geometry. We
fitted the solution of the diffusion equation for two-
layered turbid media to the experimental reflectance
measured at two distances and determined ma2 and
m9s1 with errors of less than 10%, whereas the errors
in deriving the other optical properties were greater.
This is caused by systematic errors in the measure-
ments that influence mainly the optical properties,
which do not strongly determine the shape of the
reflectance curve. However, ma2, which is important
for many applications, could be accurately derived.

Table 1. Optical Coefficients Derived from Measurements on the Top

of Phantom 2 ~Two-Layered Geometry, l 5 6 mm! by Use of the

Semi-Infinite Model in the Time Domain in the Nonlinear Regression

and the Results from Nonlinear Regressions to Data Obtained from the

Two-Layered Diffusion Equations

r

~mm!

Experiment Diffusion Equation

ms9

~mm21!

ma

~mm21!

ms9

~mm21!

ma

~mm21!

15 1.56 0.0183 1.44 0.0181
20 1.39 0.0184 1.37 0.0184
25 1.38 0.0192 1.28 0.0186
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We can improve the results by measuring R~r, t! at
more distances35 and by measuring the absolute R~r,
t!. Absolute reflectance can, for example, be ob-
tained from additional measurements of R~r, t! from
phantoms with known optical coefficients. These
improvements might be necessary for the investiga-
tion of biological tissue, because it does not consist of
homogeneous layers with flat borders.

In the literature, mostly semi-infinite and homoge-
neous models are used to derive the optical properties
of tissue. We investigated the obtained optical coef-
ficients when semi-infinite and homogeneous models
in the frequency and the time domains are applied to
reflectance from two-layered turbid media. We
found, experimentally and theoretically, that the dif-
ferent methods for the determination of ma and m9s
from semi-infinite models in the time and frequency
domains show considerable differences in these quan-
tities. For large ma2 and l it is possible to derive the
absorption coefficient of the second layer more pre-
cisely from phase and modulation than from phase
and steady-state reflectance, whereas the absorption
coefficients obtained from the time-domain reflec-
tance are between these values. In general, this be-
havior can easily be used to check as to whether the
investigated turbid medium is homogeneous; this be-
ing the case, the derived optical properties would be
the same.

The determination of the optical coefficients of two-
layered turbid media with semi-infinite models was
also investigated for different refractive indices of the
turbid medium and the surrounding medium. For
large ma2 and l it was shown that the absorption
coefficient of the second layer can be obtained more
precisely for the matched than for the mismatched
boundary condition. This can be explained by the
greater penetration depth of the light remitted at a
certain distance from the source, if the matched
boundary condition is applied. Another possibility
of increasing the penetration depth of photons is to
measure at greater distances from the source, but the
influence on the determination of ma2 is relatively
small. For example, the improvement in determin-
ing ma2 by increasing r from 15 to 35 mm ~data not
shown! is smaller than that obtained by changing no

from 1.0 to 1.4 ~ni 5 1.4! for phantom 2. Whereas
the refractive index of the surrounding medium can
easily be changed, the increase of the distance be-
tween the source and the detection results in a de-
crease of the measured signal and of the spatial
resolution.

The time-resolved measurements were performed
with a mode-locked Nd:YLF laser. Before each ex-
periment on the phantoms, the pulse of the laser was
measured in order to derive the pulse duration and
the calibration of the time when the photons are in-
cident upon the phantoms. This procedure is de-
manding on the stability of the laser pulses. We
recommend measuring the pulse and the reflectance
from the phantom simultaneously, in the same ex-
periment, in order to be less dependent on the stabil-
ity of the laser output.

The optical properties of the phantoms used in this
study were recently measured with absolute steady-
state spatially resolved reflectance.19 The optical co-
efficients for phantom 2 measured at l 5 543 nm were
m9s1 5 1.05 mm21, ma1 5 0.009 mm21, m9s2 5 0.52 mm21,
and ma2 5 0.024 mm21. @This wavelength is close to
the one used for the time-domain measurements in
this study ~l 5 528 nm!. Thus no significant differ-
ences are expected because of the different wave-
lengths because the reduced scattering coefficient of
polystyrene and the absorption coefficient of graphite
are smooth functions of the wavelength in this l
range.# The comparison of these values with those
obtained in the time domain revealed that the reduced
scattering coefficients are smaller and the absorption
coefficients are greater by ;20%–30%. This effect
can be explained by delayed scattering. Yaroslavsky
et al.36 derived that the product ma~ma 1 m9s! is constant
for the optical coefficients obtained with measure-
ments in both the steady-state and the time domains.
~For a semi-infinite geometry the condition r .. zb, z0
must be fulfilled.! Remarkably, this is true for our
measurements with errors smaller than 1% for both
layers.
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liver, “Réflectance résolue dans le temps et dans l’espace ap-
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Abstract. We have investigated the possibility of determining the optical coefficients of muscle
in the extremities with in vivo time-resolved reflectance measurements using a layered model.
A solution of the diffusion equation for two layers was fitted to three-layered Monte Carlo
calculations simulating the skin, the subcutaneous fat and the muscle. Relative time-resolved
reflectance data at two distances were used to derive the optical coefficients of the layers. We
found for skin and subcutaneous fat layer thicknesses (l2) of up to 10 mm that the estimated
absorption coefficients of the second layer of the diffusion model have differences of less than 20%
compared with those of the muscle layer of the Monte Carlo simulations if the thickness of the first
layer of the diffusion model is also fitted. Ifl2 is known, the differences are less than 5%, whereas
the use of a semi-infinite model delivers differences of up to 55%. Even ifl2 is only approximately
known the absorption coefficient of the muscle can be determined accurately. Experimentally,
the time-resolved reflectance was measured on the forearms of volunteers at two distances from
the incident beam by means of a streak camera. The thicknesses of the tissues involved were
determined by ultrasound. The optical coefficients were derived from these measurements by
applying the two-layered diffusion model, and results in accordance with the theoretical studies
were observed.

1. Introduction

In recent years, considerable efforts have been devoted to determine non-invasively the optical
properties of tissue, which can be applied in many fields of medicine for diagnostic purposes.
The derivation of the absorption and scattering coefficients of tissue requires a theoretical
model for the photon propagation in tissue. The transport theory and its approximation, the
diffusion theory, have been successfully employed to calculate the photon propagation not only
in tissue but also in other turbid media (Ishimaru 1978). Two extreme models are normally used
to describe the geometry of the investigated tissue. The first model assumes that the optical
properties of the involved tissues are homogeneous and, thus, simple solutions of the diffusion
equation can be derived for the determination of the optical properties (Patterson et al 1989,
Haskell et al 1994, Kienle and Patterson 1997). The second approach, in principle, does not
impose any restriction on the spatial distribution of the absorption and scattering coefficients
and is known as optical tomography (Yodh and Chance 1995, Arridge 1999). Due to the
experimental and mathematical challenges and the ill-posed nature of the second approach
(Boas et al 1997, Pogue et al 1999), the simplier homogeneous models are normally used to
evaluate in vivo measurements.

0031-9155/99/112689+14$30.00 © 1999 IOP Publishing Ltd 2689
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By considering the investigated tissue as layers we apply an intermediate model that is
more versatile than the homogeneous approach and more easily tractable than pure optical
tomography. This is especially appealing because many tissue parts have a layered structure,
for example the skin and the subcutaneous fat above the muscle in the extremities or the
layers of the head above the brain. Examples for applications of the layered model are the
provision of pharmacokinetic information about exogeneous chromophores in certain tissue
types for photodynamic therapy (Farrell et al 1998, Weersink et al 1997) or chemotherapy
(Mourant et al 1999), the evaluation of the depth of necroses in burns (Svaasand et al 1999)
or the investigation of the haemodynamics in the brain to detect haemorrhages or to monitor
stimulation processes (Delpy and Cope 1997, Chance et al 1997, Kohl et al 1998).

Recently, we derived solutions of the diffusion equation for a two-layered geometry having
an infinitely thick second layer in the steady-state, frequency and time domains. These solutions
were fitted to Monte Carlo simulations and phantom experiments (Kienleet al 1998a, b). In
the time domain, for example, we found that it is sufficient to measure the relative time-
resolved reflectance at two distances from the incident source to obtain accurate estimates of
the optical coefficients of the two layers. Time-domain measurements have the advantage that
the photons that have experienced a small number of scattering events and, thus, do not fulfil
the diffusion approximation, can be easily disregarded. Under specific conditions where the
diffusion equation is not valid, for example at small distances from the source, its application
deteriorates considerably the determination of the optical coefficients (Kienle et al 1998a,
Alexandrakis et al 1998, Bevilacqua and Depeursinge 1999).

In this study we investigate the usefulness of the two-layered diffusion model to
determine non-invasively the haemodynamics of muscles in the extremities. We concentrate
mainly on the determination of the absorption coefficient of the muscle layer, because
knowledge of the absorption coefficient at several wavelengths allows one to calculate
the blood oxygenation, blood flow and oxygen consumption of the muscle (Fantini et al
1995, Ferrari et al 1997). In the literature homogeneous models were used to derive
the optical properties in these measurements. However, it has been recognized that the
results of those models deteriorate with increasing thickness of the tissue layers above
the muscle (Homma et al 1996, Franceschini et al 1998), because the probability that
the photons have propagated through the muscle layer decreases. Increasing the distance
between the source and detector allows us to measure photons that have penetrated deeper
in the tissue. However, we have shown that increasing this distance results only in a
relatively small improvement of the derived absorption coefficient of the muscle (Kienleet al
1998b).

In this study Monte Carlo simulations were applied to calculate the time-resolved
reflectance of a three-layered model comprising skin, fat and muscle. The thickness of the fat
layer above the muscle layer was altered, as was the absorption coefficient of the muscle layer
to simulate haemodynamics measurements. We fitted the time-resolved reflectance of these
simulated data simultaneously at two distances using the solution of the diffusion equation of
a two-layered geometry. The fitting parameters were the absorption and the reduced scattering
coefficients of both layers and the thickness of the first layer. In addition, we investigated the
parameters obtained when the thickness of the layers above the muscle layer is known. For
comparison, we also used a semi-infinite diffusion model to fit the time-resolved reflectance.

We performed time-resolved measurements on the forearms of volunteers using a streak
camera. The thicknesses of the skin and subcutaneous fat layer were determined with an
ultrasound apparatus. Additionally, the thickness of the tissue layers above the muscle layer
was measured with a skin-fold caliper. We used the solution of the diffusion equation of a
two-layered turbid medium to derive the optical coefficients from the measurements on the
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forearms at two distances. As in the theoretical work, the nonlinear regressions were performed
with and without fitting the thickness of the first layer of the diffusion model.

2. Theory

2.1. Diffusion equation

In this section we summarize the solutions of the diffusion equation for a semi-infinite
and two-layered geometry that has been presented elsewhere (Kienle et al 1998a, b) and
whose derivation is based on the Fourier transform technique (Dayan et al 1992). We give
details of the numerical evaluation of the two-layered solution in the appendix. For the
derivation of both equations it was assumed that a pencil beam is incident along the z-direction
perpendicular to the surface of the turbid medium and that all photons are scattered at a
depth z = z0 = 1/(µ′

s + µa) under the surface, where µ′
s and µa are the reduced scattering

and the absorption coefficients of the turbid medium (first layer of the two-layered medium).
Assuming a refractive index of no = 1 outside and of ni = 1.4 inside the turbid medium the
experimentally observed reflectance R(ρ, t) from the turbid medium can be calculated with
(Kienle et al 1998a)

R(ρ, t) = 0.1188(ρ, z = 0, t) + 0.306D
∂

∂z
8(ρ, z, t)|z=0 (1)

where D = 1/3(µa + µ′
s) is the diffusion coefficient of the turbid medium (first layer of the

two-layered medium) and ρ is the radial distance between the incident beam and the surface
point considered. For the semi-infinite geometry the fluence rate 8 is given by (Patterson et al
1989)

8(ρ, z, t) =
c

(4πDct)3/2 exp(−µact)

×
[

exp
(

−
(z − z0)

2 + ρ2

4Dct

)

− exp
(

−
(z + z0 + 2zb)

2 + ρ2

4Dct

)]

(2)

where c is the speed of light in the turbid medium. The extrapolated boundary is located at
z = −zb, where

zb =
1 + Reff

1 − Reff
2D. (3)

Reff represents the fraction of photons that are internally diffusely reflected at the boundary.
Reff equals 0.493 for no = 1 and ni = 1.4 (Haskell et al 1994). In order to obtain the time-
domain reflectance for a two-layered medium having a first layer thickness l and an infinitely
thick second layer, we first compute the reflectance in the frequency domain. The reduced
scattering and absorption coefficient of the layer i are denoted by µ′

si and µai . The fluence
rate of the two-layered turbid medium is calculated with (Kienle et al 1998a)

8(ρ, z, ω) =
exp(jωt)

2π

∫ ∞

0
φ(z, ω, s)sJ0(sρ) ds (4)

where J0 is the Bessel function of zeroth order, j =
√

−1 and the frequency of the sinusoidally
modulated source is f = ω/2π . The function φ(z, ω, s) and its approximation for avoidance
of numerical errors are given in the appendix. The time-domain reflectance is obtained
by calculation of the real and imaginary part of the frequency domain reflectance at many
frequencies and by fast Fourier transform of these data (Kienle et al 1998a).
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2.2. Monte Carlo simulation

Monte Carlo simulations were used to calculate the time-resolved reflectance from a three-
layered turbid medium (Kienle 1995). We programmed a code that uses the following variance
reduction scheme to improve its efficiency. The simulations were run with zero absorption, and
the absorption coefficients of the layers were considered afterwards using Beer’s law (Graaff
et al 1993). This allowed us, in addition, to calculate from one simulation the reflectance for
different absorption coefficients of the third layer to simulate haemodynamics measurements
in the muscle.

A pencil beam was assumed for perpendicular illumination of the turbid medium. The
scattering angle was calculated using the Henyey–Greenstein phase function (Henyey and
Greenstein 1941), that has an anisotropy factor of g = 0.8. The refractive index inside and
outside the turbid medium was assumed to be 1.4 and 1.0 respectively.

2.3. Nonlinear regression

The solutions of the diffusion equation are applied to fit the Monte Carlo data in section 4
and the experimental reflectance in section 5 using a nonlinear regression routine described in
the literature (Bevington 1983). Time-resolved reflectance curves at two distances were used
in the nonlinear regression. In section 4.1 seven parameters, the reduced scattering and the
absorption coefficients of both layers, the thickness of the first layer and two multiplicative
constants accounting for the relative measurements of the reflectance at the two distances, were
fitted. In section 4.2 six fitting parameters were used: the ones aforementioned without the
thickness of the first layer. The time range for the nonlinear regression ofR(ρ, t) was chosen as
follows: the start time was at 0.9Rmax (before Rmax) and the end time was at Rmax/1000, where
Rmax is the maximum value of the reflectance curve. Thus, early times, where the diffusion
approximation is not valid, are excluded. The time range was accordingly shortened for Monte
Carlo simulations and experiments that had poor signal to noise ratio at long time values. The
weights for the least-squares calculations were obtained from Poisson statistics in the case of
the experimental reflectance. The statistical uncertainties used for calculation of the weights
of the Monte Carlo simulations were computed from the output of several simulations having
the same set of optical coefficients.

3. Materials and methods

The time-resolved reflectance on the forearm of six volunteers was measured with an appara-
tus that has been described in detail elsewhere (Glanzmann et al 1999). A dye laser that was
pumped by a mode-locked and frequency-doubled Nd:YLF laser served as the light source. The
pulse duration was about 10 ps and the emission wavelength was λ = 830 nm. The light was
delivered via a fibre with a 600µm core diameter. The same type of fibre was used to detect the
re-emitted light. A holding device that did not disturb the mismatched boundary condition as-
sumed in the theory ensured that the two fibres were in contact with the skin at a precise distance
from each other. A streak camera with a temporal resolution of 25 ps in the used time window
served as the detector. In the nonlinear regression to the experimental reflectance the theoretical
data were convolved with the experimental pulse. For this purpose, the laser pulse was mea-
sured with the streak camera before each measurement on the forearm. In addition, these mea-
surements allowed us to determine the zero time of the reflectance curves (Kienle et al 1998b).

The thicknesses of the tissue layers of the forearm were determined with an ultrasound
apparatus (7.5 MHz). These measurements allowed us to obtain the thicknesses of the skin
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and the subcutaneous fat layer (and the fascia) with an error of about 0.5 mm (including the
variation of the layer thicknesses at different locations on the forearm). In addition, a skin-fold
caliper, that measures mechanically the thickness of the layers above the muscle layer, was
used. The main problem of this measurement device is the compression of the fat layer (Wirth
1997). The precision of this device in determining the thickness of the layers above the muscle
layer is about 1 mm for medium subcutaneous fat layer thicknesses.

4. Determination of the optical properties from nonlinear regression to Monte Carlo
simulations

In this section we present results obtained from nonlinear regression of the solution of
the diffusion equation for a two-layered turbid medium to reflectance data calculated with
three-layered Monte Carlo simulations. Besides the reduced scattering and the absorption
coefficients of both layers we fitted the thickness of the first layer of the diffusion model
(section 4.1), whereas in section 4.2 we assume that this quantity is known. Time-resolved
reflectance at ρ = 10.5 and ρ = 20.5 mm were simultaneously fitted in both sections.

The optical coefficients used in the Monte Carlo simulations were obtained by
approximately matching the measurements of the time-resolved reflectance curves on the
forearms of six volunteers with theoretical reflectance by considering the optical coefficients
for skin (Roggan 1997, Kienle and Hibst 1995), fat (Mitic et al 1994, Kienle 1995) and muscle
(Pifferi et al 1998, Kienle 1995, Cubeddu et al 1999) tissue in the literature (see table 1).
(Thus, it was possible to use realistic optical properties from the rather large range of values
found in the literature.) Figure 1 shows R(ρ, t) measured on the forearms of six volunteers
at ρ = 11.8 mm. The thickness of the skin and subcutaneous fat layer was determined with
ultrasound measurements (see figure 1). It can be seen that the shape of the time-resolved
reflectance curves is broadened with increasing thickness of the subcutaneous fat layer, mainly
due to the low absorption of the fat. In the Monte Carlo simulations the thickness of the skin
was assumed to be 1.2 mm, whereas that of the muscle was taken as infinite. The thickness
of the subcutaneous fat layer was varied, so that the skin and the subcutaneous fat layers
equalled together l2 = 2, 5 and 10 mm (see table 1). (l2 denotes the thickness of the skin and
subcutaneous fat layer in the Monte Carlo simulations or experiments, whereas l describes the
thickness of the first layer in the diffusion model. Parameters obtained by nonlinear regression
are indicated by an asterisk.) The absorption coefficient of the muscle layer was varied to
account for the variation of the blood content in the muscle and to simulate haemodynamics
measurements.

Table 1. Optical coefficients and layer thicknesses used in the Monte Carlo simulations.

Tissue Thickness (mm) µ′
s (mm−1) µa (mm−1)

Skin 1.2 1.5 0.015
Fat 0.8/3.8/8.8 1.2 0.002
Muscle ∞ 0.5 0.02–0.03

4.1. Nonlinear regression including the first layer thickness as fitting parameter

In figures 2, 3 and 4 the estimated absorption coefficients, reduced scattering coefficients and
thicknesses of the first layer of the diffusion model obtained from the regressions are compared
with the parameters used in the Monte Carlo simulations. The results for l2 = 5 mm (circles)
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Figure 1. Time-resolved reflectance measurements on the forearm of six volunteers. The
thicknesses of the tissue layers above the muscle layer were determined from ultrasound
measurements as 2.0, 2.7, 2.7, 3.4, 5.0 and 5.0 mm (beginning with the narrowest to the broadest
curve).

and l2 = 10 mm (squares) can be seen in the figures, whereas those for l2 = 2 mm are not
shown, because in the latter case the χ2-space has a shallow shape around the minimum, so that
the nonlinear regression converges very slowly and, thus, considerably different parameters
deliver almost the same goodness of fit. (However,µ∗

a2 had differences of only a few per cent
compared with the absorption coefficient of the third layer in the Monte Carlo simulations.)
The figures show that forl2 = 5 mm the estimated optical coefficients of the second layer of
the diffusion model are close to the optical coefficients of the third layer of the Monte Carlo
simulations. In particular the differences in determining µa3 are only about 2%. The estimated
absorption coefficients of the first layer (µ∗

a1) are close to the absorption coefficients of the
second layer of the Monte Carlo simulations (µa2), whereas the estimated reduced scattering
coefficients of the first layer (µ′∗

s1) are between those of the first and second layer of the Monte
Carlo simulations. The estimated thicknesses of the first layerl∗ are about 10% less than the
thickness of the first two layers of the Monte Carlo simulations. We note that we also performed
Monte Carlo simulations for l2 = 5 mm and other optical properties that were reported in the
literature for skin, fat and muscle. In general, although the features of the estimated parameters
showed considerable differences from the above ones (for example the estimated thickness of
the first layer was l∗ ≈ 3 mm for some cases), the estimated absorption coefficients of the
second layer (µ∗

a2) showed differences .10% compared with µa3.
For l2 = 10 mm the estimated absorption and reduced scattering coefficients of the

second layer of the diffusion model show greater differences than those of the third layer
of the Monte Carlo simulations compared with l = 5 mm. This is probably caused by the
smaller probability that a detected photon has experienced the muscle layer for l2 = 10 mm
compared with l2 = 5 mm, so that the reflectance curves are less influenced by the muscle
layer. However, the differences between µ∗

a2 and µa3 are less than 20%.

4.2. Nonlinear regression knowing the layer thicknesses

In order to accelerate the convergence of the nonlinear regressions and to improve the
determination of the absorption coeffcients of the muscle, we performed nonlinear regressions

â*é



Determination of optical properties of muscle 2695

Figure 2. Estimated absorption coefficients of both layers (µ∗
a1 (open symbols), µ∗

a2 (full symbols))
determined by nonlinear regressions of time-resolved reflectance using the two-layered solution of
the diffusion equation to three-layered Monte Carlo data are shown versus the absorption coefficient
of the third layer used in the Monte Carlo simulations (µa3). The thicknesses of the first two layers
are l2 = 5 mm (circles) and l2 = 10 mm (squares). The lines indicate µa1 (long dashed), µa2
(short dashed) and µa3 (full).

Figure 3. Estimated reduced scattering coefficients of both layers (µ′∗
s1 (open symbols), µ′∗

s2 (full
symbols)) determined by nonlinear regressions of time-resolved reflectance using the two-layered
solution of the diffusion equation to three-layered Monte Carlo data are shown versus the absorption
coefficient of the third layer used in the Monte Carlo simulations (µa3). The thickness of the first
two layers are l2 = 5 mm (circles) and l2 = 10 mm (squares). The lines indicate µ′

s1 (long dashed),
µ′

s2 (short dashed) and µ′
s3 (full).

assuming that l2 is known and is equal to the first layer thickness of the diffusion model.
Figure 5 shows the estimated absorption coefficient of the second layer (µ∗

a2) for l2 = 2 mm
(open circles), 5 mm (crosses) and 10 mm (full circles). The absorption coefficients(µa3) of
the muscle tissue can be obtained with differences less than 2% for l2 = 2 and 5 mm, whereas
µ∗

a2 is systematically smaller than µa3 for l2 = 10 mm. However, the differences are less
than 5%. For comparison, figure 5 also shows the absorption coefficients (µ∗

a) obtained from
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Figure 4. Estimated thickness of the first layer l∗ determined by nonlinear regressions of time-
resolved reflectance using the two-layered solution of the diffusion equation to three-layered Monte
Carlo data are shown versus the absorption coefficient of the third layer used in the Monte Carlo
simulations (µa3). The thicknesses of the first two layers arel2 = 5 mm (circles) and l2 = 10 mm
(squares) as indicated by lines.

nonlinear regressions of the solution of the semi-infinite medium to the three-layered Monte
Carlo simulations for l2 = 2 mm (open squares), 5 mm (plusses) and 10 mm (triangles). Time-
resolved reflectance data at 20.5 mm were used. The differences between µ∗

a and the absorption
coefficient of the muscle used in the Monte Carlo simulations are less than 2% forl2 = 2 mm,
up to 13% for l2 = 5 mm and up to 55% for l2 = 10 mm. (These results are in accordance with
those of Franceschini et al (1998) who found that the measured effective optical coefficients
of a two-layered tissue are ‘representative of the underlying block if the superficial layer is
less than ≈0.4 cm’.) The differences increase for increasing l2 as well as for increasing µa3,
because the probability that a photon has propagated through the muscle layer and is detected
is decreased. The corresponding reduced scattering coefficients estimated from the nonlinear
regressions using both the solution of the diffusion equation for a two-layered medium as
well as for a semi-infinite medium are shown in figure 6. Similar to the determination of the
absorption coefficients, the differences between the estimated reduced scattering coefficients
of the second layer of the diffusion model and those of the muscle layer used in the Monte
Carlo simulations are smaller for smaller l2 and in the case of the two-layered model compared
with the semi-infinite model. In general, the estimated reduced scattering coefficients show
larger differences than the absorption coefficients.

We have assumed in the calculations so far in this section that the thickness of the layers
above the muscle layer is exactly known. We also investigated the influence on the estimated
optical coefficients when the assumed value of the layers above the muscle layer in the diffusion
model deviates from its true value. Figure 7 shows the estimated absorption coefficients of
the second layer for l2 = 2 mm (crosses), 5 mm (full circles) and 10 mm (open circles) versus
l for µa3 = 0.025 mm−1. In general, µ∗

a2 is only weakly dependent on the assumed l. The
estimated µ∗

a2 have differences of less than 2%, 6% and 17% compared with the absorption
coefficient of the muscle layer forl2 = 2, 5 and 10 mm respectively. Contrarily, µ∗

a1 and µ′∗
s2

show a large dependence on l (data not shown). For large differences between l and l2 the fit
diverges, because either µ∗

a1 or µ′∗
s2 becomes negative.

Figure 8 shows the estimated absorption coefficients of the second layer of the diffusion
model versus µa3 for l2 = 5 mm assuming in the nonlinear regression that l = 4 mm
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Figure 5. Estimated absorption coefficients of the second layer (µ∗
a2) determined by nonlinear

regressions of time-resolved reflectance using the two-layered solution of the diffusion equation
to three-layered Monte Carlo data are shown versus the absorption coefficient of the third layer
used in the Monte Carlo simulations (µa3). In the nonlinear regression it is assumed that l2 is
known. Results are presented for l2 = 2 mm (open circles), l2 = 5 mm (crosses) and l2 = 10 mm
(full circles). The line indicates µa3. Additionally, estimated absorption coefficients (µ∗

a) obtained
from a semi-infinite model forl2 = 2 mm (open squares), l2 = 5 mm (plusses) and l2 = 10 mm
(triangles) are shown.

Figure 6. Estimated reduced scattering coefficients of the second layer (µ′∗
s2) determined by

nonlinear regressions of time-resolved reflectance using the two-layered solution of the diffusion
equation to Monte Carlo data are shown versus the absorption coefficient of the third layer used in
the three-layered Monte Carlo simulations (µa3). In the nonlinear regression it is assumed that l2 is
known. Results are presented for l2 = 2 mm (open circles), l2 = 5 mm (crosses) and l2 = 10 mm
(full circles). The line indicates µ′

s3. Additionally, estimated reduced scattering coefficientsµ′∗
s

obtained from a semi-infinite model for l2 = 2 mm (open squares), l2 = 5 mm (plusses) and
l2 = 10 mm (triangles) are shown.

(full circles), l = 6 mm (crosses) and l = 7 mm (open circles). The estimated µ∗
a2 have

differences less than 4% compared with the absorption coefficients of the muscle layer for all
l2. In addition, the differences are similar for a certain l2 and different µa3. For example, µ∗

a2 is
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Figure 7. Estimated absorption coefficients of the second layer (µ∗
a2) determined by nonlinear

regressions of time-resolved reflectance using the two-layered solution of the diffusion equation
to three-layered Monte Carlo data are shown versus the assumed thickness of the layers above the
muscle layer (l). Estimated µ∗

a2 obtained for l2 = 2 mm (crosses), l2 = 5 mm (full circles) and
l2 = 10 mm (open circles) are shown. The line indicates µa3 = 0.025 mm−1.

Table 2. Estimated parameters and uncertainties determined by nonlinear regression of the two-
layered solution of the diffusion equation to measurements on the forearm.

l2 (mm) µ′∗
s1 (mm−1) µ∗

a1 (mm−1) µ′∗
s2 (mm−1) µ∗

a2 (mm−1)

5.3′ ± 0.5 1.55′ ± 0.02 0.0023′ ± 0.0004 0.39′ ± 0.03 0.0238′ ± 0.0006

5 1.57 ± 0.03 0.0016 ± 0.0015 0.44 ± 0.02 0.0239 ± 0.0013
6 1.50 ± 0.02 0.0033 ± 0.0010 0.28 ± 0.02 0.0236 ± 0.0013
7 1.44 ± 0.02 0.0037 ± 0.0007 0.13 ± 0.02 0.0226 ± 0.0016

always about 0.008 mm−1 smaller than µa3 for l = 4 mm. This is important when changes in
the absorption coefficient are monitored such as for oxygenation measurements under different
physiological conditions.

5. Determination of the optical properties from nonlinear regression to in vivo
experiments

Measurements of the time-resolved reflectance on a human forearm at ρ = 16.3 mm and
ρ = 20.3 mm can be seen in figure 9. The thickness of the layers above the muscle layer
was determined to be l2 = 5 mm by ultrasound. Also shown are the results of the nonlinear
regression of the solution of the diffusion equation for a two-layered medium assuming that the
thickness of the involved layers is not known. Table 2 gives the optical parameters obtained
from nonlinear regression by fitting the optical coefficients andl (indicated by ′) and from
nonlinear regression by assuming that the thickness of the layers above the fat layer is known.
The true value (l = 5 mm) as well as false values (l = 6 and 7 mm) were assumed. For
other values of l the fit diverged. Similar to the nonlinear regression for the three-layered
Monte Carlo simulations, the absorption coefficient of the second layer of the diffusion model
is relatively independent of the choice of l, whereas µ∗

a1 and µ′∗
s2 show a strong dependence

on l. The semi-infinite solution was also fitted to the time-resolved reflectance measurements.
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Figure 8. Estimated absorption coefficients of the second layer (µ∗
a2) determined by nonlinear

regressions of time-resolved reflectance using the two-layered solution of the diffusion equation
to three-layered Monte Carlo data are shown versus the absorption coefficient of the third layer
used in the Monte Carlo simulations (µa3). The layers above the muscle layer have a thickness
of l2 = 5 mm in these simulations. In the nonlinear regression it is assumed that l = 4 mm (full
circles), l = 6 mm (crosses) and l = 7 mm (open circles).

Figure 9. Experimental time-resolved reflectance on a human forearm at ρ = 16.3 mm and
ρ = 20.3 mm (noisy curves) and results of the nonlinear regression.

For ρ = 20.3 mm we obtained µ′∗
s = 1.07 mm−1 and µ∗

a = 0.019 mm−1. Similar to the
theoretical work, µ∗

a obtained with the semi-infinite model is smaller than that calculated with
the two-layered model (see figure 5).

The nonlinear regressions to the measurements on the forearms of the other volunteers
gave, in general, similar results. However, for several measurements it was not possible to
obtain a reasonable fit (see below).
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6. Discussion

In this study we investigated the use of a solution of the diffusion equation for two layers
to obtain the optical properties of muscle tissue in the extremities. By fitting this solution
to three-layered Monte Carlo simulations (representing skin, fat and muscle) we found that
the absorption coefficient of the second layer in the diffusion model is, in general, close
to the absorption coefficient of the muscle layer in the Monte Carlo simulation. This was
found for nonlinear regression including and excluding the thickness of the first layer in the
diffusion model as fitting parameter. However, including this parameter in the fit causes the
nonlinear regression to converge very slowly, indicating a very smooth χ2 surface. Therefore,
a systematic error in the measurements can greatly influence the optical properties obtained.

The nonlinear regressions are more stable if the thickness of the layers above the muscle
layer is known and is used as thickness of the first layer of the two-layered diffusion model.
We showed that the estimated µ∗

a2 has differences of only a few per cent compared with
the absorption coefficient of the muscle layer in the Monte Carlo simulations in this case.
Additionally, we found that the absorption coefficient of the muscle can still be accurately
determined even if l2 is not exactly known. For large thicknesses of the layers above the
muscle layer (l2 = 10 mm) we found systematic differences between µ∗

a2 and µa3 (see figure 5).
However, these differences are less than 5%. In contrast, the use of the semi-infinite diffusion
solution results in differences of up to 55% for this l2.

Measurements on the human forearms of volunteers were performed at different distances.
We showed for measurements on a forearm with a thickness of the skin and subcutaneous fat
layer of 5 mm that the estimated optical coefficients using the two-layered diffusion equation
solutions are in accordance with the theoretical investigations. We found, for example, that
the estimated µ∗

a2 changed only by 1% and 5% assuming l = 6 mm and l = 7 mm compared
with the true value (l = 5 mm) respectively. (For other values of l the nonlinear regression
diverged.) Therefore, it is not necessary to know exactly the thickness of the layers above
the muscle layer to obtain good estimates of the absorption coefficient of the muscle layer.
(Skin-fold caliper measurements or even manual estimates might be sufficient.) The estimated
reduced scattering coefficient of the muscle, however, is largely influenced by the choice of
l (see the theoretical data in figure 6 and the experimental data in table 2). In general, the
derived reduced scattering coefficients of the second layer in the diffusion model show larger
differences than those of the muscle layer compared with the absorption coefficients, but the
differences are much smaller than those obtained from the semi-infinite model.

A disadvantage of the two-layered solution, besides its more complicated and slower
mathematical evaluation, is that the nonlinear regression is less robust to systematical errors in
the measurements compared with the semi-infinite model. For the measurements of the time-
resolved reflectance the zero time was obtained by an additional measurement of the laser pulse
before each measurement on the forearm. Thus, the determination of the zero time depended
on the stability of the laser source. To investigate the influence of this quantity we fitted the two-
layered diffusion equation to Monte Carlo data where the zero time was changed. It was found
that a shift of the zero time of about 40 ps can cause considerably different optical properties.
Thus, it is not surprising that the nonlinear regressions to some forearm measurements gave poor
fits, because the jitter of our system was in the range of 40 ps during the time between the mea-
surement of the zero time and the forearm measurements. Therefore, we recommend measuring
the incident laser beam simultaneously with the in vivo measurement to avoid this problem.

In summary, we showed that for thicknesses of the skin and the subcutaneous fat layer of
up to l2 = 10 mm the absorption coefficient of the muscle in the extremities can be derived
accurately using a solution of the diffusion equation for two layers, if l2 is approximately known.
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The relatively small distances used for the measurements of the time-resolved reflectance
(ρ < 21 mm) enable a relatively high spatial resolution for imaging purposes. It has to
be investigated if a two-layered model can also be used for other applications, such as the
determination of the absorption coefficient of the brain, or if this model has to be extended
to more layers. This would, probably, imply either an a priori knowledge of the optical
coefficients of some layers or measurements of the time-resolved reflectance at more than two
distances (Tualle et al 1996).
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Appendix

The function φ(z, ω, s) introduced in section 2 is given by

φ(z, ω, s) =
sinh[α1(zb + z0)]

D1α1

{

D1α1 cosh[α1(l − z)] + D2α2 sinh[α1(l − z)]
D1α1 cosh[α1(l + zb)] + D2α2 sinh[α1(l + zb)]

}

−
sinh[α1(z0 − z)]

D1α1
0 6 z < z0 (5)

where we assumed that l > z0. Di = 1/(3(µai + µ′
si)) is the diffusion coefficient of layer

i and α2
i = (Dis

2 + µai + jω/c)/Di . In order to avoid numerical errors in the calculation
of equation (5) limiting equations are derived. Expressing the hyperbolic functions with
exponentials it follows for the term in curly brackets in equation (5) (z = 0)

exp(α1l)(D1α1 + D2α2) + exp(−α1l)(D1α1 − D2α2)

exp[α1(l + zb)](D1α1 + D2α2) + exp[−α1(l + zb)](D1α1 − D2α2)

=
1 + Da exp(−2α1l)

exp(α1zb){1 + Da exp[−2α1(l + zb)]}
(6)

where Da = (D1α1 − D2α2)/(D1α1 + D2α2). For φ(z = 0, ω, s) we get

φ(z = 0, ω, s) = ({exp(α1z0) − exp[−α1(2zb + z0)]}
1 + Da exp(−2α1l)

1 + Da exp[−2α1(l + zb)]
−[exp(α1z0) − exp(−α1z0)])/2D1α1. (7)

For 2α1(l+zb) � 1 the denominator in equation (7) can be expanded, and, thus, φ(z = 0, ω, s)

can be expressed as a sum of exponential terms. For example, to first order inDa we get

φ(z = 0, ω, s) ≈ (exp(−α1z0) − exp[−α1(2zb + z0)]
+Da{exp[α1(z0 − 2l)] − exp[α1(−z0 − 2l − 2zb)]
− exp[α1(z0 − 2l − 2zb)] + exp[α1(−z0 − 2l − 4zb)]})/2D1α1. (8)
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Determination of the scattering
coefficient and the anisotropy factor from
laser Doppler spectra of liquids including blood

Alwin Kienle, Michael S. Patterson, Lutz Ott, and Rudolf Steiner

Laser Doppler measurements were performed on scattering liquids flowing through a highly scattering
static medium to determine the scattering coefficient and the anisotropy factor of the liquids. Monte
Carlo simulations of light propagation in the static andmovingmedia were used to calculate the Doppler
spectra for suspensions of polystyrene spheres in water, and these spectra were in excellent agreement
with experimental results. A faster Monte Carlo code was developed so that nonlinear regressions to
the measured laser Doppler spectra could be used to determine the anisotropy factor of other
liquids. This approach was used to deduce the scattering properties of Intralipid and blood at l 5 820
nm. It was found that the anisotropy factor of blood is well described by Mie theory in contradiction to
results reported in the literature that were obtained by goniometric measurement of the phase function.
Key words: Laser Doppler, Monte Carlo, anisotropy factor, blood. r 1996 Optical Society ofAmerica

1. Introduction
Knowledge of the optical properties of biological
tissues is important in the applications of lasers in
medicine. Many studies have been conducted to
investigate the absorption and scattering coefficients
of soft and hard tissues.1 In principle, these meth-
ods can also be used to derive the scattering and
absorption characteristics of liquids, such as blood.
In contrast to soft or hard tissue, the optical

coefficients of scattering fluids may be deduced from
the properties of their scattering particles if the
volume fraction of particles is low enough that each
acts independently. Frequently, Mie theory is used
to compute the absorption coefficient µa, the scatter-
ing coefficient µs, and the phase function p1u2, where u
is the scattering angle. For some purposes, such as
modeling light propagation in multiple-scattering
media, p1u2 can be represented by the anisotropy

factor g, which equals the average cosine of the
scattering angle. Several fluids, particularly sus-
pensions of polystyrene spheres and Intralipid, a
lipid emulsion 1Abbott Laboratories, Montreal, Que-
bec2, have been well characterized and used as
tissue-simulating phantoms.
However, despite its importance, the optical coeffi-

cients of diluted blood have not been investigated to
the extent that tissues have. The applicability of
Mie theory is not obvious because the main scatter-
ers in blood 1the erythrocytes2 are biconcave disks
and not spheres, as supposed inMie theory. Steinke
and Shepherd2 measured the collimated transmit-
tance of dilute blood suspensions to obtain the
scattering coefficient µs, and they derived the anisot-
ropy factor g by making angular scattering measure-
ments in a goniometer. They found that the anisot-
ropy factor calculated with Mie theory was greater
than that obtained experimentally, although µs was
well described by Mie theory. However, blood cells
scatter light predominantly in the forward direction,
and it is difficult to measure the correct g value using
a goniometer.
In this study we investigate a new method to

measure the scattering coefficient and the anisot-
ropy factor of scattering liquids. We use a laser
Doppler apparatus that is normally applied in medi-
cine to the measurement of blood flow in tissue.3
The liquid flows through a highly scattering static
medium. A Doppler shift occurs at each scattering
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of the incident light by the moving particles of the
liquid. As a result of the scattering in the static
medium, light is incident upon the moving liquid
from all directions, and many different Doppler
shifts occur, producing a Doppler spectrum. Light
may also undergo multiple Doppler scattering before
it is detected. The Doppler frequency shift at each
scattering interaction is proportional to sin1u@22.
For high g values a small change in g is related to a
relatively large change in the average scattering
angle, so laser Doppler spectra are sensitive to small
changes of g.
The Monte Carlo method was used to simulate

light propagation in the static and flowingmedia and
hence to calculate the laser Doppler spectrum. We
show that the scattering coefficient of liquids can
readily be derived from the integration of the Dopp-
ler spectrum provided that the absorption coefficient
µa of the liquid is much smaller than the scattering
coefficient. Even if µa is significant, the determina-
tion of µs is also possible, but a separate measure-
ment of µa 1 µs is necessary. The anisotropy factor
was deduced by the application of an iterative,
least-squares nonlinear-regression method to fit the
measured Doppler spectra.4 For reducing the long
computation time a simpler and faster Monte Carlo
simulation code for the calculation of the laser-
Doppler spectrum was developed. The experimen-
tal setup was tested by comparison of the laser
Doppler measurements of polystyrene spheres with
Monte Carlo simulations. Finally, the scattering
properties of dilute Intralipid–20% 1Liposyn, 20%
solids2 and blood were determined at l 5 820 nm.

2. Experimental Setup
In Fig. 1 a schematic drawing of the experimental
setup is shown. Measurements of the laser Doppler
spectra were made with a modified commercial
apparatus 1DWLElektronische Systeme GmbH, Sip-
plingen, Germany2. Light from a laser diode 14 mW2
emitting at 820 nm was coupled into an optical fiber
1light fiber2 with a core diameter of 600 µm. The
fiber was fixed in a probe placed perpendicular to the
surface of the highly scattering medium, Teflon
1polytetrafluorethylene2. At each side of the fiber a
photodiode with a light-sensitive area of 0.25 mm2

was located at a distance of 1.55 mm from the center
of the fiber. The photons, which are scattered in the
turbid media and reemitted from the Teflon slab,
were detected by the use of the photodiodes. In the

detectors a beat signal is produced from the interfer-
ence between the frequency-shifted photons and
those which are only elastically scattered. The
signals from these two detectors are applied to a
difference amplifier 1D2 to improve the signal-to-
noise ratio.5 From the output signal of the differ-
ence amplifier the laser-Doppler spectrum 1power
spectrum2 S1n2 can be calculated by PC with the
Fourier transformation. Because the signal is high-
pass filtered, Doppler frequencies below 100 Hz
cannot be measured with our device.
A circular hole was drilled parallel to the surface of

the Teflon block at a depth of 1 mm, and a glass
microhematocrit tube with an inner diameter of 1.2
mm and a wall thickness of 0.2 mmwas inserted into
the block. A perfusor normally used for medical
applications pumped the scattering liquid under
investigation, by means of a plastic pipe, to the
microhematocrit tube. Another plastic pipe was
used to drain the liquid at the other end of the
microhematocrit tube into a reservoir. For the ex-
periments in this study a flow rate was used that
resulted in an average velocity of 2.50 6 0.15 mm@s
in the microhematocrit tube. With the assumption
of a parabolic velocity distribution over the cross
section of the tube, the maximum velocity was 5.0 6
0.3 mm@s at the center of the tube. The uncertainty
in the velocity results from the measurement of the
diameter of the microhematocrit tube and the liquid
volume pumped per second by the perfusor.
For the theoretical calculation of the laser Doppler

spectra the optical coefficients of the static medium
1Teflon2 have to be known. We used an integrating
sphere to measure the total diffuse transmission and
reflection of the Teflon slabs. A xenon high-pres-
sure lamp served as the light source. The reduced
scattering coefficient µs8 5 µs11 2 g2 and the absorp-
tion coefficient µa were deduced from these measure-
ments with an inverse Monte Carlo technique simi-
lar to that applied by Roggan et al.6 Three slabs—
two of which were 2mm thick and one that was 3mm
thick—were measured, and we computed values of
µs 5 24 6 1 mm21 and µa 5 0.001 6 0.001 mm21 at
l 5 820 nm, assuming g 5 0.9. For this highly
scattering medium and for the geometry in this
study, an accurate estimate of the anisotropy factor
was not required for the calculation of light propaga-
tion. The absorption coefficient could be deter-
mined only approximately, because the mean free
path for absorption was much greater than the
thickness of the sample slabs. However, we checked
that this uncertainty did not affect the results of this
study by calculating the laser Doppler spectra for
different absorption coefficients of Teflon. For the
refractive index of Teflon n 5 1.35 was used.7 The
fiber of the optical probe was not placed directly onto
the Teflon block, nor were the photodiodes optically
isolated from the incident light of the fiber in the
optical probe, to ensure that the detected amount of
non-Doppler-shifted light was much greater than
that of the Doppler-shifted light. Therefore, hetero-

Fig. 1. Schematic diagram of the experimental setup for the
measurement of laser Doppler spectra. D, differential amplifier.
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dyne detection can be assumed in the analysis.8,9
We also found that, for this probe, the measured
laser Doppler spectra did not change when the probe
was rotated around the axis of the delivering fiber.
Thus, in the Monte Carlo simulations it was not
necessary to score two-dimensional information about
the location of each photon escape but only the
distance from the source. For the blood measure-
ments whole blood was drawn directly from a vein of
a male volunteer into a heparinized tube. The
blood was then shaken in air to ensure oxygenation.
It was diluted with isotonic saline and used for
experiments within 2 h of drawing.

3. Theory

A. Monte Carlo Method for the Simulation of Laser
Doppler Spectra
Laser Doppler flowmetry is based on the interference
of frequency-shifted and non-frequency-shifted light
at the detector that generates intensity modulation
at the Doppler frequency Df. For nonrelativistic
particle velocities Df can be calculated from

Df 5 2f0
Dkv

c 0Dk 0
sin1u@22, 112

5
2 0v 0

l@n
cos1d2sin1u@22, 122

where f0 is the frequency of the incident photon, v is
the velocity of the moving particle, c is the velocity of
light in the medium, and Dk is the difference of the
scattered and incident wave vectors.8 The angle
between Dk and the velocity of the scattering par-
ticle is termed d. For investigations of blood flow in
tissue the dependence of the frequency shift on the
velocity or concentration of the scattering particles is
used,5,10whereas in this studywe used the frequency-
shift dependence on the scattering angle and on the
concentration. For deducing the scattering coeffi-
cient and the anisotropy factor from the laser Dopp-
ler spectrum, a theoretical model for light propaga-
tion in the static and flowing media must be applied.
Monte Carlo simulations are best suited for the

problem of light propagation in static and flowing
media and have been used in related studies, such as
laser Doppler flowmetry.8,9,11,12 Figure 2 shows a
diagram of a cross section of the geometry for the
Monte Carlo simulations and the experiments.
Photons were perpendicularly incident on the highly
scattering Teflon slab, which is 13 mm thick. The
lateral dimensions of the slab were assumed to be
infinite in the simulations. If not explicitly stated,
we assumed a parabolic velocity distribution with a
maximum velocity of vm 5 5 mm@s in the center of
the hole.
Calculating light propagation in turbid media

with the Monte Carlo method is thoroughly de-
scribed in the literature.13,14 The optical coefficients-
for the static medium were µs 5 24 mm21, µa 5 0.001

mm21, g 5 0.9, and n 5 1.35 1see Section 22. In the
static medium we applied the Henyey–Greenstein
phase function. If the photons penetrate into the
moving medium, the optical parameters of that
medium have to be used. Because the refractive
index n of the static medium 1n 5 1.352 was close to
that of the liquids 1n 5 1.332, Fresnel reflection at the
boundary was ignored, as was the influence of the
transparentmicrohematocrit tube. At each scatter-
ing point in the moving medium the Doppler fre-
quency shift has to be calculated with Eq. 122. For
the Monte Carlo simulations in this section 1as
opposed to the Monte Carlo code of section 3.C2 it is
more convenient to use the form11

Df 5
f0
c

v1e2 2 e12, 132

where e2 and e1 are the unit vectors in the scattered
and incident directions, respectively. If a photon is
scattered more than once in the moving medium, all
frequency shifts have to be summed to get the total
frequency shift of the simulated photon. All remit-
ted photons, independent of the emission angle, are
scored because the highly scattering static medium
removes any dependence of the Doppler spectrum on
the emission angle.9 The number of photons remit-
ted from the surface of the static medium was scored
as a function of the distance from the incident beam
and the Doppler shift. The Doppler spectrum S1n2
was calculated with9

S1n2 5 S1iDn2 5 CN0Ni. 142

In Eq. 142 Ni represents the number of photons in
the frequency interval between 1i 2 1@22Dn and
1i 1 1@22Dn, where Dn is the width of the elements of
the frequency array in the Monte Carlo simulations.
N0 is the number of all photons remitted without a
frequency shift, and the quantity C represents prop-
erties of the detector and the degree of coherence of
different frequency intervals. In this study, it is
assumed that C is constant and that N0 is much
greater thanNi 1heterodyne detection2.9

Fig. 2. Representation of a cross section of the geometry used in
the Monte Carlo simulations. The lateral dimensions are as-
sumed to be infinite.
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For the investigation of the dependence of Doppler
spectra on the lateral positions of the detectors, laser
Doppler spectra were calculated for different dis-
tance ranges. Simulations were performed for poly-
styrene-sphere suspensions with coefficients of µs 5
0.25 mm21 and µa 5 0.002 mm21. Phase functions
were calculated with Mie theory and a refractive
index of n 5 1.59 for polystyrene. The result was
that all simulated curves for the different distance
ranges show approximately the same form. The
reason for this similarity is that the distribution of
photon directions incident on the moving medium,
which is <2.4 transport mean free paths below the
Teflon surface, is isotropic because of the highly
scattering static medium. However, the probability
that a Doppler-shifted photon is remitted at larger
lateral distances from the incident beam decreases
because of the greater path in the scattering me-
dium, so the absolute values of the curves are
different. If only relative values of the Doppler
spectrum S1n2 are considered 1as in this study2, it is
possible to use all remitted photons regardless of the
lateral distance of the reemission relative to the
incident beam.
However, despite this variance reduction, these

simulations require long computation times to
achieve useful precision. Deducing the anisotropy
factor from the laser Doppler spectra requires an
iterative, nonlinear-regression procedure. This pro-
cess leads to prohibitively long computation times if
the Monte Carlo method described above is used.

Therefore, we have investigated a simpler model,
described in Section 3.C, that reduces the computa-
tion time by several orders of magnitude.

B. Determination of the Scattering Coefficient
To investigate how the scattering coefficient µs of the
liquid can be deduced from the laser Doppler spec-
trum, we scored the number of scattering events in
the moving medium for each photon that was remit-
ted with the Monte Carlo program. Figure 3 shows
the probability distribution of the number of scatter-
ing events with the geometry from Fig. 2 for polysty-
rene spheres with diameters of d 5 300, 519, 806 nm
and for blood as the flowing media. For the moving
media phase functions were calculated from Mie
theory. Red blood cells were approximated as
spheres with a diameter of d 5 5.58 µm 1Ref. 22 and a
refractive index of nt 5 1.036 relative to the plasma.15
Scattering and absorption coefficients of µs 5 0.25
mm21 and µa 5 0.002 mm21, respectively, were used
for all movingmedia. The absorption of the polysty-
rene-sphere suspensions is mainly due to water.
Thus, we used a value of µa 5 0.002 mm21, which
approximately equals the µa of water at 820 nm.16
The absorption coefficient of blood is greater than a
factor of 100 smaller than the scattering coefficient
at 820 nm.15 Therefore, for diluted blood with µs 5
0.25 mm21, the absorption coefficient 1including the
contribution of water2 has an approximate value of
µa 5 0.004 mm21. The same simulations as were
shown in Fig. 3 were also made for this absorption

Fig. 3. Plot of the probability distribution of the number of Doppler-scattering events for a reemitted photon. The moving media were
polystyrene spheres with diameters of d 5 300 nm 1pluses2, d 5 519 nm 1crosses2, d 5 806 nm 1open squares2 and blood 1open circles2.
The velocity distribution of the moving medium was assumed to be parabolic, with a maximum velocity of vm 5 5 mm@s. The optical
coefficients of the moving fluids had values of µs 5 0.25 mm21 and µa 5 0.002 mm21. These data were generated with 156,000 photon
histories in the Monte Carlo simulation.
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coefficient, and no difference was found in the prob-
ability distributions.
Figure 3 shows that the probability distribution of

the number of scattering events is independent of
the phase function of the moving medium for these
µa and µs values. This independence is because the
mean free path of the photons in the liquid is much
greater than the diameter of the cylinder in which
the liquid flows. Therefore, scattering locations are
approximately uniformly distributed over the whole
cross section of the moving medium. This unifor-
mity of distribution means that the total number of
Doppler-shifted photons reemitted at the surface
depends only on the scattering and absorption coeffi-
cients of the moving medium.
If the absorption coefficient is much smaller than

the scattering coefficient, the scattering coefficient of
the moving medium can be derived from a change in
the concentration of the liquid until the integrated
Doppler spectrum equals that of the calibration
measurements. For the calibration measurements
we used polystyrene spheres with different diam-
eters and at concentrations that resulted in the
following values for the optical coefficients: µs 5
0.25 mm21 and µa 5 0.002 mm21. If the absorption
coefficient is not much smaller than the scattering
coefficient, the determination of µs is still possible
1see Section 52.

C. Determination of the Anisotropy Factor
If the scattering coefficient of the liquid is known, the
anisotropy factor g can be determined from fitting
the theoretical laser Doppler spectrum calculated
with the Monte Carlo method to the experimental
spectra. However, to be practical, the long calcula-
tion time for the Monte Carlo method has to be
reduced.
In the Monte Carlo simulations described in Sec-

tion 3.A. nearly all the computation time was spent
to track photons in the static turbid medium, and
only a small amount was needed for simulation of
the scattering processes in the moving medium.
Thus the simulation time could be drastically re-
duced if the effects of the static medium were
modeled in a simpler way. To explore this, we used
the full Monte Carlo simulations and scored the
distributions of d and of the velocity of the moving
medium for all scattering events in the liquid. For
all simulations shown in Fig. 3 it was found that the
angle distribution was isotropic and that the velocity
distribution was uniform from v 5 0 mm@s to v 5 vm.
The former finding is a result of the highly scattering
static medium, whereas the latter finding is a result
of the fact that, for a parabolic velocity distribution
within a circular cross section, all velocities are
equally probable.17
With this knowledge, which implies that the veloc-

ity of the scatterers is not correlated with the angle,
d, it is possible to design a simpler method for the
calculation of the Doppler spectra. It is necessary
to make only one simulation with the normal Monte

Carlo code and then to score the probability distribu-
tion of the number of scattering events in the moving
medium for fixed values of µs and µa for the moving
medium 1in this study we used values of µs 5 0.25
mm21 and µa 5 0.002 mm212. Then, with this infor-
mation and the uniform distributions of the veloci-
ties and incident angles, the Doppler spectrum can
be calculated with Eq. 122 and simple Monte Carlo
algorithms. For the calculation of Df for a single
photon, first the number of scattering events is
sampled from the above-mentioned probability distri-
bution 1see Fig. 32 with the usual Monte Carlo
procedure. Then, for each event, the scattering
angle is sampled from the appropriate phase function.
The frequency shift for a scattering event is calcu-
lated with Eq. 122, where v and d are sampled from a
uniform velocity distribution that ranges from v 5 0
mm@s to v 5 vm and from an isotropic angle distribu-
tion, respectively. This procedure is repeated for all
scattering events of the single photon to deduce its
total frequency shift. Finally, Df is calculated for a
great number of photons to estimate the laser Dopp-
ler spectrum; typically, 100,000 photons were used.
For the geometry and the optical coefficients used in
this study, the laser Doppler spectra can be calcu-
lated more than 1000 times faster than with the full
Monte Carlo simulation described above.
In the iterative nonlinear regression for determin-

ing the anisotropy factor the analytic form of the
phase function is not generally known. Therefore,
we used the one-parameterHenyey–Greenstein func-
tion

p1u2 5
1

4p

1 2 g2

31 1 g2 2 2g cos1u243@2
. 152

In Eq. 152 the parameter g equals the anisotropy
factor. We also investigated the two-parameter
phase function of Reynolds and McCormick18:

f 1u2 5 K31 1 g82 2 2g8 cos1u2421a112,

K 5 p21ag811 2 g8222a311 1 g822a 2 11 2 g822a421. 162

For a 5 1@2, Eqs. 162 reduce to the one-parameter
Henyey–Greenstein function. The anisotropy fac-
tor g can be calculated from Eqs. 162 by the use of Eqs.
172:

g 5 32g8aL 2 11 1 g8224@32g81a 2 124,

L 5 311 1 g822a 1 11 2 g822a4@311 1 g822a 2 11 2 g822a4.

172

In Section 4.B. the Doppler spectra computed with
both phase functions are used in a nonlinear-
regression routine to fit spectra calculated with Mie
theory. The logarithmic values of the spectra are
fitted, and the same weight factors are used for all
experimental data.
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4. Results

A. Comparison of Experimental Doppler Spectra and
Monte Carlo Simulations
To compare the experimental and theoretical Dopp-
ler spectra, we conducted measurements with poly-
styrene microspheres 1d 5 519 nm and d 5 806 nm2
and calculated S1n2 with the full Monte Carlo code,
which includes light propagation within the Teflon
block. As shown in Fig. 4, the slope of the Doppler
spectrum S1n2 versus the frequency for polystyrene
spheres with d 5 519 nm is not as steep as that for
spheres with d 5 806 nm because the average
scattering angle, hence the Doppler shift Df, is
greater 3see Eq. 1124. The experimental curves have
been scaled by the same factor to provide the best
match to the theoretical results. Good agreement
between the shapes of the theoretical and experimen-
tal curves was obtained. In the Monte Carlo simu-
lations we used a maximum velocity of vm 5 5 mm@s
in the center of the flowing liquid because vm was
determined as vm 5 5.0 6 0.3 mm@s 1see Section 22.
Figure 4 shows that the slopes of the theoretical
curves are somewhat smaller than those of the
experimental curves. The curves can be better
matched if a value of vm < 4.75 mm@s is used; and
this value was applied in Section 4.C for the determi-
nation of the optical coefficients of Intralipid and
blood.
Figure 5 shows a comparison of S1n2 calculated

with the full Monte Carlo code, which explicitly
includes the static medium, and the simpler Monte
Carlo code described above 1Section 3.C.2. The com-
parison reveals that the full Monte Carlo simulation
1dashed curve2 and the simpler code 1solid curve2
produce approximately the same results, although a
small difference can be seen at high frequencies.
We postulated that this difference was due to correla-
tions between d and the velocity of the particles at
the scattering locations of photons that scatter more
than once before they leave the flowing liquid. To

check this statement we made simulations with the
full Monte Carlo program but chose the velocity of
the scattering particles from a uniform distribution
between zero and the maximum velocity, indepen-
dent of the location of the scattering events. Thus,
the correlation should be suppressed. Figure 5
shows that this verifying simulation 1long-dashed
curve2 yields a laser Doppler spectrum equivalent to
the result of the simpler model. Because this slight
difference does not influence the determination of
the optical properties to a great extent, especially if
the anisotropy factor is high, we concluded that the
simpler model could be used to calculate the laser
Doppler spectra. The simpler Monte Carlo method
can be applied to demonstrate the dependence of a
laser Doppler spectrum on g. For the g-dependence
calculations the Henyey–Greenstein function was
used to represent the phase function of the moving
liquid. Figure 6 shows the values of S1n2 for aniso-
tropy factors of g 5 0, 0.5, 0.8, 0.9, 0.95, 0.98, 0.99,
0.995. It can be seen that a small change in g
makes a great difference in S1n2 if g is close to one.
Therefore, it should be possible to determine accu-
rately the anisotropy factors of media that are highly
forward scattering, such as blood.

B. Investigation of Different Phase Functions
If the scattering coefficient of the investigated liquid
is determined with the method explained above
1Section 4.A.2 or is known a priori, the concentration
of the liquid can be chosen to produce a reference
value of µs; in our case, the value chosen was µs 5
0.25 mm21. The anisotropy factor can be deter-

Fig. 4. Comparison of experimental 1solid curves2 and calculated
1dashed curves2 laser Doppler spectra for polystyrene spheres with
diameters of d 5 519 nm and d 5 806 nm flowing through the
Teflon block. The optical coefficients of the moving fluids had
values of µs 5 0.25 mm21 and µa 5 0.002 mm21.

Fig. 5. Comparison of laser Doppler spectra calculated with the
full Monte Carlo program 1dashed curve2 and with the simpler
code 1solid curve2. With the use of the full Monte Carlo code, S1n2
was also calculated under the assumption that there was no
correlation between the velocities of the scatterers and d 1long-
dashed curve2. A liquidmedium consisting of polystyrene spheres
with diameters of d 5 519 nm, µs 5 0.25 mm21, and µa 5 0.002
mm21 was simulated. In the inset the normalized residuals x of
these curves are shown. The dashed curve represents x for the
curves calculated with the full Monte Carlo program, with and
without correlations, and the solid curve represents x for the
curves calculated with the full Monte Carlo program, without
correlation, and the simpler Monte Carlo code.
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mined with a nonlinear regression to fit the experi-
mental Doppler spectrum. To investigate whether
it is possible to use the Henyey–Greenstein function
in the iterative Monte Carlo approach, we fitted S1n2
calculated with this phase function to the theoretical
laser Doppler spectra calculated for polystyrene
spheres of d 5 519 nm and d 5 806 nm with phase
functions computed with Mie theory. In Fig. 7 it
can be seen that the best-fit spectrum generated
with the Henyey–Greenstein phase function does
not correspond to the true Doppler spectrum. The
reason for this is that the Henyey–Greenstein func-
tion is not a good approximation to the phase func-
tions calculated with Mie theory. The differences

between these types of phase functions is important
for light propagation in turbid media if the average
number of scattering events is small, as it was in our
experiment. Using the Reynolds–McCormick phase
function, which provides a better approximation to
Mie theory,18 yields the superior results shown in
Fig. 8, in which the spectra for blood are also shown.
Table 1 compares the anisotropy factors gr ob-

tained with the nonlinear regressions of Fig. 8
3calculated with Eqs. 1724 with the true value gm
calculated with Mie theory. Table 1 shows that the
anisotropy factor for Mie scatterers can be recovered
with the Reynolds–McCormick phase function.
Table 1 also demonstrates that the nonlinear regres-
sion yields g values with smaller uncertainties if g is
higher.

C. Determination of the Scattering Properties of Intralipid
and Blood
For determining the scattering coefficient of In-
tralipid–20%, its concentration was changed by dilu-

Fig. 6. Plots of S1n2 for moving liquids that have the following
anisotropy factors of the Henyey–Greenstein phase function:
g 5 0, 0.5, 0.8, 0.9, 0.95, 0.98, 0.99, 0.995. The curves for g 5 0
and g 5 0.995 are identified in the figure. The slopes of the
others change continuously with g. The scattering and absorp-
tion coefficients are µs 5 0.25 mm21 and µa 5 0.002 mm21,
respectively.

Fig. 7. Plots of the laser Doppler spectra S1n2 for polystyrene-
sphere suspensions with diameters of d 5 519, 806 nm as the
moving liquid. S1n2 was determined with Mie-theory phase func-
tions 1solid curves2 and a nonlinear regression to these curves that
applied the Henyey–Greenstein function 1dashed curves2. The
scattering and absorption coefficients of the polystyrene-sphere
suspensions are µs 5 0.25 mm21 and µa 5 0.002 mm21, respec-
tively.

Fig. 8. Plots of the laser Doppler spectra S1n2 for polystyrene-
sphere suspensions with diameters of d 5 519, 806 nm and for
blood 1assume that the red blood cells are spheres with d 5 5.58
µm2 as the moving liquids. The S1n2 were determined with
Mie-theory phase functions 1solid curves2 and a nonlinear regres-
sion to these curves that applied the Reynolds–McCormick phase
function 1dashed curves2. The scattering and absorption coeffi-
cients of the flowing liquids are µs 5 0.25 mm21 and µa 5 0.002
mm21, respectively.

Table 1. Comparison of the Anisotropy Factors Calculated from Mie
Theory gm and from Nonlinear Regression gr the Reynolds–McCormick

Phase Function for Polystyrene Spheres and Blooda

Scattering Medium

Anisotropy Factors

gm gr

Polystyrene spheres
d 5 300 nm 0.428 0.41 6 0.04
d 5 519 nm 0.742 0.74 6 0.01
d 5 806 nm 0.861 0.87 6 0.01

Blood
d 5 5.58 µm 0.9937 0.993 6 0.001

aThe uncertainties in gr originate with the nonlinear-regression
procedure.
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tion with distilled water until the integrated Doppler
spectrum equaled that of the calibration spectrum,
as described in Section 3.B. Then a nonlinear re-
gression was applied to this spectrum by the use of
the fast Monte Carlo code and the Reynolds–
McCormick phase function to derive the anisotropy
factor. Figure 9 shows an example of the measure-
ments 1solid curve2 and of the results after the
nonlinear regression 1dashed curve2.
Five measurements were taken in this way, yield-

ing a scattering coefficient of µs 5 0.58 6 0.04 mm21

for 1 vol. % Intralipid–20% 1i.e., 0.2% solids2 and an
anisotropy factor of g 5 0.72 6 0.03. From this we
get µs8 5 0.162 6 0.029 mm21. This value is in
accordance with investigations by Wilson et al.,16
who measured a reduced scattering coefficient of
µs8 < 0.17 mm21 at 820 nm and by Fantini et al.19
who got µs8 < 0.176 6 0.010 mm21 at 850 nm. Both
groups used frequency–domain measurement set-
ups.
The same procedure was applied for the measure-

ment of blood diluted with an isotonic NaCl solution.
In Fig. 10 one example of a measurement of the
Doppler spectrum of blood and a nonlinear regres-
sion are shown. Five measurements were con-
ducted, yielding a scattering coefficient of µs < 5.5
mm21 for blood with a hematocrit ofH 5 0.01 and an
anisotropy factor of g 5 0.993 6 0.001. The scatter-
ing coefficient could be determined only approxi-
mately because frequencies less than 100 Hz cannot
be measured with our apparatus. A great fraction
of the Doppler-shifted photons are located in this
frequency range because blood scatters mainly in the
forward direction.
Mie theory yields a scattering coefficient of 4.6

mm21 for blood with a value of H 5 0.01, assuming
that the red blood cells have a spherical shape with a
diameter of d 5 5.58 µm. Steinke and Shepherd2
measured the collimated transmission of diluted
blood at l 5 632.8 nm and found that the scattering
coefficient was in accordance with Mie theory.

However, Steinke and Shepherd2 also found that
the anisotropy factor was not well described by Mie
theory. At l 5 632.8 nm they measured a value of
g 5 0.9853, whereas fromMie theory they calculated
that g 5 0.9948. This discrepancy results in a great
difference when µs8 is computed. In contrast to that
finding, the anisotropy value measured in the pres-
ent study is in good accord with that derived from
Mie theory: g 5 0.9937 at l 5 820 mm. Because
the scattering coefficient could be determined only
approximately and because knowledge of the scatter-
ing coefficient is a prerequisite to determining the
anisotropy factor with our method, we varied the
concentration of blood in the measurements to as-
sess the sensitivity of g to this uncertainty. Although
the concentration of blood was increased and de-
creased by more than 20%, no significant difference
was found in the estimate of g.

5. Discussion
A new approach to the measurement of the anisot-
ropy factor and the scattering coefficient of liquids is
presented. The method was validated with mea-
surements onwell-characterized suspensions of poly-
styrene spheres. In addition, the scattering proper-
ties of Intralipid–20% were determined and found to
be in accord with values from the literature.
Measuring the laser Doppler spectra of liquids

that flow through a static scattering medium has the
advantage that the anisotropy factor of liquids with
forward peak phase functions can be determined
accurately: We showed both theoretically and ex-
perimentally that the anisotropy factor of blood can
be deduced within an error of approximately 60.001.
It was also found that the measured anisotropy
factor of blood is in accordance with Mie theory. In
contrast to this, Steinke and Shepherd2 found that
their measured anisotropy factor was smaller than
that calculated with Mie theory, but this result was

Fig. 9. Plots of the laser Doppler spectra S1n2 for diluted In-
tralipid–20% as the moving medium. Shown are experimental
results 1solid curve2 and results from a nonlinear regression
1dashed curve2 that applied the Reynolds–McCormick phase func-
tion in the fast Monte Carlo code.

Fig. 10. Plots of the laser Doppler spectra S1n2 for blood as the
moving medium. Shown are experimental results 1solid curve2
and results from a nonlinear regression 1dashed curve2 that
applied the Reynolds–McCormick phase function in the fast
Monte Carlo code.
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probably due to errors associatedwith their goniomet-
ric technique.
For blood the scattering coefficient could be de-

duced only approximately because a large fraction of
the Doppler spectrumwas located at frequencies less
than 100 Hz, which could not be measured with our
device. This problem could easily be overcome by
appropriate modification of the electronics.
In this study, all fluids had an absorption coeffi-

cient that was much smaller than the scattering
coefficient, which permitted the use of the same
probability distribution for the number of scattering
events in themovingmedium. If there is no a priori
information about the absorption coefficient, an addi-
tional measurement should still permit the determi-
nation of the scattering coefficient and the anisot-
ropy factor. For example, collimated transmission
through a liquid can easily be measured and pro-
vides the extinction coefficient, µt 5 µs 1 µa. With
this knowledge the scattering coefficient can be
deduced with the full Monte Carlo program 1Section
3.A2 and a change in the absorption coefficient 1and
thus the scattering coefficient, so that the extinction
coefficient remains the same2 until the integrated
Doppler spectrum fits the experimental data. From
this simulation, which fits the integrated data, the
calculated probability distribution of the number of
scattering events can be used to derive the anisot-
ropy factor of the liquid, as described above.
With the techniques presented in this study it is

also possible to measure changes in the anisotropy
factor rapidly. Assuming that the laser Doppler
spectra can be measured within a second, the deter-
mination of the anisotropy factor would need approxi-
mately the same amount of time if a neural network
were trained to fit the experimental data.20,21

The provision of the laser Doppler apparatus by
DWLElektronische SystemeGmbH 1Sipplingen, Ger-
many2 is gratefully acknowledged. We also wish to
thank Gerd Beck for conducting the integrating-
sphere measurements.
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11. W. Rütten, ‘‘Untersuchungen zu Laser-Doppler-Verfahren in
stark streuenden Medien mit Hilfe der Monte-Carlo-Meth-
ode,’’ Ph.D. dissertation 1Department of Electronics, Univer-
sity of Aachen, Aachen, Germany, 19942.

12. F. F. M. de Mul, M. H. Koelink, M. L. Kok, P. J. Harmsma, J.
Greve, R. Graaff, and J. G. Aarnoudse, ‘‘Laser Doppler
velocimetry and Monte Carlo simulations on models for blood
perfusion in tissue,’’Appl. Opt. 34, 6596–6611 119952.

13. L. Wang, S. L. Jacques, and L. Zheng, ‘‘MCML–Monte Carlo
modeling of light transport in multi-layered tissues,’’ Comput.
Methods Programs Biomed. 47, 131–146 119952.

14. A. Kienle, ‘‘Lichtausbreitung in biologischem Gewebe,’’ Ph.D.
dissertation 1Department of Physics, University of Ulm, Ulm,
Germany, 19942.

15. A. Ishimaru, Wave Propagation and Scattering in Random
Media 1Academic, NewYork, 19782, Chap. 3, pp. 64–66.

16. B. C. Wilson, M. S. Patterson, and B.W. Pogue, ‘‘Instrumenta-
tion for in vivo tissue spectroscopy and imaging,’’ Proc. SPIE
1892, 132–47 119932.

17. C. Riva, B. Ross, and G. B. Benedek, ‘‘Laser Doppler measure-
ments of blood flow in capillary tubes and retinal arteries,’’
Invest. Ophthalmol. 11, 936–944 119722.

18. L. O. Reynolds and N. J. McCormick, ‘‘Approximate two-
parameter phase function for light scattering,’’ J. Opt. Soc.
Am. 70, 1206–1212 119802.

19. S. Fantini, M. A. Franceschini-Fantini, J. S. Meier, S. A.
Walker, B. Barbieri, and E. Gratton, ‘‘Frequency–domain
multichannel optical detector for noninvasive tissue spectros-
copy and oximetry,’’ Opt. Eng. 32, 32–42 119952.

20. T. J. Farrell, B. C. Wilson, and M. S. Patterson, ‘‘The use of a
neural network to determine tissue optical properties from
spatially resolved diffuse reflectance measurements,’’ Phys.
Med. Biol. 37, 2281–2286 119922.

21. A. Kienle, L. Lilge, M. S. Patterson, R. Hibst, R. Steiner, and
B. C. Wilson, ‘‘Spatially resolved absolute diffuse reflectance
measurements for noninvasive determination of the optical
scattering and absorption coefficients of biological tissue,’’
Appl. Opt. 35, 2304–2314 119962.

3412 APPLIED OPTICS @ Vol. 35, No. 19 @ 1 July 1996

ê*ê�è



ìcí21 34165 grv?h 7U�fx q | ~ö�98 ~?s v � v }dó x�� �*t z : z�v ~ x;| v } x tZ�
3 t z;x 8 q�} v

�u�#� �K�*�'�K�����u��; �=<��2���
> ¨º ²�³4©�¢ ¬§®)µ�?c®I£)¨Iµ¤¨I ±Ã)©�° ¯D¥)«»¼�«�¨I®�©�¬{¨I �©»¥)¯ÿ¶�¥)«G©'? ¢  ±¨@�Ç©�®)¢ 4·BA�È

ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ�C�È#ß
DED)Ú�Û�ß
D�Ü�ØoÞ>ßIÚ)ÚED�à0á

ê*ê)é



ê*ê)â



ê�ãÇë



ê�ã�ê



ê�ã*ã



ê�ãÇä



ê�ã�å



ê�ã*æ



ê�ãÇç



ê�ã*è



ê�ãÇé



ê�ãÇâ



ê)ä*ë



ê)ä�ê



ê)ä±ã



ê)ä*ä



ê)äÇå



ê)ä±æ



ê)ä*ç



ê)ä±è



ìcíEF�G 3HF�GI5 7U�fx q | ~�� 3 ~ z ~ | vAxyv{z�� �*t z j ~ �yv{z : z�v ~ x�| v } x
tZ� j v ó : v �	~ö}dó�q v � x ~ � q-~

�u�#� �K�*�'�K�����u��; �=<��2���
²�³3©�¢¬§®)µ�¶ÿ®�«G®)¬{¨©ª¨«G· ¯D¥)«»ÄÅ®)·ª¨« ¼Å«�¨I®�©�¬§¨I &© ¥)¯'ÄÅ¨Ã�¼Å¨Iµ ®) ±Ã�¢¤¨I´2©�®)·�¢®*È

JLK�ÌÏ�M0Ì�NPOQMSR&ÍÖÎ�Ï�Ñ�ÍUTVC�È.-�/&Ø�Û�-EDE-oÞ>ßIÚ)Ú�Ü)à0á

ê)ä*é



Optimal Parameters for Laser Treatment
of Leg Telangiectasia

Alwin Kienle, PhD,* and Raimund Hibst, PhD

Institut für Lasertechnologien in der Medizin und Meßtechnik, 89081 Ulm, Germany

Background and Objective: The optimal parameters for treat-
ment of leg telangiectasia with a pulsed laser are investigated.
Study Design/Materials and Methods: The Monte Carlo method is
used to calculate the light penetration and absorption in the epi-
dermis, dermis, and the ectatic blood vessel. Calculations are
made for different diameters and depths of the vessel in the der-
mis. In addition, the oxygen saturation of the blood vessel, the
laser beam diameter, and the laser irradiation profile is varied.
Results: It is found that for vessels with diameters between 0.3
mm and 0.5 mm wavelengths about 600 nm are optimal to achieve
selective photothermolysis for the considered damage model. It is
also shown that an elliptical laser beam area has advantages
compared to a circular beam area for treatment of leg telan-
giectasia.
Conclusions: We recommend the treatment of leg telangiectasia
with dye laser wavelengths longer than the normally used 577 nm
and 585 nm. Lasers Surg. Medicine 20:346–353, 1997.
© 1997 Wiley-Liss, Inc.

Key words: blood vessel; dye laser; laser beam diameter/profile; Monte Carlo;
telangiectasia; tissue optics

INTRODUCTION
Telangiectasia on the legs occur in about

35% of women and 10% of men in the United
States [1]. The most common method for treating
these cosmetically unattractive veins in the der-
mis is sclerotherapy. However, this therapy and
other forms of treatment have negative side
effects, e.g., postsclerosis pigmentation or telan-
giectatic matting [2].

As an alternative to sclerotherapy, laser
treatment of leg telangiectasia has been investi-
gated. Laser light is successfully used for benign
cutaneous vascular ectasias, such as port wine
stains, hemangiomas, spider nevi, or facial te-
langiectasias [3]. Contrarily, laser treatment of
leg telangiectasia has not revealed adequate re-
sults. Although different lasers have been inves-
tigated, for example argon lasers or dye lasers, no
satisfying outcome was obtained [3,4]. Only the
treatment of vessels of small diameters with the
dye laser [5] and using a cooling technique [6]
produced good results.

For treatment of vascular malformations in
the dermis, the laser parameters are chosen to

obtain selective photothermolysis [7], a process
whereby chromophores, in our case the hemoglo-
bin in the vessels, are selectively damaged spar-
ing the neighbouring tissue. This is achieved on
the one side by applying a short laser pulse which
should be smaller than the relaxation time of the
blood vessel to avoid heat conduction to the sur-
rounding tissue [8], and on the other side by
choosing the wavelength of the laser to permit a
large penetration depth into the skin and selec-
tive heating of the blood vessel. Several investi-
gations have been conducted to determine the
optimal parameters for port wine stains. With ex-
perimental and theoretical studies, it was found
that the optimal wavelengths for treatment of
port wine stains are about 580–590 nm [9–13].
Similar studies for leg telangiectasia could not be
found in the literature.

*Correspondence to: Dr. Alwin Kienle, Institut für Lasertech-
nologien in der Medizin und Meßtechnik, 89081 Ulm, Ger-
manyada.
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Results for port wine stains cannot simply be
transfered to leg telangiectasia, because the di-
ameter of the ectatic vessels can be considerably
greater and the oxygen saturation of the blood
in the vessels of leg telangiectasia is smaller
than in port wine stains vessels, for which 100%
oxygen saturation is usually assumed [12]. Also,
the blood content in the dermis is different.
Therefore, the optimal parameters of the laser to
achieve coagulation of the blood vessel change.

In this article, we investigate the optimal
wavelength for treatment of ectatic veins in the
dermis with different diameters and depths using
Monte Carlo simulations. Wavelengths between
577 and 610 nm, which can be produced with dye
lasers, are considered. The oxygen saturation of
the blood in the vessel is altered to analyse the
difference of the optimal wavelength for treating
veins or arteries. We also investigate heat produc-
tion in the ectatic vessel for variable diameters of
the laser beam. This includes simulations of the
difference between a circular and an elliptical
beam profile.

MATERIALS AND METHODS
Monte Carlo Simulations

The Monte Carlo method is applied to calcu-
late the light penetration and absorption in tissue
[14,15]. The geometry used in the simulations is
shown in Figure 1. (For a thorough description,
see also [13].) A laser beam is incident perpendic-
ular onto the turbid medium which consists of two
layers. If not explicitly mentioned, the laser beam
used in the simulations has a circular flat profile
with a diameter d 4 4 mm. The first layer is 0.06
mm and the second is infinitely thick represent-
ing the epidermis and the dermis, respectively.
The Monte Carlo program simulates the vessel as
a cylinder with a diameter D placed in the dermis
at depth a below the tissue surface. The layers
have infinite extensions in x- and y-directions,
whereas the vessel is infinite in y-directions. The
probability of absorption per mm3 below the laser
beam for an incident photon Dq is calculated vs.
tissue depth. The temperature increase DT is pro-
portional to Dq, if heat conduction can be ne-
glected

DT =
EDq

rdC
, (1)

where E is the total incident pulse energy, rd the

density and C the specific heat of the tissue. This
approximation is valid, if the duration of the laser
pulse is smaller than the thermal relaxation time
[8]. For example, the laser pulse lengths of the
dye laser used in dermatology is less than about
0.5 ms. For this pulse length, heat conduction can
be neglected for vessel sizes greater than D ≈ 0.03
mm. Dq(z) is calculated at x 4 0 and y-values
between −0.4d < y < 0.4d are averaged to im-
prove the statistics of the simulations. (The origin
of the co-ordinate system is in the center of the
laser beam.)

For the determination of the optimal wave-
length for selective photothermolysis Dq(z) in the
vessel Dqv has to be greater than in the epidermis
Dqd. Because the exact mechanism which leads to
the damage of the vessel is not known, several
proposals were made for the calculations of Dqv in
the literature. For example, often Dq at the top of
the vessel is used [11,12]. However, several stud-
ies showed indications that it is necessary to co-
agulate the whole vessel to damage the vessel ir-
reversibly [16,17]. In this case, the smallest Dq(z)
value in the vessels has to be considered to predict
what wavelength is optimal for selective photo-
thermolysis. In this study, both models are dis-
cussed. The optimal wavelength is obtained when
the ratio Dqv/Dqd is maximal.

Simulations are shown for three vessel diam-
eters D 4 0.1, 0.3, 0.5 mm at a vessel depth of a 4

0.6 mm and an oxygen saturation of 70% for l 4

577, 585, 590, 600, 610 nm (see Results). These
wavelengths are also used in the Results section
where first the depth of the vessel with D 4 0.3
mm is changed to a 4 1.0 mm, and second the
oxygen saturation is altered to 100%. We also cal-

Fig. 1. Geometry of the Monte Carlo simulations.
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culate Dq(z) for a vessel with D 4 0.3 mm, a 4 0.6
mm, and an oxygen saturation of 70% at 600 nm
for the different laser diameters, d 4 1, 2, 4, 6, 8
mm. Finally, we compare the distribution of ab-
sorbed photons in a vessel with the parameters of
the Results section, ‘‘Beam Diameter’’ for a circu-
lar and an elliptical flat beam profile.

Optical Coefficients

A refractive index of 1.37 for all tissue types
is used [11]. We apply 1.75 mm−1 for the reduced
scattering coefficient m8s 4 ms (1—g) of both the
dermis and the epidermis, where ms represents
the scattering coefficient and g the anisotropy fac-
tor. This value was determined by in vivo mea-
surements on the human forearm using spatially
resolved reflectance measurements and a multi-
layer model [13]. The anisotropy factor is as-
sumed to be g 4 0.9 for epidermis and dermis, and
for blood, we use g 4 0.995 [18]. The absorption
coefficient ma of epidermis and bloodless dermis is
set to ma 4 0.8 mm−1 and ma 4 0.015 mm−1,
respectively [13]. These values are used for all
considered wavelengths between 577 and 610 nm
[13].

The values of the optical parameters of blood
can be seen in Table 1 [11,18]. The oxygen satu-
ration of leg telangiectasia was measured, on the
upper thigh of a female using a blood gas analysis
apparatus, as 71.6%. The leg vein was punctured
with a needle and the blood was taken up with a
glass capillary. With the blood gas analysis appa-
ratus, the oxygen tension was measured with a
standard method using chemical reactions at an
electrode. From this, the oxygen saturation was
calculated using the known relationship between
blood oxygen saturation and blood oxygen ten-
sion. The measured value corresponds to the oxy-
gen saturation of venous blood found in textbooks
[19]. Thus, for the calculations of leg telangiecta-
sia, an oxygen saturation of 70% was assumed for
the blood in the ectatic vessel. The absorption co-
efficient of blood with 70% oxygen saturation was
calculated from data of Kampen and Zilstra [20]
as used in Ref. [11], see Table 1. We assume a
volumetric blood content of 1% in the dermis.
Therefore, the absorption coefficient of the dermis
containing blood is changed according to the vol-
umetric percentage of blood in the dermis [13].
The resulting values can be seen in Table 1. Oxy-
hemoglobin is assumed for the blood in the der-
mis.

RESULTS

Vessel Diameters

In this section, an ectatic venous vessel with
an oxygen saturation of 70% at a depth a 4 0.6
mm is considered. Figures 2–4 show Dq(z) for D 4

0.1, 0.3, 0.5 mm. Several characteristics are com-
mon in these figures. In general, the highest val-
ues of Dq(z), and hence of the temperature, are in
the epidermis and in the vessel, because ma of
blood and epidermis is greater than ma of dermis.
The vessel at a 4 0.6 mm does not noticeably
influence Dq(z) in the epidermis for all diameters
of the vessels. Dq(z) in the epidermis increases for
longer wavelengths. The reason for the latter is
that ma of the dermis decreases for longer wave-
lengths (see Table 1), thus, the amount of back-
scattered light to the epidermis and hence Dq(z) is
increased. At the top of the vessel (at a 4 0.6 mm)
Dq(z) depends only to a small amount on the ves-
sel diameter. That means, if only a local high tem-
perature is needed to damage the vessel revers-
ibly, the vessel diameter does not affect the
therapeutic outcome to a great amount.

Figures 2–4 show that Dq(z) in the vessel
decreases faster for shorter wavelengths, because
the absorption coefficient increases. The increase
at the bottom of the vessels seen especially at
smaller wavelengths is due to photons entering
the vessel from the bottom or laterally. If the low-
est value of Dq(z) in the vessel at a certain wave-
length is used as damage criterion, Figure 2
shows that for the vessel with D 4 0.1 mm wave-
lengths between 585 nm and 590 nm are optimal,
that means there the ratio Dqv/Dqd has its great-
est value. For D 4 0.3 mm and D 4 0.5 mm, see
Figures 3 and 4, the optimal wavelength using
this assumption is 600 nm and between 600 nm
and 610 nm, respectively.

TABLE 1. The Scattering Coefficient of Blood and the
Absorption Coefficient of Blood With 100% and 70%
Oxygen Saturation and of Dermis*

l [nm]
ms

blood

[mm−1]
ma

blood,100%

[mm−1]
ma

blood,70%

[mm−1]
ma

dermis,1%

[mm−1]

577 46.8 35.4 31.4 0.37
585 46.7 19.1 18.6 0.21
590 46.6 6.9 9.1 0.084
600 46.4 2.5 4.0 0.04
610 46.4 1.2 2.0 0.027

*For the dermis, a blood volume concentration of 1% is as-
sumed.
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Oxygen Saturation
In this section, we investigate how the oxy-

gen saturation of the blood in the vessel changes
the optimal wavelength for laser treatment. Fig-
ure 5 shows a vessel at a depth a 4 0.6 mm, with
diameter D 4 0.3 mm, and an oxygen saturation
of 100%. Thus, this vessel represents a telangi-
ectasia in the face [12]. If Figure 5 is compared to
Figure 3, which shows a vessel with the same geo-
metrical parameters but an oxygen saturation of
70%, it can be stated that the optimal wavelength
is shifted from l 4 600 nm to wavelengths be-
tween l 4 590 nm and l 4 600 nm using the
lowest Dq(z) value criterion in the vessel. This is
because ma of blood with 70% oxygen saturation at

l 4 600 nm equals ma of blood with an oxygen
saturation of 100% at about l 4 595 nm.

Vessel Depth

For the figures shown so far, the depth of the
vessel was a 4 0.6 mm. Figure 6 gives a vessel
with 70% oxygen saturation and a diameter D 4

0.3 mm as in Figure 3, but the vessel depth is
changed to a 4 1.0 mm. As expected, the absolute
values of Dq(z) in the vessel decrease for all wave-
lengths if the vessel depth is increased (compare
Figs. 3 and 6). The optimal wavelength using the
criterion of the lowest value of Dq(z) in the vessel
is about 600 nm as for the vessel at a 4 0.6 mm;
see Figure 3. However, a small shift towards
longer optimal wavelengths can be seen for the
vessel in Figure 6 compared to the vessel in Fig-
ure 3, if the curves at l 4 590 nm and l 4 610 nm
in these figures are compared. This is due to the
fact that Dq(z) in the dermis decreases faster with
increasing depths for shorter wavelengths com-
pared to longer wavelengths, because the absorp-
tion coefficient is greater at shorter wavelengths.
Nevertheless, this wavelength shift is not pro-
nounced, because the absorption coefficient at
wavelengths about l 4 600 nm is relatively
small. Thus, in the case of leg telangiectasia, the
depth of the vessel is not as important as for port
wine stains, where the dermis contains more
blood and hence the absorption coefficient is
greater.

Beam Diameter

In this section, the dependence of selective
photothermolysis on the diameter of the laser

Fig. 2. Dq as a function of the depth in the tissue for the
wavelengths 577 nm, 585 nm, 590 nm, 600 nm, and 610 nm.
The vessel has a diameter of 0.1 mm and is located at a 4 0.6
mm. The oxygen saturation of the blood in the vessel is 70%.

Fig. 3. Dq as a function of the depth in the tissue for the
wavelengths 577 nm, 585 nm, 590 nm, 600 nm, and 610 nm.
The vessel has a diameter of 0.3 mm and is located at a 4 0.6
mm. The oxygen saturation of the blood in the vessel is 70%.

Fig. 4. Dq as a function of the depth in the tissue for the
wavelengths 577 nm, 585 nm, 590 nm, 600 nm, and 610 nm.
The vessel has a diameter of 0.5 mm and is located at a 4 0.6
mm. The oxygen saturation of the blood in the vessel is 70%.
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beam is presented. The intensity of the laser
beam is chosen to be constant for all laser diam-
eters. In order to compare the temperature re-
sponse of the tissue for different diameters, the
use of Dq(z) is not favourable, because DT in the
tissue is proportional to EDq(z), see Eq. 1. There-
fore, the area of the laser beam has to be consid-
ered. We define a new quantity Dq(z)8, which is
proportional to DT and equals Dq(z) for a beam
with a diameter of d 4 4 mm:

Dq~z! = Dq~z!
d2

@mm]

42mm
. (2)

Figure 7 shows a vessel at a 4 0.6 mm with a
diameter D 4 0.3 mm and an oxygen saturation
of 70% at a wavelength of l 4 600 nm. The di-
ameters of the laser beam with a flat beam profile
are d 4 1, 2, 4, 6, 8 mm. In Figure 7, it can be seen
that Dq8(z) decreases faster with increasing tissue
depths if the beam diameter is smaller. For exam-
ple, at the bottom of the vessel Dq8(z) for d 4 8
mm is about seven times greater than for d 4 1
mm, whereas at the epidermis Dq8(z) is only two
times greater. This means that selective photo-
thermolysis can be better achieved using greater
diameters of the laser beam provided that the in-
tensity of the incident beam is the same. How-
ever, if the diameter is larger, more laser energy
is needed and in addition the risk of negative side
effects is greater, because, even if Dq in the epi-
dermis is the same, the probability of an undesir-
able damage of the epidermis is proportional to
the area of the laser beam.

Circular and Elliptical Flat Beam Profile

In order to investigate whether it is possible
to minimize the probability of negative side ef-
fects, the difference of a circular and an elliptical
flat beam profile is investigated in this section.
The great diameter (parallel to the vessel in y-di-
rection, see Fig. 1) and the short diameter (paral-
lel to the x-direction) of the elliptical beam are
chosen to be 4 mm and 2 mm, respectively. The
elliptical beam is compared to a circular beam
with the same area. Thus, the diameter of the
circular beam is 2.82 mm. To reduce the compu-

Fig. 5. Dq as a function of the depth in the tissue for the
wavelengths 577 nm, 585 nm, 590 nm, 600 nm, and 610 nm.
The vessel has a diameter of 0.1 mm and is located at a 4 0.6
mm. The oxygen saturation in the blood of the vessel is 100%.

Fig. 6. Dq as a function of the depth in the tissue for the
wavelengths 577 nm, 585 nm, 590 nm, 600 nm, and 610 nm.
The vessel has a diameter of 0.3 mm. The oxygen saturation
in the blood of the vessel is 70%. The depth of the blood vessel
is a 4 1.0 mm.

Fig. 7. Dq8 as a function of the depth in the tissue at 600 nm.
The vessel has a diameter of 0.3 mm. The oxygen saturation
in the blood of the vessel is 70%. The depth of the blood vessel
is a 4 0.6 mm. The diameters of the circular flat beam are d
4 1, 2, 4, 6, 8 mm.
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tation time, all Dq8(z) with constant y values in
the vessel (and x 4 0 mm) are summarized yield-
ing the quantity Dq8a. Figure 8 shows Dq8a for
these beam profiles as a function of the distance
in y-direction from the center of the laser beam ay

for the same vessel as in the ‘‘Beam Diameter’’
section. At small ay values, that means near the
center of the beam, Dq8a is nearly the same for
both beam profiles. Dq8a for the circular beam is
somewhat greater, because the average distance
of the incident photons from the vessel at ay 4 0
is smaller for the circular beam compared to the
elliptical beam. As expected, Dq8 a decreases faster
for greater distances ay in the case of the circular
beam. Therefore, a greater part of the vessel can
be coagulated with the elliptical beam and hence
using the elliptical beam, less pulses are neces-
sary to treat the vessel along its whole length. In
addition, the treated area in x-direction is smaller
for the elliptical beam compared to the circular
beam minimizing the probability of negative side
effects.

DISCUSSION

The probability of absorption per mm3 for an
incident photon Dq was calculated vs. tissue depth
for different diameters, depths, and oxygen satu-
rations of an ectatic vessel. In order to obtain from
these simulations the optimal wavelength for
treatment of leg telangiectasia, the precise pro-
cesses which lead to the damage of the blood ves-

sel have to be known. Dq(z) values on different
locations of the vessel have been proposed in the
literature to calculate the optimal wavelengths. If
Dq(z) on the top of the vessel is decisive for the
damage of the vessel, the calculations show that
the optimal wavelength does not depend on the
geometry of the vessel to a great amount and l 4

577 nm is the optimal wavelength for all vessels
simulated in this study. However, investigations
show that the whole vessel has to be coagulated to
achieve an irreversible damage [16,17]. In this
case, we calculated that wavelengths about l 4

600 nm are a good compromise for the treatments
of vessels with diameters between 0.3–0.5 mm.
These findings are confirmed by Goldman et al.
[21], who stated that for the fragile bluish telang-
iectasia of an elderly patient, ‘‘the 600 nm flash
pumped dye laser treatments gave deeper clinical
and microscopic reactions in these vessels than
did the 585 nm laser treatments.’’ In agreement
with this clinical observation in our calculations,
there is a great difference of the lowest tempera-
ture increase in the vessel at l 4 600 nm com-
pared to l 4 585 nm. For example, in Figure 5, Dq
at l 4 600 nm in the center of the vessel is five
times greater than at l 4 585 nm and even thirty
times greater than at l 4 577 nm.

In a recent article, we used the criterion
that the average Dq(z) in the whole vessel is cru-
cial for the response of the vessel [13]. With this
criterion, the optimal wavelength for each vessel
is between the values obtained with the two cri-
teria used above. For example, for this model, the
optimal wavelength for the vessel in Figure 3 is
about l 4 590 nm.

It was also pointed out that the optimal
wavelength does not depend on the depth of the
vessel in the dermis to a great amount for the
optical parameters used in the simulations. In ad-
dition, it was shown that a greater oxygen satu-
ration in the vessel shifts the optimal wave-
lengths to shorter values.

Regarding the diameters of the vessels used
for the simulations, one has to be aware that the
apparent diameter seen through the skin is con-
siderably greater due to light scattering in tissue.
It was calculated that a vessel with D 4 0.5 mm
at a 4 0.5 mm appears to have a diameter which
is about three times greater than its real diame-
ter [22]. Thus, for example, the vessel shown in
Figure 4 should have an apparent diameter of
about 2 mm.

Simulations of different laser beam diame-
ters showed that the ratio Dqv/Dqd in the vessel

Fig. 8. Dq8 a in the vessel as a function of the distance in
y-direction from the center of the laser beam for a circular
(solid circles) and an elliptical flat laser beam (open squares).
The calculations are for l 4 600 nm and a vessel diameter of
0.3 mm. The oxygen saturation in the blood of the vessel is
70%. The depth of the blood vessel is a 4 0.6 mm.
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increases with increasing diameters of the beam
provided that the intensity of the laser beam is
constant and the smallest Dq(z) value in the ves-
sel is used as Dqv. However, this increase is
smaller at great diameters. Thus, diameters of
about 4–6 mm used, for example, for treatment of
port wine stains are a good compromize consider-
ing that the energy of the laser beam has to be
increased with the square of the diameter.

For the treatment of leg telangiectasia, it
has to be considered that a part of the laser beam
is incident on normal skin tissue. Because this
part is greater the larger the laser beam diame-
ter, the probability of negative side effects on the
normal tissue is increased using greater diame-
ters. We showed that an elliptical area of the
beam profile has the advantage compared to a cir-
cular area, that the number of pulses for the
treatment of a vessel and the potential side effects
can be reduced.

Note that there might exist other mecha-
nisms than the distribution of the absorbed pho-
tons, and hence of the temperature in the tissue,
which could influence the therapeutical results of
leg telangiectasia treatments. Kimel et al. [17]
reported that arterioles show higher vulnerabil-
ity for thermal injury as compared to venules, al-
though for the wavelength used in their study,
the absorption coefficient of hemoglobin and oxy-
hemoglobin is the same. They argued that the
reason for this might be that ‘‘blood clots can be
transported downstream in venules, but not in ar-
terioles since they get blocked in the capillaries.’’

Besides the wavelength, the pulse duration
is also an important factor for treatment. In order
to achieve maximum temperature increase
within the vessel, heat loss during the laser pulse
must be prevented. To estimate the time scale in
which heat transfer to the surrounding tissue is
important, usually the thermal relaxation time t
for vessels derived by Anderson and Parrish [7] is
applied. For the large vessels in telangiectasia,
this thermal relaxation time is rather long: e.g.,
for D 4 0.3 mm we get t ≈ 45 ms, compared to t
≈ 5 ms for a vessel with D 4 0.1 mm [7] which is
typical for port wine stains. If the pulse duration
is considerably smaller than t, heat conduction
during the pulse is negligible and the calculated
values for Dq are proportional to the temperature
increase DT at the end of the pulse. The pulse
length of flashlamp pumped dye lasers commer-
cially available is in the range of 0.1 to 0.5 ms,
about two orders of magnitude smaller than t for
large ectatic vessels. So laser pulses are much

shorter than needed for maximal vessel heating.
In order to minimize damage to the epidermis, a
pulse duration as long as technically possible (<
10ms) is recommended. In addition, this would
also avoid damage to the small vessels in the nor-
mal skin and should, consequently, reduce the
purpura seen after dye laser treatments.

In this study, wavelengths between 577 nm
and 610 nm were considered. Although the ab-
sorption of blood is relatively small at longer
wavelengths, it might be possible that wave-
lengths between 700 nm and 1100 nm show better
treatment results (especially for deep and thick
vessels) because the penetration depth is greater
and the absorption of other chromophores (e.g.,
melanin) is smaller compared to wavelengths
about 600 nm.
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Why do veins appear blue?
A new look at an old question

Alwin Kienle, Lothar Lilge, I. Alex Vitkin, Michael S. Patterson, Brian C. Wilson,
Raimund Hibst, and Rudolf Steiner

We investigate why vessels that contain blood, which has a red or a dark red color, may look bluish in
human tissue. A CCD camera was used to make images of diffusely reflected light at different
wavelengths. Measurements of reflectance that are due to model blood vessels in scattering media and
of human skin containing a prominent vein are presented. Monte Carlo simulations were used to
calculate the spatially resolved diffuse reflectance for both situations. We show that the color of blood
vessels is determined by the following factors: 1i2 the scattering and absorption characteristics of skin
at different wavelengths, 1ii2 the oxygenation state of blood, which affects its absorption properties, 1iii2
the diameter and the depth of the vessels, and 1iv2 the visual perception process. r 1996 Optical Society
of America

1. Introduction
The bluish appearance of human veins has spawned
many discussions, for it seems at odds with the dark
red color of venous blood. In the literature this
issue has been treated only qualitatively1 to our
knowledge. As we are dealing with photon propaga-
tion and remittance from skin, it is worth noting that
most human tissues are highly scattering in the
visible and near-infrared regions of the spectrum,
making the scattering process 100–1000 times more
probable than the absorption process.2 The absorp-
tion of tissue can vary by several orders of magni-
tude, depending on the concentration and molar
absorption coefficients of specific chromophores and
the wavelength used. Moreover, tissues are hetero-
geneous and are often composed of different struc-

tures having different optical properties, as is the
case for human skin.3 Therefore, describing the
penetration, absorption, scattering, and remittance
of light at different wavelengths and hence the color
of the skin is a complex task. Understanding light
transport in tissue is the key to understanding the
color of blood vessels in skin.

Describing photon propagation in tissue using
Maxwell equations4 has had limited success in deriv-
ing useful expressions for relevant quantities such
as spatially resolved reflectance from tissue and
photon distribution in the tissue. Instead, the trans-
port equation has been used successfully.5 This
equation regards light as a collection of particles and
deals only with intensities. Wave effects such as
coherent backscattering6 are not considered. In
this paper we use Monte Carlo simulations to calcu-
late the photon propagation in tissue, because this
technique is capable of handling complex geom-
etries.

To model the problem in vitro, experiments were
conducted using a fat emulsion to represent a highly
scattering and weakly absorbing medium and a
cylindrical glass tube filled with blood to represent
the blood vessel. Oxygenated as well as deoxygen-
ated blood was used in the phantom work. In vivo
measurements were also made on a human vein in
the ball of the thumb. Measurements were per-
formed at different wavelengths using filtered light
from an arc lamp. The diffusely reflected light was
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imaged onto a CCD camera to quantify the intensity
of the emitted photons at positions above and beside
the vessel. The measurements were compared to
Monte Carlo simulations using the known optical
coefficients of the tissue phantoms and published
optical properties of human blood to check the experi-
mental apparatus and the Monte Carlo calculations
for this problem. For the in vivo measurements the
Monte Carlo simulations were applied to estimate
the optical coefficients of skin. Using these param-
eters the remission and hence the color of the vessels
were computed for different depths and diameters of
the vessels.

For a complete description of color as perceived by
the human observer, the spectral sensitivity and the
physiology of the eye need to be considered. Text-
books often employ standard spectrophotometric
methods to determine the color of an object based on
measurements of the reflected intensities at three
different wave bands correlated to the sensitive
bands in the retina of the eye. However, this does
not correspond to how we see the object. Even
convolution of the remitted intensity with the tri-
stimulus response of the eye does not explain the
perceived colors correctly.7 Beginning in the late
1950’s, Edwin Land proposed that higher-order men-
tal processing be involved in color vision, and his
pioneering work on this subject established the
retinex 1retina plus cortex2 theory. We use this
theory together with experimental results and Monte
Carlo simulations to show that a vein or an artery
looks bluish@turquoise when it is a certain depth
below the surface of a scattering medium.

Besides the pure scientific point of view, this
research has some potential for clinical applications
because, from the color of a vessel taking into
account its apparent diameter and probable oxygen
saturation, its depth can be estimated. One possibil-
ity to profit from this information is the differenti-
ated treatment of vessel malformations with laser
radiation. For example, if one knows the depth of
the vessel the applied wavelength can be chosen to
obtain the best therapeutical success.

2. Theory

A. Monte Carlo Simulation
One can normally apply the transport theory to
describe photon propagation in tissue using four
optical parameters: 1i2 scattering coefficient µs, 1ii2
absorption coefficient µa, 1iii2 scattering anisotropy
factor g, and 1iv2 refractive index n. In most tissue
types refractive index n is approximately 1.4.8 This
value is used in this paper for all tissue sorts
including the vessel, although blood has a somewhat
smaller refractive index.5 However, this approxima-
tion does not strongly influence light propagation.
1Using n 5 1.33 for blood, the probability of reflection
of the photons, which are perpendicularly incident
onto the boundary between blood and the surround-

ing tissue, is less than 0.001.2 As a consequence of
the approximation the Fresnel reflection at the
vessel boundary does not have to be calculated.
One can solve the transport equation with Monte
Carlo simulations9,10 by tracing individual photon
histories in which the scattering and absorption
events can be determined by random sampling from
known probability distributions.

Figure 1 shows the geometry for the Monte Carlo
calculations in this study. The photons are incident
perpendicular to the optically turbid medium. A
cylindrical tube with diameter d at a depth a under
the surface representing the blood vessel is placed in
the light scattering medium that represents the
skin. The surrounding medium is chosen to be
infinite in the x, y, and positive-z directions, whereas
the cylindrical tube is infinite in the y direction.
In the experiment the incident beam is elliptical
with an area of approximately 16 cm2. For the
calculations the incident beam was square with a
lateral length b 5 4 cm. This approximation does
not influence the results noticeably because the
beam diameter is much larger than the vessel diam-
eter and the average penetration depth of the pho-
tons. With the Monte Carlo program one can simu-
late a line source and obtain the results for a square
beam by applying a convolution technique. In this
way the calculations are accelerated. The incident
beam in the Monte Carlo program is chosen as a line
source from x 5 2b@2 to x 5 b@2 along the x axis.
The x and y coordinates of the locations of the
remitted photons of the considered area are stored in
a two-dimensional array x1x, y2. Then x1x, y2 is con-
volved with the beam profile in the y direction S1 y2,
which is a step function u from y 5 2b@2 to y 5 b@2:
S1 y2 5 S03u1 y 1 b@22 2 u1 y 2 b@224, to calculate the
remission R1x, y2 of the photons for the square beam.
S0

21 equals the number of incident photons per pixel
area of the two-dimensional array, and R1x, y2 is the
absolute remission, which means the number of
remitted photons divided through the number of
incident photons:

R1x, y2 5 e
2`

`

S1 y 2 y82x1x, y82dy8. 112

Fig. 1. Geometry of the model that was used in the Monte Carlo
simulations.
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For the central line of the reflectance image we get

R1x, y 5 025 S0 e
2b@2

b@2

x1x, y82dy8. 122

Thus, because from the Monte Carlo simulations one
has x in the form of an array, the integral in Eq. 122
becomes a sum and one simply has to sum up the
array rows of x with constant y values between y 5
2b@2 and y 5 b@2. A similar two-dimensional
convolution technique has, for example, been re-
ported by Wang and Jacques.10

With Monte Carlo simulations all the emitted
photons, independent of the emission angle, were
used to calculate x1x, y2, although the viewing angle
of the experimental apparatus, see Section 3, is
much smaller. This approximation is applicable
because the angular distribution of remitted photons
from the tissue is well described by the Lambert
law.11 Therefore, the part of the photons that
reaches the experimental detector can be calculated
when we know the viewing angle of the detector.

B. Color Perception
The color perception of a human observer is subjec-
tive. A quantitative description can be made using
color coordinates, for which each coordinate value
represents an intensity for the three primary colors
1red, green, blue2 remitted from the area of interest in
a given scene. In addition to specifying the appro-
priate wavelength ranges for the three primary
colors, the spectral intensity distribution of the
incident light and the spectral sensitivity response of
the human eye must be known. However, color
perception theories based on the above approach,
using, for example, the Commission Internationale
de l’Éclairage 1CIE2 color coordinates,12 still do not
describe human color perception adequately 1see
Subsection 4.C2. The effects of spectral intensities
that emanate from all the other areas in the scene
must also be included, because higher-order mental
processes seem to make use of that information.

Land conducted experiments concerning the rela-
tionship between spectral light remitted from an
object and its color as seen by the human observer,
and he summarized his results as the so-called
retinex theory.13–15 The three main propositions of
this theory are 112 The composition of light from an
area in an image does not specify the color of that
area. 122 The color of a unit area is determined by a
trio of numbers each computed on a single wave
band to give for that wave band the relationship
between the unit area and the rest of the unit areas
in the scene. 132 The trio of numbers, the three
RL’s, as computed by the retinex algorithm, is the
designator for the point in retinex three space, which
is the color of the unit area.

This means that the spectral remission from the
considered area alone does not determine its color;
one must also include the remission from other areas

around it. Mathematically, the retinex algorithm
mentioned in the third statement is

RL1i, j2 5 o
k

d log1Ik11
L

Ik
L 2 , 132

d log1Ik11
L

Ik
L 2 5 5

log1Ik11
L

Ik
L 2 , 0log1Ik11

L

Ik
L 20 . e

0, 0log1Ik11
L

Ik
L 20 , e

. 142

In Eq. 132 Ik stands for the intensity at position k, the
summation is performed over different areas along
an arbitrary path from a surrounding area j to the
considered area i whose color is to be determined 3see
Fig. 21a24, and L represents the three principal wave
bands, the long-wave 1red2, the middle-wave 1green2,
and the short-wave 1blue2 regions of the visible
spectrum. These wave bands correspond to the
spectral sensitivity of the visual pigments.16 In Eq.
142 e is a small number that represents a threshold,
ensuring that different spatial illuminations that
change continuously do not influence the calculations.
From Eq. 132 the RL’s can be calculated14 as

RL1i2 5
1

N o
j51

N

RL1i, j 2. 152

The summation in Eq. 152 3see Fig. 21b24 is performed
over a large number N of areas randomly distributed
over the whole field of view. The RL’s represent the
three values that specify a point in retinex three
space, in which every point corresponds to a certain
perceived color. The colors were determined by
judgments of a human test group. Within retinex
theory, the notion of color constancy, which stipu-
lates that the perceived color of an object will not
change markedly if the spectral composition of the
illuminating light and hence the spectral remission
from this object is altered, can be explained satisfac-
torily, since the retinex algorithms use only relative
spectral remissions from the different areas involved
in the image. For example, this visual phenomenon
can be shown measuring the radiation from a certain
object, for example, a red apple, in a scene at the
three principal wave bands, and afterward changing
the illumination of the scene in such a way that the
remitted light from another object in the scene, say, a

Fig. 2. Schematic representation of the summations in 1a2 Eq. 132
and 1b2 Eq. 152.
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yellow banana, is the same for these three wave
bands as that from the red apple. The color of the
banana will not turn red but will be perceived as
yellow.

In our problem of how to explain the color of a
blood vessel in skin, the following approximation
was made. Variations in the remission intensities
from skin, along areas of a considered path that are
not influenced by the vessels and along areas influ-
enced by the vessel, are randomly distributed around
an average value, with a deviation smaller than e.
Thus, all the terms but one in the summation of Eq.
132 disappear:

RL1i, j2 5 log1Iv
L

Is
L2 , 162

where Iv
L is the remittance of the skin above the

vessel and Is
L is the average remittance from the

skin not influenced by the vessel, both at a certain
wave band L. The same result can be obtained
assuming that e equals zero, as RL1i, j2 would depend
only on the intensities at i and j. Thus, because all
the RL1i, j2 values are given by Eq. 162 1independent of
j2, the sum in Eq. 152 becomes N times log1 Iv

L@Is
L2 and

we have

RL1i2 5 RL1i, j2 5 log1Iv
L@Is

L2. 172

From the three values calculated by Eq. 172 for the
three wave bands, one can determine the color of the
vessel in the retinex three space, resulting in the
color seen by the human observer, if the retinex
theory is indeed an accurate model of human color
perception.

For our problem Iv
L is always smaller than Is

L,
because absorption of blood is greater than absorp-
tion of skin at the considered wavelengths. Thus,
according to Eq. 172 the RL1i2 values are negative.
In many cases 1see Table 32 the absolute values are
relatively small. In this region of the retinex three
space, there is a relatively small number of color
points. For that reason and also because the colors
printed in the retinex three space depend on the
backround color of that figure, we determined the
colors in the following way in this paper.

The red colors in the retinex three space are found
in the region where RL1i2 for the short and middle
wave band is small 1negative2 and RL1i2 for the long
wave band is great 1positive2. Accordingly, the blue
and green colors are obtained at great values of RL1i2
at the short and the middle wave bands, respectively,
and for small values for the other two wave bands in
each case. Therefore, if RL1i2 of the long 1middle,
short2 wave band is much greater 1that means less
negative in our case2 than RL1i2 of the other two wave
bands, the color looks red 1green, blue2. When the
dominance of one RL1i2 value is not pronounced, the
color appearance is less distinct. These cases are
represented by arrows in Table 3. If the RL1i2 for all

three wavelengths are similar, turquoise-gray colors
are found in the retinex three space.

Land applied Eq. 172 without explicit derivation for
explaining the phenomenon of the colored shadow,16

which can be observed when an object is placed in a
long-wave beam directed to a screen. The screen is
also illuminated with white light that does not
interact with the object. The perceived color of the
shadow of the object on the screen is blue green,
which is also predicted by the retinex theory.
Describing this observation with the retinex theory
it is sufficient to consider the remission of the screen
inside and outside the shadow.16 Computing the
colored shadow with the retinex theory is similar to
the problem we discuss in this paper since there are
also two areas on the surface of the skin, one that is
influenced by the vessel and one that is not.

3. Materials and Methods
The experimental apparatus for the measurement of
spatially resolved reflectance is shown in Fig. 3.
The light beam of an arc lamp was delivered by an
optical fiber 1OF2 to a selectable interference filter
1IF2. The center wavelength and bandwidth of the
five filters used were 450 6 25, 500 6 25, 550 6 5,
633 6 5, and 700 6 5 nm. The spectrally filtered
light was reflected by mirror M onto the tissue or the
tissue phantom. The incident light was approxi-
mately 10 deg from the normal of the sample surface
avoiding image disturbance by the mirror and detec-
tion of specular reflectance. Aperture A and objec-
tive lens O 1 f 5 50 mm2 were installed in front of the
CCD camera mounted above the sample. The diam-
eter of the aperture was 2.62 mm and the distance
from the sample surface to the aperture was 110 mm.
The calibration of the image size relative to the
object size was executed with a ruled measurement
standard. The CCD camera was cooled to approxi-
mately 240 °C to improve the signal-to-noise ratio,
and the image was stored in a personal computer.
The active area of the CCD detector was 1024 3 1024
pixels, imaging a 4 cm 3 4 cm area at the sample
surface. A rectangular part of the CCD chip perpen-
dicular to the vessel comprising 1@8 of all pixels was
used to calculate the spatially resolved reflectance

Fig. 3. Experimental arrangement for video measurement of the
spatially resolved reflectance. The components are M, mirror;
IF, interference filter; OF, optical fiber; O, objective; A, aperture.
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profiles. At all wavelengths we measured the sig-
nal from a diffuse reflectance standard 1Spectralon,
average remittance of <99%2 to correct for the spec-
tral response of the CCD camera, and measurements
of the tissue or tissue phantom were divided by the
Spectralon reflectance prior to analysis. An un-
known amount of specular reflection from the sur-
face of the Spectralon is not registered by the detector.
Therefore it was assumed that, together with the
small amount of Spectralon absorption, there is a 5%
loss of incident photons. 1For Monte Carlo calcula-
tions of the liquid phantom only the diffuse reflection
is regarded, because the specular reflection is not
measured. For absolute measurements one also
needs the number of all the photons incident upon
the sample. If it is assumed that the Spectralon
also produces a regular specular reflection, this part
of an incident photon is not detected, because of the
oblique incident beam and must, therefore, be taken
into account.2 Values for all the pixels with the
same y coordinate 1see Fig. 12 were averaged to
smooth the curves. We note that this experimental
setup was successfully checked with measurements
on tissue phantoms using a laser as the incident
source.17

For the tissue phantom the medium surrounding
the cylindrical glass vessel was a lipid colloid 1Lypo-
syn, 20% stock solution2, which is highly scattering
and has a low absorption coefficient. The Lyposyn
was diluted with water to give a reduced scattering
coefficient of 1 mm21 at 633 nm, and 0.34% 1vol@vol2
oxygenated blood was added to simulate capillary
blood perfusion and hence the absorption of human
dermis. The absorption coefficient of the phantom
liquid surrounding the model vessel is, therefore, the
sum of the absorption coefficients of water and blood.
Distance a from the top of the cylindrical tube to the
surface of the solution was 1.4 mm. Inner diameter
d of the cylinder was 1.2 mm. The wall of the glass
cylinder, which was not considered in the calcula-
tions, was approximately 0.2 mm thick. Table 1
shows the reduced scattering coefficients and absorp-
tion coefficients that were used for the Monte Carlo
simulations. The optical parameters of Lyposyn
were measured using an established frequency do-
main diffuse reflectance apparatus.18 The anisot-
ropy parameter was set to g 5 0.8.19 The optical

properties of blood were taken from Jacques and
Keijzer20 and van Gemert et al.21 To calculate the
reduced scattering coefficient of blood from the µs

values of van Gemert et al., an anisotropy factor of
0.99 was used. Assuming that a red blood cell can
be approximated by a sphere, calculations based on
Mie theory yielded g 5 0.995, whereas Steinke and
Shepherd22 measured a slightly smaller value, g 5
0.985.

The cylindrical tube was filled with whole blood.
Blood was drawn directly from a vein into the
heparinized cylinder to minimize contact with air
and thus the possibility of increased oxygenation.
Alternatively, the blood was heparinized and shaken
in air to yield the oxygenated state, representative of
an arterial blood sample.

Experiments on an in vivo vein on the ball of the
thumb were performed in the same way as for the
tissue phantoms. Depth a and diameter d of the
vein were both estimated to be 0.5 mm, based on
high resolution ultrasound measurements.

4. Results

A. Phantom Measurements
Initially we investigated the color change of the
model vessel qualitatively, altering the depth of the
cylindrical tube in Lyposyn and viewing it with the
unassisted eye using both deoxygenated and oxygen-
ated blood. Without a scattering medium, the deoxy-
genated blood had a deep red color, and oxygenated
blood had a light cherry-red color. At small depths
under the surface of the Lyposyn there was little
change in the color of the two blood samples.
Increasing the depth of the cylinders changed the
appearance of the venous blood to a bluish color.
At greater depths, a slight bluish hue from the
oxygenated blood was seen. The influence of differ-
ent amounts of oxygenated blood in the Lyposyn was
also investigated. We observed that the color
changes described above were more pronounced when
there was more blood in the Lyposyn that sur-
rounded the vessel.

Figures 4 and 5 show the experimental measure-

Table 1. Optical Parameters for the Phantom Modela

Wavelength
l 1nm2

Lyposyn Plus Blood Blood

µa 1mm212 µs8 1mm212 µa 1mm212 µs8 1mm212

450 0.085 1.42 25 0.5
500 0.039 1.25 11.5 0.5
550 0.067 1.14 20 0.5
633 0.0022 1.00 0.5 0.5
700 0.0015 0.82 0.15@0.5* 0.5

aCoefficients of blood are for oxygenated blood, except for the
value marked with an asterisk, which is for venous blood with
oxygen saturation of 50%. The hematocrit is 40%.

Fig. 4. Measurements of diffuse reflectance at 450, 500, 550, and
633 nm for the phantom incorporating a vessel that contains
oxygenated blood.
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ments of the model vessel. Five measurements
with oxygenated blood in the cylindrical tube at
wavelengths of 450, 500, 550, 633, and 700 nm and
one measurement with deoxygenated, venous blood
at 700 nm were performed.

Figures 6 and 7 show the results of Monte Carlo
simulations at the wavelengths corresponding to
Figs. 4 and 5, using the optical parameters of Table 1
and assuming oxygenation of 50% for the venous
blood. Comparison of these figures shows a general
agreement of the simulations with the experimental
measurements, despite some uncertainty in the opti-
cal properties of blood. The fluctuations in Figs. 6
and 7 are due to the statistical nature of the Monte
Carlo simulations. The diffuse reflectances at 450
and 550 nm are less influenced by the vessel than at
500, 633, and 700 nm. The influence of the vessel
on the remitted light depends not only on its absorp-
tion properties but also on the optical properties of
the surrounding medium. In the case of 633- and
700-nm light the photons penetrate much deeper
into the medium compared with the shorter wave-
lengths and, although the absorption coefficient of
blood at these wavelengths is low, the longer path
lengths ensure more absorption interactions with
the blood vessel. In Figs. 5 and 7 we see that the
greater absorption coefficient of deoxygenated blood

at these longer wavelengths results in a greater
decrease in diffuse reflectance above the vein.

B. In Vivo Measurements
In Figure 8 we display in vivo measurements of a
vein at the inner-palm side of the thumb ball of a
Caucasian male volunteer. The greatest decrease
in the remission above the vein is measured at the
red wavelengths. The principal reasons are the
same as above; however, with in vivo tissue light
propagation is more complex because of inhomogene-
ities, such as skin layers and vessel wall stratifica-
tions. A model of the skin that incorporates stra-
tum corneum, epidermis, dermis, subcutaneous fat,
underlying muscle, and the vessel should be used for
the complete modeling of in vivo measurements.
However, the optical properties of various skin lay-
ers are not well determined, and the thicknesses of
the layers are known only approximately. We, there-
fore, used only a single homogeneous medium sur-
rounding the vein for the Monte Carlo simulations.
Table 2 shows the optical coefficients used in the
Monte Carlo simulations. The optical parameters
of the surrounding medium were selected to match
approximately the diffuse reflectance shown in Fig.
8, as no a priori knowledge of the microvasculature
and blood content of the tissue is available. The
anisotropy factor of the tissue was assumed to be g 5

Fig. 5. Measurements of diffuse reflectance at 700 nm for the
phantom incorporating a vessel. The solid curve corresponds to
oxygenated arterial blood, the dashed curve corresponds to ve-
nous deoxygenated blood in the model vessel.

Fig. 6. Monte Carlo calculations of diffuse reflectance at 450,
500, 550, and 633 nm.

Fig. 7. Calculation of diffuse reflectance at 700 nm. The solid
curve corresponds to oxygenated blood, the dashed curve corre-
sponds to venous blood in the model vessel.

Fig. 8. Measurements of diffuse reflectance in vivo at 450, 500,
550, 633, and 700 nm.
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0.9.2 The calculations were made at 450, 550, and
633 nm, representing the short-, the middle-, and the
long-wavelength ranges alluded to in the description
of the retinex theory.

In Fig. 9 the simulation results for 450, 550, and
633 nm can be seen. Using the optical properties of
Table 2 we were able to calculate the light propaga-
tion for the model vessel and the in vivo vessel,
compare the model predictions with measured spec-
tra, and interpret the results qualitatively. How-
ever, the resulting skin colors as seen by a human
observer are not obvious from this. In Fig. 8, for
example, although there is a great decrease in the
red wavelengths, more red light than blue light is
still reflected above the vein, but the vein is not
perceived as red.

C. Retinex Theory
For a full description of the observed colors the three
RL’s have to be calculated and looked up in retinex
three space, also called lightness space, to obtain the
perceived color of the vessel. Using Eq. 172 the
remission above the vessel and at locations not
influenced by the vessel have to be determined at
wave bands defined by the color sensitivity of the
eye. However, we have made measurements only
at single wavelengths. To evaluate whether these

are sufficient to determine the perceived color of the
vessel, we made Monte Carlo simulations as shown
in Fig. 9 from 400 to 650 nm in 25-nm steps. The
absorption coefficients at the different wavelengths
were calculated based on known values of oxygen-
ated blood.20,21 The reduced scattering coefficients
were interpolated from Table 2. The RL’s were
computed using the simulation results and the spec-
tral sensitivity functions of the retinal cones.16 We
were, thereby, able to calculate what would be mea-
sured if we could use the wave bands determined by
the cones and to compare this with the results at
single wavelengths. From these calculations the
following results were obtained. For the short,
medium, and long wave bands, R 5 20.088, R 5

20.126, and R 5 20.127, respectively. These corre-
spond well with the values at 450, 550, and 633 nm
from Fig. 9 for venous blood, which are R450 5 20.07,
R550 5 20.12, and R633 5 20.13. These latter
values were calculated according to Eq. 172, where Iv

L

is the remittance above the vessel and Is
L is the

average remittance beside the vessel given in Fig. 9.
For example, for l 5 550 nm, Iv

550 5 0.22 6 0.01 and
Is

550 5 0.29 6 0.01. The error of Is
550 was computed

from the fluctuations of the Monte Carlo simulations
in Fig. 9 for the remission values that are not
influenced by the vessel. The same absolute error
was assumed for Iv

550. From this one has R550 5
log1Is

L@Iv
L2 5 20.12 6 0.02. For the other wave-

lengths in this figure and for the curves in the other
figures we get approximately the same errors.
These errors have no significant influence on the
determination of the color of the vessels, because the
number of colors shown in retinex lightness space
are relatively small and, thus, the determination of
the color is within a certain range qualitatively.

Therefore, at least in this case, it is possible to use
the three wavelengths at 450, 550, and 633 nm
instead of using the wave bands that correspond to
the spectral sensitivity functions of the eye. Hence,
in the following we apply these three wavelengths to
represent the short, middle, and long wave bands of
the retinex theory.

The lightness values for the data shown in Fig. 8
are R450 5 20.06, R550 5 20.10, and R633 5 20.16,
which means that R550 and R630 are almost two and
three times smaller than R450. According to Sub-
section 2.B these values specify a blue color, which
corresponds with observation. 1We also applied CIE
color space calculations23 to derive the color of the in
vivo vein using all the wavelengths shown in Fig. 8.
The color of the tissue both above the vein and of the
surrounding tissue was determined to be without a
distinct hue according to this theory. In addition,
the locations calculated for the colors in this color
space were close together. Thus, no distinct color
change could be determined.2 These lightness val-
ues for the in vivo vein differ from the results of the
calculation shown above because the Monte Carlo
simulation does not match the measurement exactly.

Table 2. Optical Parameters used in the Monte Carlo Simulations of
Diffusely Reflected Light from Skin above the Vein in vivoa

Wavelength
l 1nm2

Surrounding Medium Blood Vessel

µa 1mm212 µs8 1mm212 µa 1mm212 µa8 1mm212

450 0.18 3.0 25 0.5
550 0.15 2.0 20 0.5
633 0.025 1.0 0.5@1.75* 0.5

aThe values of blood at 450 and 550 nm and the reduced
scattering coefficient at 633 nm are the same for oxygenated and
deoxygenated blood and were taken from Table 1. The absorp-
tion coefficient at 633 nm marked by an asterisk is for venous
blood, assuming a saturation of 50%, and the value without the
asterisk is for oxygenated blood.

Fig. 9. Simulations of the in vivo vessel at 450, 550, and 633
nm. At 633 nm the dashed curve represents arterial blood and
the solid curve represents venous blood. Depth a of the blood
vessel is 0.5 mm, and the diameter is also 0.5 mm.
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The consequence of this is that the color of the vein
according to the simulations is between blue and
turquoise.

In Fig. 9 the dashed curve shows the remission
when the vessel is filled with oxygenated blood at
633 nm. At 450 and 550 nm, oxygenated and
deoxygenated blood have approximately the same
optical coefficients. Therefore the lightness values
are R450 5 20.07, R550 5 20.12, whereas R633

changes to 20.06. The lightness values for the
oxygenated vessel at 633 nm are nearly the same as
at 450 nm. We specify a turquoise color for these
values. The overall attenuation is less compared to
the vein, producing a color that is less saturated
than that of the vein.

It is possible to perform simulations for all the
desired depths and diameters of the vessel and
calculate from these the corresponding color appear-
ance. Table 3 summarizes the parameters of the in
vivo vein, the two simulations above, and the addi-
tional simulations that are discussed below. Simu-
lation 3 shows that changing the diameter from d 5
0.5 mm 1No. 12 to d 5 0.8 mm and keeping the center
of the vessel at a constant depth results in larger
absolute lightness values and in a greater decrease
of R630 than of R450, which means that the color
shifts to the blue region.

Next we investigated how the color of the vein with
50% oxygenated blood changes when it is closer to
the surface. As in Fig. 9, we used a diameter of 0.5
mm, but depth a was changed to 0.2 and 0.04 mm.
The diffuse reflectance calculated by the Monte
Carlo simulations can be seen in Figs. 10 and 11, and
the resulting lightness values are listed in Table 3
1Nos. 4 and 5, respectively2. As expected, the closer
to the surface the greater the influence of the vessel
on the remission, and hence the greater the absolute
lightness values. For superficial vessels, photons

at 450 and 550 nm were more influenced by the
presence of the vein than at 633 nm. The lightness
value at 450 nm thus becomes greater than at 633
nm, so the color of these veins tends to become red,
indicated by arrows in Table 3. Hence, some mini-
mum depth below the skin surface is necessary for a
vein to display its characteristic bluish color. In
Fig. 11 the calculated remission of an arterial vessel
at 633 nm is also shown 1dashed curve2. Its remis-
sion at this wavelength is much less affected by the
vessel than for the venous case. The lightness
value in the long wave band is R633 5 20.14 1No. 6 in
Table 32. According to the retinex theory, a dark red
to violet color is predicted.

Additional simulations for a superficial vein at a 5
0.04 mm, but with a smaller diameter of d 5 0.24
mm, were performed 1No. 7 in Table 32. Compared
with the vein with d 5 0.5 mm and a 5 0.04 mm 1No.
52, all the absolute lightness values are smaller but
the long-wavelength value is decreased relatively
more. These values are also in the reddish region of
the color space. Thus, in addition to the minimum
depth requirement, a minimum vessel diameter is
needed for a vein to look blue. This explains why
the normal capillary bed does not look blue, even at
low oxygen saturation of the blood.

Table 3. Parameters of the in vivo Vein Measurement and the Vessel
Simulationsa

Simulation
No.

a

1mm2
d

1mm2 R450 R550 R633 Color

0 <0.5 <0.5 20.06 20.10 20.16 Blue**
1 0.50 0.50 20.07 20.12 20.13 Turquoise =

blue
2 0.50 0.50 20.07 20.12 20.06 Turquoise*
3 0.35 0.80 20.17 20.23 20.33 Turquoise =

blue
4 0.20 0.50 20.31 20.38 20.26 Turquoise =

red
5 0.04 0.50 20.82 20.88 20.34 Turquoise ⇒

red
6 0.04 0.50 20.82 20.88 20.14 Violet, dark

red*
7 0.04 0.24 20.48 20.50 20.14 Violet, dark

red

aThe in vivo vein measurement is indicated by a double
asterisk. Vessels that represent arteries are marked by an
asterisk, the others are for veins.

Fig. 10. Monte Carlo simulations for diffuse reflectance of a vein
with a 5 0.2 mm and d 5 0.5 mm for different wavelengths.

Fig. 11. Monte Carlo simulations for diffuse reflectance of a vein
with a 5 0.04 mm and d 5 0.5 mm for different wavelengths.
Data for 100% oxygenation saturation at 633 nm are also shown
1dashed curve2.
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Another interesting feature can be seen by compar-
ing the apparent diameter of the vein in Figs. 9, 10,
and 11, showing vessels of d 5 0.5 mm, at different
depths below the skin surface of a 5 0.5 mm, a 5 0.2
mm, and a 5 0.04 mm, respectively. We see that
the apparent diameter, defined by the width at the
half-peak value of the remission curve, changes from
1.7 to 1 to 0.7 mm. Thus, the deeper the vessel, the
greater its apparent diameter. At a depth of a 5 0.5
mm the apparent diameter is more than three times
the real diameter. Considering the above size and
depth requirements for a vein to look blue, this
result implies that a certain minimum area on the
surface of the skin must be affected by the vein’s
presence. In addition to the purely photometric
effects seen in Fig. 9, this minimum area require-
ment plays a role in the retinex calculation through
the latter’s dependence on the ratio of the spectral
remissions from the area of the object to that from
the surrounding areas. This implies that for deeper
and larger veins the total observed area needs to
increase to obtain the typical bluish color.

5. Discussion and Conclusions
To summarize, the reason for the bluish color of a
vein is not greater remission of blue light compared
with red light; rather, it is the greater decrease in the
red remission above the vessel compared to its
surroundings than the corresponding effect in the
blue. At first it seems astonishing that red light is
more attenuated above the vessel than blue light,
since, as Table 1 shows, the absorption of blood is
much less in the red than in the blue. This is the
result of the spectral characteristics of light propaga-
tion in tissue. Blue light does not penetrate as
deeply into tissue as red light. Therefore, if the
vessel is sufficiently deep, the reflectance in the blue
will be affected to a lesser extent. Deoxygenated
venous blood has a greater absorption coefficient
than oxygenated arterial blood in the red spectral
region, and this difference of two, rather small,
values is amplified because of the long path length of
red light in scattering tissue. As a result, veins are
more likely to look blue than arteries at the same
diameter and depth. Often arteries are not seen at
all because they are generally smaller than veins
and have thicker vessel walls. It has been shown
that a small vessel will look red when close to the
surface. However, if a superficial vessel is large it
can still look bluish, particularly in the case of the
vein. On the other hand, if the depth of a vessel is
large, even red remitted light will not be influenced
by the vessel, and it will not be seen. We note that,
for the calculations here, we assumed an oxygen
saturation of 50% for venous blood. This is some-
what arbitrary, but other possible realistic values do
not change the conclusions.

As shown in Fig. 8, even above the vein more red
than blue light is remitted. Thus, for a complete
explanation of the perceived color of the vessel one

needs the retinex theory. With the retinex theory
the color can be determined by the relative intensi-
ties at the three wave bands from a particular scene
compared to the surrounding area. The intensities
of these wave bands are weighted by spectral func-
tions that represent the human spectral vision. In
this study we used single wavelengths that are
representative of these spectral functions, and, there-
fore, a retinex color three space based on selected
wavelengths should be applied. However, we chose
typical wavelengths for the long-wave, middle-wave,
and short-wave regions and made qualitative esti-
mates of the colors. Therefore, we believe that we
are justified in applying the usual retinex three-color
space. In one example, we calculated the remission
at several wavelengths and used the spectral sensi-
tivity of the cones to show that the approach of using
only three single wavelengths is justified.

It is interesting to speculate whether retinex
theory is necessary for other color perception issues
in medicine 1e.g., the color of port-wine stains, viti-
ligo lesions, blue nevi, age spots, eyes, hair2, or
whether the perceived color can be simply related to
the absorption spectra of chromophores, possibly
modified by the presence of light scattering and
measured with a reflectometer. If the problem of
vessel color is any guide, it seems that retinex theory
may provide an essential step in the description of
color perception.
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Schäfer, eds. 1Walter de Gruyter, Berlin, Germany, 19782, pp.
641–699.

1160 APPLIED OPTICS @ Vol. 35, No. 7 @ 1 March 1996

ê�æÇé



t usv wmuyxHz|{~}�� ���

� ê������ �»��i�	,�'�H�b	��=���
¶�°±¥)©ª¥)³�°&Æ*·�¢´®)µÖ¶�«�¥*´2¨I·�·ª¨I·�¢ u¿�¨I´2¨I �©»ÄÅ®)·ª¨«�¦�¨£)¨Iµ¤¥)³�¨I¬{¨I &©�·
��®{¿�¨£*¢¤¨º�È
JLK	ÌÍ�Î�Ï�Ñ�ÍfN � ÓHÍl�3È)/�ÜIÛÇØEDuÞ>ßIÚ)Ù)Ø�à0á

� ãB��� ��§� � �*�=�)�3��üý�sj@	,� ���
rO¹4®) �©�¢���´®�©�¢¤¥� u¢ ½¼�¢·�·G¹±¨�>»¨I®�«ª¾��> ±¯D«G®�«�¨IÀ��*³�¨I´2©ª«G¥�·�´2¥)³�Æ)È
ÉyÊ&Ó Ô Ín��M�K0�±ÌÍf��ÍlN 	�� ÍfJ 	 ��Ñ&Í�Ò~*�+PT�ÈÖØ�/&Ú�ÛÇØED)Ú Þ>ßIÚ)Ú�Ü)à0á

� ä�� ���le2�o���H���V�����
?c®I£)¨�¶ «�¥)³�®�Ã�®�©�¢¤¥� u®) 4À��*´®�©ª©ª¨«G¢ ±Ã§¢  ½¿»®) 4À±¥�¬ ¸u¨IÀ4¢ ®*È
� ´®)À4¨I¬§¢´�¶�«�¨I·�·ÈV> ¨º�� ¥)«�qcÞ>ßIÚ�Ü�Ù�à0á

� å�� ü �Kþÿ�������
�����o��	����liö�dj���ki�H�d�
	�� � � ������k��Å���3���
¼�°±¨ö¶ «�¥)³3®�Ã�®�©�¢¥� Ð¥)¯ ²�³3©�¢´®)µ�¿ ®)À4¢®�©�¢¤¥� �¢ Ð¼�¢ ·�·�¹±¨Zß�áÿ¸u¥*À±¨Iµ·ò¥)¯�¿»®)À4¢ ®�©�¢¤¥� Ð¼�«G®) 4·ª³�¥)«�©?®) 4À
¼�°±¨I¢¤«'� ³4³3µ ¢´®�©�¢¤¥� �È
JLK	ÌÍ�Î�Ï�Ñ�ÍfN � ÓHÍ.�ÖÈ#ß
DED�Û�ßIØ)Ù�Þ>ßIÚ)Ú*ß�à0á

� æB� ü �Kþÿ�������
�����o��	����liö�dj���ki�H�d�
	�� � � ������k��Å���3���
¼�°±¨o¶ «�¥)³�®�Ã�®�©�¢¤¥�  ¥)¯A²�³4©�¢ ´®)µ�¿ ®)À4¢®�©�¢¤¥�  ¢  ¼�¢·�·G¹±¨ ×Çá»²�³4©�¢ ´®)µ�¶�«�¥)³�¨«�©�¢¤¨I· ¥)¯ò¼�¢·G·�¹±¨I·ö®) 4À
¿�¨I·�¹3µ¤©�¢ ±Ã��ÿµ¹±¨I 4´2¨�¦O¢·�©ª«G¢� 3¹±©�¢¥� 4·È
JLK	ÌÍ�Î�Ï�Ñ�ÍfN � ÓHÍ.�ÖÈL-�Ü�Ú�Û�-)Ú�Ý Þ>ßIÚ)Ú*ß�à0á

� ç�� ����¡�	.¢l����i �sj����3�f£����
�Ç³�¨I´2©ª«�¥�·�´2¥)³ÇÆ½®) 4À½�>¬§®�Ã�¢ ±Ã{º»¢©�°½¦�¢�¤�¹4·G¢ ±Ã�ÄÅ¢¤Ã�°�©È
ÉyÊ&Ë	ÌÍn� 	 Ñ%K�Ë{Õ,¥ÖÈ)-�/	ÛB/�ÝoÞ>ßIÚ)ÚED�à0á

� èB��� �=j �l;���<�¢��*� ��þÿ�������¦�o���d¢fc��3� � ���� � �*�d�)�#�
²�³4©�¢´®)µÖ��¬§®�Ã�¢  ±Ã§¢ ½¸�¨IÀ4¢´¢ ±¨E�ÿ��áP§�¨*³�¨«G¢¬{¨I �©�®)µ�¼Å¨I´0°4 4¢��Ç¹±¨I·È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ)T�È�Ù)×ED�ÛÇÙ�/�Ý Þ>ßIÚ)Ú�Ü)à0á

� é�� þ'�������¦�o���d¢fc��3�
²�³4©�¢´®)µÅ¼Å¥�¬{¥)Ã)«0®�³3°&Æ½¢ ½¸�¨IÀ4¢´®)µÖ��¬§®�Ã�¢  ±Ã±È
©ª�V«	Í�É$M 	B¬2Ô Ï�AÌ®��+�È�¿'/4ß0Û�¿ ÚE-�Þ>ßIÚ)Ú)Ú�à0á

� â�� ;c��¯°¢'���¦e��¦�¢'����¡o��e���	Å��¡o��k �V¢'����¡o����dh*�B±����²¡o���@���'�Å�4�&�B±����½üý���y�Vh*�V¢'���
¡o�#�@���f£��'�=������¡o�l¡��3���V���'�=�����#üý�s�¢'���ÿ���yþ��V�
�I�V��	��H�!��¡o�f¡����Ð�V¢'���#ü �#�y�3�³�f�	���
¸�¹3µ¤©�¢´G°3®) 4 ±¨Iµ�¼�¢¬§¨2¾.¿�¨I·ª¥�µ¤£)¨IÀ ²�³4©�¢´®)µ�¼�¥�¬{¥)Ã)«G®�³3°3¢´O��¬�®�Ã�¢ ±Ã��ÇÆ*·ª©ª¨I¬½È
��Ï�«�Í�N � ÓHÍL©ª�±Ì ( MªOQ§Íl´�C�È.-ED)ÚED�Û�-)Ø�Ý�×oÞ>ßIÚ)Ú)Ú�à0á

� ê)ë���µ·¶¹¸�¶mº�».¼f½E¾L¿
¿�¨Iµ®�©�¢¥� 4·�·�°4¢³@ �¨©.ºy¨¨I �¿ ®)À4¢®�©�¢¤£)¨2¾.¼�«G®) 4·�³�¥)«G©'¼�°4¨¥)«�Æ?®) 4À{¸ ®�¨*º�¨IµµÁÀ ·�§��Ç¹4®�©�¢¤¥� 4·#¢  A¦O¢¤¨Iµ¨I´2©ª«G¢´

ê�æÇâ



¸u¨IÀ3¢®*È
Â*Í$& #)( Í�N 	�� Í " §Íf´��3È å±ç*ë%Ã3å*ç*é6ÄGê)âÇé�ê%Å�Æ

� ê*ê�� ü � � �;þ)�����	���
ÄÅ®)·ª¨«�¦�¥)³4³3µ¤¨«�¡#¨Iµ¤¥*´¢¬{¨©ª«GÆ�¢  Ç yµ¥�¥*À½®) 4ÀZ¸ ¹4µ¤©�¢¤³�µ¤Æ��*´®�©ª©ª¨«G¢ 4Ã²�ÿµ¹4¢À4·
�'¼�°4¨¥)«�Æ)È
"s#B#�Ô Í'& #�( ÍbT±ÕÅÈ#ßIÚ)Ø)Ù�Û�ßIÚ)Ù)Ø Þ>ßIÚ)ÙED�à0á

� ê�ãB��� � � � � �f¢����o�
���V¢f���lk]�����#ü �V�o�-�H���
¼Å«0®) 4·ª³�¥)«�©�¼�°±¨¥)«GÆ)È
È)¥�°4 W? ¢µ¨Æ¦ÉÊ�Ç¥� 3·ÈV>»¨ºË� ¥)«�qcÞ>ßIÚ�Ü�Ú�à0á

� ê)ä�� ���ÿ� �D�Ç�'�D�3�
ÄÅ¢´0°&©�®)¹3·� 4«�¨I¢¤©�¹3 ±Ã{¢ � 3¢¤¥�µ¤¥)Ã�¢ ·�´G°±¨I¬ÍÌ�¨º�¨2 �¨)È
¦O¢·�·ª¨«�©�®�©�¢¥� �È3Â� 4¢¤£)¨«G·�¢©.Æ�¥)¯#Â�µ¬lÞ>ßIÚ)Ú�/�à0á

� ê�å�� e���g �l¡��V��	P�-�K��ÎL�
h)�4�y�u��ÏÐ�f¡��V��	P�-�K��ÎL�
h)�4��g ��go� �$�b£0���H����;c� ��� ��þ.£0��±A�V�	�&���3�D�����
§�¤�¨I´2©»¥)¯'©�°±¨��*´®�©ª©ª¨«0¢ ±Ã§¦�¨Iµ®IÆ½¥� u¼�¢¬{¨2¾.¦�¨³�¨I 4À±¨I �©�¶�°±¥)©ª¥� u¸�¢¤Ã)«0®�©�¢¤¥� Z¢ ½¼'¹±«� 3¢ Àö¸�¨IÀ4¢®*È
"s#B#�Ô Í'& #�( ÍL*P�ÖÈÖØED)×)Ú�ÛÇØEDE-)Ù Þ>ßIÚ)Ú�Ü)à0á

� ê�æB� þ'�sj����3�f¢f�	�V�I��hL���V�&�
¿»®)À4¢ ®�©�¢¤£)¨ò¼�«G®) 4·ª¯D¨«IÈ
¦�¥�£)¨«IÈ)>»¨º�� ¥)«�qcÞ>ßIÚ)Ø�Ý&à0á

� ê)ç�� �c�ü �sj?�V�I��������Ð��sÑ�±A�*�dÒ.�*�.�
ÄÅ¢ 4¨I®�«»¼Å«0®) 4·ª³�¥)«�©�¼�°±¨¥)«�Æ)È
� À3À4¢·ª¥� �?`¨I·�µ¨Æ)È�¿�¨I®)À3¢ ±ÃZÞ>ßIÚ)Ø�Ý&à0á

� ê�èB� þ'��������	�P���!�
ÄÅ¢¤Ã�°�©�¼�«G®) 4·ª³�¥)«�©�¢ ½¼»¢·�·�¹±¨)È
¦O¢·�·ª¨«�©�®�©�¢¥� �È3Â� 4¢¤£)¨«G·�¢©.Æ�¥)¯#¼�¨�¨*®)·IÈP� ¹3·ª©�¢ cÞ>ßIÚ)Ù)Ù�à0á

� ê)é�� Ïc� ü �B�o�o	,��	��H�d�)�;þÿ�lÓZ�D�3� �
¼�°±¨�¸�¥� &©ª¨��;®�«Gµ¤¥§¸�¨©�°±¥*À�È
Â*Í " {ÍfN ( K ( Í " ÌGÌ 	�� Í�Õ�ÕÖÈ.-E-ED�Û�-�/4ß½Þ>ßIÚ�/&Ú�à0á

� ê)â�� iö�=j ��k �H�d�
	����;��� �¦¢���� �
� ¸u¥� �©ª¨��;®�«0µ¤¥{¸u¥*À±¨Iµ�¯D¥)«�©�°±¨®�! 3·ª¥)«G³4©�¢¤¥� ½®) 4ÀW�ÿµ¹�¨ö¦O¢·ª©ª«G¢� 3¹±©�¢¤¥� ö¥)¯ÿÄÅ¢¤Ã�°�©�¢ ½¼�¢·G·�¹±¨)È
ÎÐÏGÑ�ÍÅÉyÊ�Ë-ÌÍ���CÖÈ�Ù)×�/	ÛÇÙE-�ÝoÞ>ßIÚ)ÙE-�à0á

� ãÇë�� �»��� �sj?�V�o�������l¯?� � �sj?�V�o��±A�*�H�.�
¶ÿ®�«�©�¢´µ¤¨2¾.¼�«G®) 4·ª³�¥)«�©!�±¢¬?¹3µ®�©�¢¤¥� öº»¢¤©�°�©�°±¨?¸u¥� �©ª¨��;®�«Gµ¥§¸u¨©�°±¥*À�È
§�¿ ¦'�òÈ�²O®0q�¿»¢À±Ã)¨�Þ>ßIÚ�Ü0D�à0á

� ã�ê�� �»�lk �3�fcÖ�yþÿ��� � � �V£%ÔL�����)�
¸u¥� �©ª¨���®�«Gµ¤¥§¸�¥ÇÀ±¨Iµ ¢ ±Ã�¥)¯'Ä�¢¤Ã�°�©»¼Å«0®) 4·ª³�¥)«�©�¢ ½¸ ¹4µ¤©�¢�¾.Ä�®IÆ)¨«�¨IÀZ¼»¢·�·�¹±¨I·�¢  `�Ç©�®) 4À4®�«GÀ`�OÈ
Â  3¢¤£)¨«G·�¢¤©!Æ ¥)¯ÿ¼�¨�¨*®)·�¸Ðá ¦Aá¤ÈP�� 4À±¨«0·ª¥� ��;®) 4´2¨«°�y¨I &©ª¨«�ÈPÕ»¥�¹3·ª©ª¥� �È3¼�¨�¨*®)·AÞ>ßIÚ)Ú)×�à0á

� ã*ãB� ¯A� � �sj?�P����±A�*�H�!��j�� � ��¯UÎ����-���
���
� ¶ «G®)´2©�¢´®)µÅ¸�®) Ç¹4®)µ�¥� u©�°±¨�¸u¥� �©ª¨���®�«Gµ¤¥§¸�¨©�°±¥ÇÀZ¯K¥)«»¿ ®) 4À±¥�¬Y?c®)µ�q�¶�«�¥E 3µ¤¨I¬�·È
¶'¨«�Ã�®)¬{¥�  ¶ «�¨I·�·IÈV>»¨º~� ¥)«Öq`Þ>ßIÚED)Ú�à0á

ê)ç*ë



� ãÇä���� �Kþÿ��;u�*�b¢����=£�h.�)������¯?��i�	.	V��� �
¸×�;¡�¶ ¡ ®�«G¢®) 4´2¨?¿�¨IÀ4¹4´2©�¢¥� u²�£)¨«�£*¢¤¨º�È
¢ .��¿òá���µ´2¥�¹Q¤�¨)È�¿òáÿ¦O®)¹±©ª«0®IÆ)Èy�?á��±¥)«G·ª©ª¨«�ÈsÌAá#ÄÖ¨IÀ4®) 4¥�¢·È� �á#¸u¨«G´¢¨«½ÞD¨IÀ3·á:à0È'Ø ¸�¨©�°±¥*À4·�®) 4À
�»³3³3µ¢´®�©�¢¤¥� 3·Ö¢ �> ¨I¹±©ª«�¥� 4¢ ´·È	¶�°±¥)©ª¥� 4¢´·�®) 4À��*©�®�©�¢·ª©�¢´®)µ�¶�°�ÆÇ·�¢ ´·2À¤ÈE�*³4«G¢ ±Ã)¨«Å¡#¨«Gµ®�Ã±ÈE>»¨ºÙ� ¥)«�q�È
ÙE-�ÛÇÚ)×�Þ>ßIÚ)ÙE-�à0á

� ã�å�� ¯A� � � üp£*�¦�	���o��� � �dj���e2��ÎÅ�H�fcÖ�
¼Å¨I´0°4 4¢��Ç¹±¨I·�¯D¥)«n§�� ´¢¤¨I �©�¸u¥� �©ª¨��;®�«0µ¤¥��*¢¬A¹4µ®�©�¢¤¥� ÖÈ�¡#¥�µ¹3¬{¨@-ÇÈ4¡ ®�«G¢ ®) 4´2¨ò¿�¨IÀ3¹4´2©�¢¤¥� �È
²O¿n>�Ä�¾.¿°�Ç����¾Ú-)Ù§ÞD¡#¥�µ áQ-�à0È±²O®0q{¿ ¢À±Ã)¨'>�®�©�¢¤¥� 4®)µ3Ä�®0 �¥)«G®�©ª¥)«�Æ)È*ÂòáÛ��á��;©ª¥�¬§¢´n§� ±¨«�Ã)Æ��y¥�¬§¢·G·�¢¤¥� 
Þ>ßIÚ�Ü0D�à0á

� ã*æB� �»�������!	.	��D�3� � � � ��g��Ç���V<ÿ�D�3� � ��k]�sj?�3�Ù��< �Ç�H�!�
�Ç¨I¬§¢®) 3®)µ¤Æ�©�¢ ´�¸�¥� �©ª¨��;®�«Gµ¥§¿»®)À4¢®�©�¢£)¨�¼Å«G®) 3·ª¯K¨« ¸u¥*À±¨Iµ�¯D¥)«O²O´2¨I®) ±¥)Ã)«0®�³3°4¢´�Ä�¢À4®�«!�ÇÆ*·ª©ª¨I¬§·È
"s#B#�Ô Í'& #�( ÍbTVCÖÈL-)ØEDE-�Û�-)ØED)Ø Þ>ßIÚ)Ù*ß�à0á

� ãÇç�� ���ÿ� �D�Ç�'�D�3�����l; �d<f�2�&�l���yþ��-�Ç�H�������
¼�°±¨ZÂ�·ª¨½¥)¯O®6>»¨I¹4«G®)µm>»¨©!º�¥)«Öq ®) 4Àø¸u¥� �©ª¨×��®�«Gµ¤¥I�*¢¬A¹4µ®�©�¢¤¥� 3·?©ª¥c¦�¨©ª¨«G¬�¢ ±¨½©�°±¨ ²O³4©�¢´®)µ
�y¥Ç¨�� ´¢¤¨I �©�·�º»¢¤©�°`�*³3®�©�¢®)µµ¤Æ ¿�¨I·ª¥�µ¤£)¨IÀ�¼Å«0®) 4·�¬§¢¤©ª©�®) 3´2¨�¸u¨I®)·�¹4«�¨I¬{¨I �©�·È
É$M 	�� Í�N*É�©�ÜÝTL��*4ÕÅÈL-)Ø�/	Û�-�ÜÇßöÞ>ßIÚ)Ú�/�à0á

� ã*èB� �u�d���-�3��Þ�� ü ��;c�`�`	��*�H�D�fhÿ�ßÐ���Ð��ü �³¢��iüà���!�ák �D���âÑ�� ã��d�2����� ���=j �¤ü � � �V�
���Ç�!�
� �K� � � �P�	�f	,�f¢f���3�
�y¥� 4À±¨I 3·ª¨IÀ½¸u¥� �©ª¨���®�«Gµ¤¥��*¢¬A¹4µ®�©�¢¥� 4·y¯K¥)«�©�°4¨ò¦�¨I·�´2«G¢¤³4©�¢¥� �¥)¯'Ä�¢¤Ã�°&© ¼Å«G®) 3·ª³�¥)«�©È
"s#B#�Ô Í'& #�( ÍL*,T�È)/&×)Ø�ÛB/B-�/oÞ>ßIÚ)ÚE-�à0á

� ãÇé���� ���äkÍ�Å���3� �#ü �Dþ'�������
�����o��	����liö�dj��lk �D�d�
	�� �
�*¢¬§¢ µ®�«G¢¤©!Æ�¿�¨Iµ®�©�¢¥� 4·;¯K¥)« ©�°±¨��> &©ª¨«G®)´2©�¢¥� u¶ÿ®�«G®)¬{¨©ª¨«G·�¢ ½¿ ®)À4¢®�©�¢¤¥� ½¼�«G®) 4·ª³�¥)«�©È
"s#B#�Ô Í'& #�( ÍbTV¥ÖÈLD)×�/B-�Û�D)×�/&Ú Þ>ßIÚ)Ù)Ú�à0á

� ãÇâ�� �u�dj��å;u�P�
h3�*�H�.�æ� �d½�lþ)Î*�3�V�I�3�f¢��w����§�i�®���B�4�w���dj���Ð��Ç�fcÖ�wü �iüç£���¢'�3�Ù�)�
iö� � ���s��	��×< ���ocÅ�
 y¥�¹4 4À4®�«�ÆW�y¥� 4À3¢¤©�¢¤¥� 4·y¯D¥)«�©�°±¨ò¦O¢�¤�¹4·�¢¤¥� �§y��¹4®�©�¢¥� Z¢ ½¿»®)À3¢®�©�¢¤£)¨ò¼�«G®) 4·ª¯D¨«IÈ
Â*Í$& #)( Í�N 	�� Í " §Í " �P�3È�×�Ü�×�ÜIÛÇ×�Üo/4ß½Þ>ßIÚ)Ú�/�à0á

� ä*ë�� �u���¦��	��f�
	�����Ïc�yj@	,�	�fcP	��=¢��
¶�°±¥)©ª¥� �¦O¢�¤�¹3·�¢¤¥� W�y¥Ç¨�� ´¢¤¨I �©»¢ ½®) W�! 3·ª¥)«� �¢ ±Ã{¸u¨IÀ3¢¹4¬½È
Â*Í$& #)( Í�N 	�� Í " §Í " ���ÖÈÿßÝ�Ø)Ø�Û�ßÝ&ÜÇß½Þ>ßIÚ)Ú)Ú�à0á

� ä�ê���� � � � � �f�	�D�3���
¼�°±¨�¦O¢�¤�¹4·�¢¤¥� `�;¥�¨�� ´¢¨I &©�¦�¨³�¨I 4À4·�¥� `�n 3·�¥)«�³4©�¢¤¥� �È
& #�( ÍbJ�Ï (S( ÍbTP*�Èÿß
D�Ý�×�Û�ß
D�Ý0/ÐÞ>ßIÚ)Ú)Ú�à0á

� ä±ãB� Ð�������i�	��H�H���l� ��¯A�l�®�-�Q�b���)���u�dj�� �y���Å�=	,�&����� � ��Ð����	�Ç�f£����
¿�¨¯D«G®)´2©�¢¤£)¨?�� 4À4¨�¨ ¥)¯��Ç¥�¬{¨�¸ ®)¬§¬§®)µ¢ ®) Z¼�¢·�·G¹±¨�Â�·�¢ 4Ã§®��ÿ¢� �¨« ²�³4©�¢´��;µ®)À3À4¢ ±Ã�¸u¨©�°4¥ÇÀ�È
"s#B#�Ô Í'& #�( ÍbTV¥ÖÈÖ×)×)Ú�ÜIÛÇ×E-�Ý%- Þ>ßIÚ)Ù)Ú�à0á

� ä*ä�� ��� � ���y�Ç�V�	�����4��ü ��¯A�Pi��-�Ç�&�H�f�
hÖ�!� � ��Ð���þ.	,�b�o����������iö��¯A�Pi�	,�'�Ð����ü ���u��;u�Ç�3� � �D� �,Ðf� �
ã��H�Ù	V��	Å�
¦�¨©ª¨«G¬§¢ 4®�©�¢¥�  ¥)¯�©�°±¨�¿�¨¯D«G®)´2©�¢¤£)¨ �� 4À4¨�¨d¥)¯�Õ�¢¤Ã�°4µÆè�*´®�©ª©ª¨«0¢ ±ÃÙÕ�¹4¬§®)  ¼�¢·�·G¹±¨Ç �Æ ²O³4©�¢´®)µ
�y¥�°±¨«�¨I 3´2¨ò¼Å¥�¬§¥)Ã)«G®�³3°�Æ)È
& #�( ÍbJ�Ï (S( ÍbTPC�È�×)×ED)Ù�ÛÇ×)×)Ø�ÝcÞ>ßIÚ)ÚED�à0á

ê)ç�ê



� äÇå�� Ð���i��BÎÅ�H�D�V£%ÔL�����$j�� � �������f�o�-�D�fc3���
¸u¥� �©ª¨W�;®�«Gµ¤¥��Ç©�¹3À±Æ�¥)¯�¦O¢�¤�¹4·ª¨§¿»¨2Á3¨I´2©�®) 4´2¨�®�©��Ç¥�¹±«0´2¨2¾.¦ ¨©ª¨I´2©ª¥)«²�Ç¨³�®�«G®�©�¢¤¥� 4·��;µ¤¥�·ª¨{©ª¥`²O ±¨
¼Å«0®) 4·ª³�¥)«�©�¸�¨I®) `�±«�¨¨?¶'®�©�°ÖÈ
Â*Í$& #)( Í�N 	�� Í " §Í "°é ®)´´2¨³4©ª¨IÀ�á

� ä±æB� Ð��@i���ÎÅ�H�K�P£%ÔL�Å�Ö� � �@�ò�dÔL���B�&�����Aü �V��ÔL���B��� � � � �§���o	,�
�)�²iö� � ���s��	��×< ����cÖ�¦j�� � � �
� �Q�b�����H�bc��3�
©ª�ßêÖÓd« 	 ÄÖ¥*´®)µ3¦�¨©ª¨«G¬§¢  4®�©�¢¤¥� {¥)¯�¼�¢·G·�¹±¨ ²�³4©�¢ ´®)µ4¶ «�¥)³�¨«�©�¢¨I·2�f� ³4³3µ¢ ´®�©�¢¤¥� 4·ÿ©ª¥@Õ�¹4¬§®) ² �«0®)¢ �È
"s#B#�Ô Í'& #�( ÍL*P¥ÖÈ)/&ÚE-)Ú�ÛB/&ÚED�ÝoÞ>ßIÚ)Ú)Ú�à0á

� ä*ç�� þ'��� � � �P£%ÔL�Å���)�$j�����#�ö�=��������þÿ����l�®�-�P�'�!�
�  4Ã�¹4µ®�«»¦�¨³�¨I 4À±¨I 4´2¨�¥)¯lÕ ¨
>»¨AÄÅ®)·ª¨«»Ä�¢¤Ã�°�©!�*´®�©ª©ª¨«G¢ ±Ã² �Æ�Õ ¹3¬§®) Z¦�¨«G¬§¢·IÈ
JLK	ÌÍfJ#Ó ëIÏ�N � Ó Íl�4È.-�Ý�Ú�Û�-E-E-oÞ>ßIÚ)Ù�Ü)à0á

� ä±èB� k]�sj�����	��fcÖ�yþ'��������	�P���!����� � ��k �*�d£����
� ¿�¨£*¢¤¨º ¥)¯'©�°±¨A²�³4©�¢ ´®)µ�¶ «�¥)³�¨«�©�¢¤¨I·;¥)¯� ;¢¤¥�µ¤¥)Ã�¢ ´®)µÖ¼�¢·�·G¹±¨)È
©�Ü�ÜyÜ�Â±Í$ì$OVK0� ( OQíÜ Ô Ï �
( MÍbTV�ÖÈ�×*ßIØ)Ø�ÛÇ×*ßIÙEDoÞ>ßIÚ)Ú�Ý&à0á

� ä*é�� �»���ö�B�Å�f	��d¢��)�$j��dj�� � 	,�'�b�
	�� ������e2���'�H�Ð�V�0���
¦O¢�¤�¹3·ª¨ò¿�¨2Á�¨I´2©�®) 4´2¨�¯K«�¥�¬ ®²�ÿ¢ 4¢©ª¨® ;µ¤¥�¥*Àu¸�¨IÀ4¢¹3¬Ç�y� ³4³3µ¢ ´®�©�¢¤¥� 4·;©ª¥ö©�°±¨?¸�¥ÇÀ4¨Iµ¢ ±Ã{¥)¯��ÿ¢� �¨«
²�³4©�¢´®��®�©�°±¨©ª¨«G·È
"s#B#�Ô Í'& #�( Í���+�ÈÖ×�Ý%D)Ú�ÛÇ×�Ý�Ø�Ü�Þ>ßIÚ�Ü�Ø�à0á

� ä*â�� �u���� � �;�¦��	��Ç���.���d�)��;Ð��u�lÐÅ���o±A���o¢'��� � � � �l���*�ái�	,�
£����
�*´®�©ª©ª¨«G¢ 4Ã»®) 4À��! 3·ª¥)«�³3©�¢¤¥� �¥)¯*¼�¹±«Ö 3¢ÀO¸�®�©ª¨«0¢®)µ·Å¦�¨©ª¨«G¬�¢ ±¨IÀ�¯D«�¥�¬ ¿»¨2Á3¨I´2©�¢¤¥� �¸�¨I®)·�¹±«G¨I¬{¨I &©�·Iá
ß0��¼�°±¨¥)«GÆ)È
"s#B#�Ô Í'& #�( ÍbTPT�ÈÖ×�/BD)Ø�ÛÇ×�/&Ø)× Þ>ßIÚ)ÙE-�à0á

� å±ë�� �u���� � �;�¦��	��Ç���.���d�)��;Ð��u�lÐÅ���o±A���o¢'��� � � � �l���*�ái�	,�
£����
�*´®�©ª©ª¨«G¢ 4Ã»®) 4À��! 3·ª¥)«�³3©�¢¤¥� �¥)¯*¼�¹±«Ö 3¢ÀO¸�®�©ª¨«0¢®)µ·Å¦�¨©ª¨«G¬�¢ ±¨IÀ�¯D«�¥�¬ ¿»¨2Á3¨I´2©�¢¤¥� �¸�¨I®)·�¹±«G¨I¬{¨I &©�·Iá
×���¸�¨I®)·�¹±«G¢ 4Ã§¸u¨©�°±¥*ÀZ®) 4À��;®)µ¢� 4«0®�©�¢¤¥� �È
"s#B#�Ô Í'& #�( ÍbTPT�ÈÖ×�/&ØE-�ÛÇ×�/&Ø�Ü�Þ>ßIÚ)ÙE-�à0á

� å�ê�� �§� � ��ÐÅ�V���	�Ç�H�!� üý�Dþÿ��� �����������
	�� ��iö�dj��lki�H�d�
	����
� ¦O¢�¤�¹4·�¢¤¥�  ¼�°±¨¥)«�Æ�¸�¥*À±¨Iµ3¥)¯l�Ç³3®�©�¢®)µµÆ�¿»¨I·ª¥�µ¤£)¨IÀ�ÈP�Ç©ª¨I®)À4Æ&¾î�Ç©�®�©ª¨�¦O¢�¤�¹4·ª¨�¿�¨2Á3¨I´2©�®) 4´2¨�¯D¥)«y©�°±¨
>»¥� 3¢ &£�®)·�¢¤£)¨�¦�¨©ª¨«G¬�¢ 4®�©�¢¤¥� ½¥)¯#¼�¢ ·�·�¹±¨ò²�³4©�¢ ´®)µ�¶ «�¥)³�¨«�©�¢¤¨I·OÓd��êÖÓd« 	 È
ÎÐÏGÑ�ÍÅÉyÊ�Ë-ÌÍ���ïÖÈ�Ù�Ü�Ú�ÛÇÙ)Ù)Ù Þ>ßIÚ)Ú)×�à0á

� å4ãB� þ'��� � � �P£%ÔL�Å���)�����y���b���
£0�Å��� � ��þ.£0��±A�V�o���±��� ��k ���bcÅ��Ð��¤�c�#�?�=�
���*�!�
¡�¢ À±¨¥§¿�¨2Á3¨I´2©ª¥�¬§¨©ª«�Æ½©ª¥²§�¨*©ª«G®)´2©�²�³4©�¢´®)µ�¶�«�¥)³�¨«�©�¢¤¨I·;¥)¯#¼�¢·�·G¹±¨?Ód��êÖÓd« 	 È
¡#¥�µ á4���Ç����¥)¯��±¶ �ð§ø�� 3·ª©�¢¤©�¹±©ª¨@�Ç¨«0¢¤¨I·ÈPÌAá3¸ßñ¹4µµ¤¨«?Ï ( K Ô ÍÿÞD¨IÀ4·á:à0È�×*ß)ß0ÛÇ×)×)ØoÞ>ßIÚ)ÚE-�à0á

� å±ä�� �u�����i�	��=��� � � � �l���*�ái�	,�
£����
²O ½©�°±¨�¦�¨©ª¨«G¬�¢ 4®�©�¢¤¥� ½¥)¯�²�³3©�¢´®)µ�¶ÿ®�«G®)¬{¨©ª¨«G· ¯K¥)« ¼�¹±«Ö 3¢À�¸�®�©ª¨«0¢®)µ·È
ò`K0«)Ï�ÌU�mK0��Ñ�Í�Î�Ï�Ñ�Í�ÕÅÈ�×E-E-�ÛÇ×�/&× Þ>ßIÚ)Ú�/�à0á

� å*å�� ü � � 	,c3�V���ó� ����� �¦�I�VhL�f�-���
¿�¨2Á3¨I´2©�®) 3´2¨?¶ «G¥)³�¨«G©�¢¤¨I·;¥)¯��'¢  4¢¤©ª¨2¾î�*¢�ô¨�¼'¹±«� 3¢ Àö¸�¨IÀ4¢®*È
ò`K0«)Ï�ÌU�mK0��Í�ÎÐÏGÑ�Í�ÕÖÈ�/&×)Ú�ÛB/B-)ÚoÞ>ßIÚ)Ú�/�à0á

ê)ç±ã



� å4æB� �u�!iA���L�)�A���nk �Pc��'�Úõ���	���)� � �n�¦	P< ���o��� � �!i��	�3�d£0�b	P�
����� ��� Ð��Oþ��BÎ±�V�o�4�°���Oüç	����'�D�����
;c�lÎ±�3�ö¢��*�ßi����oc�� �
�;µ¢ 3¢´®)µ�¦�¨©ª¨«G¬§¢ 3®�©�¢¤¥�  ¥)¯�¼»¢·�·�¹±¨o²�³4©�¢´®)µ ¶ «�¥)³�¨«�©�¢¤¨I·² �Æá§� 4À±¥�·�´2¥)³�¢´��Ç³�®�©�¢®)µµ¤Æd¿�¨I·ª¥�µ£)¨IÀ
¿�¨2Á3¨I´2©ª¥�¬§¨©ª«�Æ)È
"s#B#�Ô Í'& #�( ÍL*,+�È#ß�Ü0D)Ø�Û�ß�Ü�Ø)Ø Þ>ßIÚ)Ú)Ø�à0á

� å±ç�� iö�=j ��k �H�d�
	������§� � �lÐÅ�V���-�*�H�!�#ü �Dþÿ��� �����������
	�� �
�  `²�³4©�¢ ´®)µb�ÿ¢� �¨«ª¾÷ ;®)·ª¨IÀu¦O¢�¤�¹4·ª¨?¿�¨2Á3¨I´2©�®) 4´2¨²�Ç³�¨I´2©ª«�¥�¬§¨©ª¨« ¯D¥)«U> ¥� *¾��> &£�®)·�¢¤£)¨?�� �£)¨I·ª©�¢¤Ã�®�©�¢¥� 
¥)¯#¶�°±¥)©ª¥*À±Æ* 4®)¬§¢´��Ç¨I 4·G¢¤©�¢�ô¨«G·OÓd�ÝêÅÓd« 	 È
ê 	�Ô Íb©ÖNÙø 	 ë�N*Éy©�Üù©ª�4Ì ( Ó ( O ( Ï®N�Ï�M�Ó Ï2Ì é ×*ßIÚ�ÛÇ×E-)×oÞ>ßIÚ)Ú�Ý&à0á

� å4èB��� ������üp	,�f�-��������e�� � �li{�=c��d	Ö� � ���� � �P£ohÿ� ���¤ü � � 	,�'�b��	�����;c� � � ü �H�H�D�����
¸u¨I®)·G¹±«G¢ ±Ã��n �·ª¥)«�³4©�¢¤¥� ��y¥Ç¨�� ´¢¤¨I �©�·�¢ ��*¬§®)µµ3¡#¥�µ¹4¬{¨I·�¥)¯bÕ�¢¤Ã�°4µ¤Æ²�*´®�©ª©ª¨«0¢ ±Ã?¸�¨IÀ4¢®Q���Ç¥�¹4«G´2¨2¾
¦�¨©ª¨I´2©ª¥)«��*¨³3®�«G®�©�¢¤¥� 4·�¯K¥)«�º °4¢´G°½¶ÿ®�©�°�ÄÖ¨I ±Ã)©�°4·»À±¥§ ±¥)©»¦�¨³�¨I 4À½¥� ��±´®�©ª©ª¨«G¢ ±Ã§¶�«�¥)³�¨«�©�¢¤¨I·È
"s#B#�Ô Í'& #�( ÍL*P�ÖÈLD)ØEDED�Û�D)Ø)Ø*ß�Þ>ßIÚ)Ú�Ü)à0á

� å±é�� ¯A��� ��;��'�H�.� ü �D����Ï��d£0�b	��d�)���§��;Ð��Ðf	P�2�������
rO¹4®) �©�¢¤©�®�©�¢¤£)¨$ y«�¥�®)À� 3®) 4À�> ¨I®�«ª¾��� 4¯K«G®�«G¨IÀ��*³�¨I´2©ª«G¥�·�´2¥)³�Æò¥)¯3¼�¢·�·G¹±¨2¾î�*¢¬A¹4µ®�©�¢ 4Ã;¶�°4®) �©ª¥�¬§·��y¥� *¾
©�®)¢ 4¢ 4Ã�§�«�ÆÇ©�°±«�¥*´2Æ�©ª¨I·È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ�*�È.-E-)Ù*ß0Û�-�/�Ý0/cÞ>ßIÚ)Ú)Ù�à0á

� å±â�� �u�ü ����� � 	.	P���)<�	P�������b�y�3�bcÅ��ü �dj����ö�3�d¢������)�fÐ��.k ��j@��	P���A���b¢·;c� � �dj��ü �#þ��-���	�Ç� �
<�	P��cÖ�
¼�°±¨`¦�¨©ª¨«G¬§¢ 3®�©�¢¤¥�  ¥)¯öÓ=��êÅÓd« 	 Õ�¹4¬§®)  ¼�¢ ·�·�¹±¨c²�³4©�¢´®)µO¶�«�¥)³�¨«�©�¢¤¨I·½®) 4À~�! 3·ª¥�µ¹4©ª¨6��°±«�¥�¾
¬{¥)³3°±¥)«G¨°�y¥� 4´2¨I �©ª«G®�©�¢¤¥� 3·�Â�·�¢ ±Ã@�*³3®�©�¢®)µµ¤Æ�¿�¨I·�¥�µ¤£)¨IÀ��*©ª¨I®)À±Æ&¾î�*©�®�©ª¨�¦O¢�¤�¹4·ª¨»¿»¨2Á3¨I´2©�®) 4´2¨®�Ç³�¨I´�¾
©ª«�¥�·�´2¥)³ÇÆ)È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ�ÕÖÈ�Ú)Ø�ÜIÛÇÚ)Ù*ßöÞ>ßIÚ)Ú)Ú�à0á

� æÇë�� �u�����k ���������H�bhÿ� � ��¯?��;��B�.±��V��¢��ÿ�c����� � �K���I	��b¢��ÿü �Dþÿ�l�����
�-�����
	����
� ´´¹4«G®)´2Æ ¥)¯®> ¥� 4¢ �£�®)·�¢¤£)¨�¢   £*¢¤£)¥f¸�¨I®)·�¹±«G¨I¬{¨I &©�·ö¥)¯ò¶�°±¥)©ª¥�·ª¨I 4·G¢¤©�¢�ô¨«�Â»³4©�®0q)¨³ ;®)·ª¨IÀ ¥�  ®
¦O¢�¤�¹3·�¢¤¥� ½¸�¥ÇÀ±¨IµÖ¥)¯'¿»¨2Á3¨I´2©�®) 4´2¨��*³�¨I´2©ª«G¥�·�´2¥)³�Æ)È
ÉyÊ 	%(�	�� Ê*Ï2§Í'É;Ê 	E(�	B¬ Ó 	�Ô Íb�,��È.-)×)Ø�Û�-E-EDoÞ>ßIÚ)Ú�Ü)à0á

� æ�ê���� ������üp	,�f�-������� �§�ü � � 	����f�
	�� �;� �l�s	P���le�� � ��i{�=c��d	Ö�
>»¥� ±¾.¢ &£�®)·�¢¤£)¨?¸u¨I®)·�¹4«�¨I¬{¨I �©�¥)¯��;°±¨I¬{¥)©�°±¨«0®�³�Æ½¦�«G¹±Ã��y¥� 3´2¨I &©ª«G®�©�¢¥� u¢ ½¼�¢ ·�·�¹±¨E� ¶�«�¨Iµ¢¬§¢  4®�«�Æ
¦�¨I¬{¥� 4·ª©ª«G®�©�¢¥� 4·�¥)¯yÓ=�×«-Ó=« 	 ¸u¨I®)·G¹±«�¨I¬{¨I �©�·È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ�ÕÖÈÿß
-)Ú�ÜIÛ�ß�/4ß�Ü Þ>ßIÚ)Ú)Ú�à0á

� æ*ãB� �§� � ��ÐÅ�V���	�Ç�H�!��i �dj��lk �H�=��	����#ü �Dþÿ��� �����������
	�� �
¼�°±¨`Â�·ª¨o¥)¯?®è> ¨I¹±«G®)µ°>»¨©!º�¥)«Öq ©ª¥ ¦�¨©ª¨«G¬§¢  ±¨`¼�¢·�·�¹4¨o²�³4©�¢ ´®)µ�¶�«�¥)³�¨«�©�¢¤¨I·ö¯D«�¥�¬ú�Ç³3®�©�¢®)µ µ¤Æ
¿�¨I·ª¥�µ£)¨IÀu¦O¢�¤�¹4·ª¨�¿�¨2Á�¨I´2©�®) 4´2¨?¸�¨I®)·�¹±«�¨I¬§¨I &©�·È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô ÍL*.´�È�×)×)Ù*ß0ÛÇ×)×)Ù)ØoÞ>ßIÚ)Ú)×�à0á

� æÇä�� ���ÿ� �D�Ç�'�D�3��� �l�;�H�dc3���#ü �Dþÿ�l�����������
	�����iö�=j �fk �H�=��	������u��;��d<��2��������þ)���*�H�Å���&�
�� �£)¨I·ª©�¢¤Ã�®�©�¢¥� Z¥)¯#¸�¹3µ¤©�¢�¾.ÄÅ®�Æ)¨«�¨IÀZ¼�¢ ·�·�¹±¨Oº»¢¤©�°`©ª��êÅÓ=« 	 ¿�¨2Á�¨I´2©�®) 4´2¨?¸�¨I®)·�¹±«�¨I¬§¨I &©�·È
É$M 	�� Í�N*É�©�ÜÝTP*,TV� � ×*ßI×�ÛÇ×)×*ß½Þ>ßIÚ)Ú�/�à0á

� æ�å�� ü �Kþÿ�������
�����o��	����liö�sj����3�f£��3��iö�dj��lki�H�d�
	�� �
¼�¢¬{¨;¿�¨I·�¥�µ¤£)¨IÀ{¿�¨2Á3¨I´2©�®) 3´2¨�®) 4À�¼Å«G®) 3·�¬§¢¤©ª©�®) 4´2¨;¯D¥)«ÿ©�°±¨m>»¥� 4¢  &£�®)·�¢¤£)¨;¸u¨I®)·G¹±«�¨I¬{¨I �©#¥)¯�¼�¢ ·�·�¹±¨
²�³4©�¢´®)µÅ¶ «�¥)³�¨«�©�¢¤¨I·IÈ
"s#B#�Ô Í'& #�( ÍbTV¥ÖÈÖ×E-E-*ß0ÛÇ×E-E-)Ø Þ>ßIÚ)Ù)Ú�à0á

ê)ç*ä



� æ*æB� þ'��� � � �P£%ÔL�Å���)�
¼�¢¬{¨�¿»¨I·ª¥�µ¤£)¨IÀZ¶�«�¥)³3®�Ã�®�©�¢¤¥� u¥)¯'Â�µ¤©ª«G®)·G°±¥)«�©�ÄÅ®)·�¨« ¶�¹3µ·ª¨I·;º»¢¤©�°3¢ �¼�¹±«Ö 3¢Àö¼�¢·�·�¹4¨I·È
"s#B#�Ô Í'& #�( ÍbTV¥ÖÈÖ×)×)×E-�ÛÇ×)×)×)Ú Þ>ßIÚ)Ù)Ú�à0á

� æÇç�� iö�Ùj��Å�3�f£���� þ'�×Ï��d	Ph*��� � �o�u�*�����ø�c�`üç£�j����H�=�4� ü �³Ðb	,�'�����3�H���è�u���¦�	���*�fÒ.�*�=¢��
����;`	��=��	�� �
¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀ��*³�¨I´2©ª«G¥�·�´2¥)³�Æ�¥)¯.Õ ¨I¬{¥)Ã�µ¤¥E 3¢ �®) 4À§¸�Æ)¥)Ã�µ¤¥E 3¢ §¢  {¿�¨I·ª©�¢ 4Ã�®) 4À{�>·�´G°±¨I¬�¢´�¸ ¹4·>¾
´µ¤¨)È
" �,K Ô ÍÅÒ»Ó 	�� Ê*Ï2§Í���´*ÕÖÈÖØ)Ú)Ù�Û*Ü	Ý&ÜuÞ>ßIÚ)Ù)Ù�à0á

� æ*èB� þ'� ���f¢����o���
	�� � ¯��bc��Ç�d�)������i�����cÖ�yþÿ��þ)Î±�3�)< ���ocÅ�$½� � �V���H�Ð�3���
¼�¢¬{¨2¾�«G¨I·ª¥�µ¤£)¨IÀZ¼�«G®) 4·�¢ µµ¹4¬§¢  4®�©�¢¤¥� §¯D¥)«»¸�¨IÀ4¢´®)µÖ¦O¢®�Ã� 4¥�·ª©�¢´·È
& #�( ÍbJ�Ï (S( Í��Q+�Èÿß)ß�Ü�Ú�Û�ß)ßIÙ*ßZÞ>ßIÚ)Ú�Ý&à0á

� æÇé�� �u�$j��b< ��¢�¢����ÿ�����ò�=Þ����	�!���»�#�y�V��	��'�!� �u� �s	P�����=£&�Ç�H�H�!�;���lg��3�D�Ç���	�D�'�!�
�y¥�¬{³3®)´2©A¼�¢·�·G¹±¨�²!¨*¢ ¬{¨©ª¨«® ;®)·ª¨IÀc¥� �¦O¹4®)µ�¾Á?c®I£)¨Iµ¨I ±Ã)©�°d¸�¹4µ©�¢´G°4®) 3 ±¨Iµ#¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀc¿»¨2¾
Á3¨I´2©�®) 4´2¨)È
"s#B#�Ô Í'& #�( ÍL*P¥ÖÈL-)Ø�Ü	Ý-Û�-)Ø)Ù�ÝoÞ>ßIÚ)Ú)Ú�à0á

� æÇâ�� ü �lÐ������	�V�	�!�sû½�lk �*�!���»�sj?�V���	�V�-�����!�l�u���� � ��i{�D�V���!�;���sÑ �V£%£&�3���-�!�
¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀ��*³�¨I´2©ª«G¥�·�´2¥)³�Æ�¥)¯'©�°±¨®Õ�¹4¬§®) W�4¥)«�¨I®�«G¬½È
Â*ÍÖÉ;Ê 	E(�	�� Ê*Ï�§ÍÿÉyÊ 	%(�	B¬ Ó 	�Ô Í�ÒUüÖÒ»Ó 	�Ô Í�����È#ß�/4ß0Û�ß
DE-�Þ>ßIÚ)Ú)×�à0á

� ç*ë�� ü �Q¯°�
���Ç�f�f�	�*�=���)j���¯?�Q¯��=±A�*�H�.�4ü ��j@	P���3�����QÎ±�3��¢�����Ñ �Ç�3��þÿ���u�±�¦�o���d¢fc��3� � �¤��� � �Ç�d�)�#�
�Ç³�¨I´2©ª«G®)µÖ¦�¨³�¨I 4À±¨I 4´2¨�¥)¯ÿ¼�¨I¬{³�¥)«G®)µÖ¶'¥�¢ �©!�Ç³4«�¨I®)ÀW�3¹4 4´2©�¢¤¥� 4·»¢ ÇÕ ¹3¬§®) ½¼�¢·�·G¹±¨)È
"s#B#�Ô Í'& #�( ÍL*,T�È)/4ßIÙ�ÛB/&×ED�Þ>ßIÚ)ÚE-�à0á

� ç�ê���� �=j �l;���<�¢��*� � � � � ��;u�3�H�!�ÿü ��Ð»�d��<��3�fhÿ� � ��§� � �*�=�)�#�
¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀ�²O³4©�¢´®)µ��>¬§®�Ã�¢ ±Ã{¥)¯#®��Ç¥�µ ¢À�¼�¢·�·�¹4¨2¾÷§��Ç¹4¢¤£�®)µ¤¨I &©;¶�°3®) &©ª¥�¬½È
"s#B#�Ô Í'& #�( ÍL*4ÕÅÈÖÙ�Ý%-)Ù�ÛÇÙ�Ý0/�Ü�Þ>ßIÚ)ÚED�à0á

� ç±ãB� j���;u�P�fc3�����l¯A�li��3�dc3�V��� �§�lk �D�ó���Ç�H� �fk �sÑ��D����� �
¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀÇ ;®)´�q*·�´®�©ª©ª¨«G¢  ±Ã�¥)¯l�±¨I¬?©ª¥�·ª¨I´2¥� 4À ¶�¹4µ·�¨I·�¯D«�¥�¬��±´®�©ª©ª¨«G¢ ±Ã{¸�¨IÀ4¢®A¾�®) Ç§�¨*³�¨«ª¾
¢¬{¨I �©�®)µÖ®) 4ÀW>�¹4¬{¨«0¢´®)µ��� �£)¨I·ª©�¢¤Ã�®�©�¢¥� �È
& #�( Ó � Ì�ý 	 �§Í���*L�4È.-ED*ß0Û�-ED)ÙoÞ>ßIÚ)Ú)Ø�à0á

� ç*ä���� � � � � �f�	�D�3��� � ���¦�f¢'�'�d£ohÿ�
¶�°±¥)©ª¥� �¸�¢Ã)«G®�©�¢¤¥� Z®�©U�±°±¥)«�©�¼�¢¬§¨I·�®) 4ÀZ¦O¢·ª©�®) 4´2¨I·»®) 4ÀZ¢ `�;®)·�¨I·�¥)¯��Ç©ª«�¥� ±Ã��! 3·ª¥)«�³3©�¢¤¥� �È
Â*Í$& #)( Í " §Í " �&ÕÅÈ�×E-ED�ÛÇ×�/BD Þ>ßIÚ)Ú�Ü)à0á

� çÇå�� ���l�?�¹Þ������!����� �y�V�o	����!�y����g����K�*���-�H�'�.��þÿ�#���f¢������
�
	�� � ¯��bc��Ç�d�)�
¿�¨I®)µ�¾.¼»¢¬{¨ ¸�¨©�°±¥*Àf¯K¥)«��ÿ¢¤©ª©�¢ ±Ã ¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀd¿�¨2Á3¨I´2©�®) 3´2¨�®) 3À�¼�«G®) 4·�¬�¢¤©ª©�®) 4´2¨�¸u¨I®)·�¹4«�¨2¾
¬{¨I �©�·�º»¢¤©�°½®�¸u¥� �©ª¨��;®�«0µ¤¥{¸u¥*À±¨Iµ È
"s#B#�Ô Í'& #�( ÍL*)´�ÈÖ×�Ü)Üo/	ÛÇ×�Ü�Ù�ÝoÞ>ßIÚ)Ú)Ù�à0á

� ç±æB� þ'�������¦�o���d¢fc��3� ü �sj@	P� ��� � ��§� � �*�=�)�#�
¼�°±¨A¼�°±¨¥)«�¨©�¢´®)µl ;®)·�¢· ¯D¥)« ©�°±¨�¦�¨©ª¨«G¬§¢ 3®�©�¢¤¥� u¥)¯;²�³4©�¢´®)µ�¶'®�©�°3µ¤¨I ±Ã)©�°o¢ u¼»¢·�·�¹±¨E�;¼�¨I¬{³�¥)«G®)µ
®) 4ÀW�±«G¨
��¹±¨I 3´2Æ��� 4®)µ¤Æ*·�¢·
�¤È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô ÍL*.´�Èÿß
DE-*ß0Û�ß
D)Ø�Ý`Þ>ßIÚ)Ú)×�à0á

ê)çÇå



� ç*ç���� �������y�VhP	�± �d£��±��iö������ü �3�H�=±A���.�
�y¥� 4·ª©ª«0¹4´2©�¢¤¥� Z®) 4À½¶'¨«�¯D¥)«G¬§®) 3´2¨�¥)¯#®{¡ ®�«G¢®0 3µ¨2¾÷�±«�¨
�Ç¹±¨I 4´2Æ�¶�°4®)·ª¨2¾.¸�¥*À4¹4µ®�©�¢¤¥� `�'µ ¹±¥)«�¥�¬{¨©ª¨«IÈ
Ò»Ó 	ª# Ê&Ë	Ì2Íný�Ê±Ï�§ÍbT.�3ÈÖØ*ß0Û*Ü�ÙuÞ>ßIÚ)ÙED�à0á

� ç±èB��� ��iö��Ð»�d���fhÖ�H� ��¯A�y�¦�	���
��	�� �#ü � � �lÎ±�3�ö¢���g��*� ��k ��k]� ü �3���o�'�H�D���
¦O¢�¤�¹3·�¢¤¥� �¥)¯'�� �©ª¨I 4·�¢¤©!Æ½¸u¥*À4¹4µ®�©ª¨IÀÇ> ¨I®�«ª¾��>¿ Ä�¢¤Ã�°�©�¢ Z¼'¹±«� 3¢Àö¸�¨IÀ4¢®*È
N*É�©�Üç��Õ,*L�3È#ßI×)×�Û�ß
-ED Þ>ßIÚ)Ú*ß�à0á

� ç*é�� ü �Kþÿ�������
�����o��	���� � � � � üp	,�'�¹�o	����liö�dj��lk �D�d�
	�� � �Ð��k]��i������f¢b��� � ���u���y�VhP	�± �d£��4�
�±«�¨
�Ç¹±¨I 4´2Æ�¾.¦�¥�¬§®)¢ ö¿�¨2Á3¨I´2©�®) 4´2¨ ¯K¥)«y¦�¨©ª¨«G¬§¢ 4®�©�¢¥� {¥)¯�©�°±¨U�*´®�©ª©ª¨«G¢  ±Ãò®) 4À��! 3·ª¥)«G³4©�¢¤¥� §¶�«�¥)³±¾
¨«�©�¢¤¨I·�¥)¯#¼�¢ ·�·�¹±¨)È
"s#B#�Ô Í'& #�( ÍL*PCÖÈ)/E/�Üo/	ÛB/E/�Ü�Ø Þ>ßIÚ)Ú*ß�à0á

� ç*â���� �¤ü �;þ.£��'�f�¹�����ÿ���#���nþ�b�
���*�.� � ���u�#���.�b���
	�� �
�� �©ª¨«�¯D¨«�¨I 4´2¨�¥)¯#¦O¢�¤�¹4·�¢¤£)¨�Ä�¢¤Ã�°&©m?c®�£)¨I·È
Â*Í$& #)( Í�N 	�� Í " §Í " ï�ÈÿßIÙE-)×�Û�ßIÙ�/B-`Þ>ßIÚ)Ú)×�à0á

� èÇë�� iö� � ���s��	��×< ���ocÅ��� �d½��þ)Î±�4�V�I���b¢�� �§� � ���ÿ�@�I���4���u�dj���;u�P�
h3�*�H�.�
¶ «�¥)³�¨«�©�¢¨I·;¥)¯ÿ¶�°±¥)©ª¥� Z¦�¨I 4·�¢©.Æ�?c®I£)¨I·O¢ ½¸ ¹4µ¤©�¢¤³�µ¤¨2¾î�*´®�©ª©ª¨«G¢ 4Ã�¸�¨IÀ4¢®*È
"s#B#�Ô Í'& #�( ÍL*,T�ÈÖØ�Ý&ÜIÛÇØ*ßIØ�Þ>ßIÚ)ÚE-�à0á

� è�ê�� iö�ÿk ���U	Pc,������üý�Dþÿ��� �����������
	�� �
�±«�¨
�Ç¹±¨I 4´2Æ�¾.¦�¥�¬§®)¢ u²�³4©�¢ ´®)µ,�! 3·ª¥)«�³3©�¢¤¥� ��*³�¨I´2©ª«G¥�·�´2¥)³�Æ ¥)¯b�ÿ¢ 4¢¤©ª¨O¼�¢·G·�¹±¨�¡#¥�µ¹3¬{¨I·;Â ·�¢  ±ÃA¦O¢¤¯K¾
¯D¹3·�¢¤¥� ½¼�°±¨¥)«GÆ)È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô ÍL*,ï�Èÿß)ß
D�ÜIÛ�ß)ßIÙ�Ý`Þ>ßIÚ)Ú�/�à0á

� è*ãB� ¯A�¤ü �yþ��BÎÅ�d£�h � üp�f�	�V£����;� �l�s	P�����±� � �Dþÿ�l�ö���Å�b	��=¢��)�������»�#�s�o	��4�$j���� ��;��b��£��'�H�b��	����
�ÿµ¹±¥)«�¨I·�´2¨I 3´2¨»®) 4À��! 3·ª¥)«�³4©�¢¥� ��;¥� &©ª«G®)·�©�¸u¨I´0°4®) 4¢·G¬§·ÿ¯K¥)«y y¢¥�¬{¨IÀ4¢´®)µ3²�³3©�¢´®)µ*��¬�®�Ã�¢ ±Ã�Â ·G¢ ±Ã
�±«�¨
�Ç¹±¨I 4´2Æ�¾.¦�¥�¬§®)¢ u¼�¨I´G°3 4¢��Ç¹±¨I·È
ÉyÊ 	%(�	�� Ê*Ï2§Í'É;Ê 	E(�	B¬ Ó 	�Ô Íb�,��È.DED�ÛÇØ�/oÞ>ßIÚ)Ú�Ü)à0á

� èÇä�� iö�$j��Å���b£����#üý�sj@	,� ���l¯A�y�¦�	���
�o	�����ÏÐ�l�ö�3���3�.��ãI�3� �fiö� �s�o	��×< ����cÖ�
¶�°4®)·�¨ò¸u¨I®)·G¹±«�¨I¬{¨I �©�¥)¯#ÄÅ¢¤Ã�°�©'�! 3·ª¥)«�³4©�¢¥� ½®) 4À`�*´®�©ª©ª¨«O¢ ÇÕ ¹3¬§®) Z¼�¢·G·�¹±¨)È
��Ï�«�Í�N � ÓHÍL©ª�±Ì ( MªOQ§Íb�,ï�È.-�/BD�ÜIÛ�-�/&Ù*ß½Þ>ßIÚ)Ú)Ù�à0á

� è�å�� þ'��Ð��3���-�H���!� ü ��u��Ðf�-�3�f£����
£0���H�'�.� � ��iö��Ð»�d���fhÖ�D����iö�li��V��<ÿ�K�����.��¯A���¦�	���
��	�� �
rO¹4®) �©�¢¤©�®�©�¢¤£)¨�¦�¨©ª¨«G¬§¢  4®�©�¢¤¥� {¥)¯�©�°±¨'�! 3·ª¥)«�³4©�¢¥� ��*³�¨I´2©ª«0® ¥)¯L�;°±«G¥�¬{¥)³3°±¥)«�¨I·ÿ¢ ²�*©ª«�¥� ±Ã�µ¤Æ��*´®�©>¾
©ª¨«G¢ ±Ã§¸�¨IÀ4¢®Q�y� Ä�¢¤Ã�°&©>¾÷§�¬§¢¤©ª©�¢ 4Ã�¾.¦�¢¥ÇÀ±¨2¾÷ ;®)·ª¨IÀu¼Å¨I´0°4 4¢��Ç¹±¨)È
"s#B#�Ô Í'& #�( ÍL*P*ÖÈLD)×�Ý0/	Û�D)×*ß
- Þ>ßIÚ)Ú�/�à0á

� è*æB� þ'�UÐÅ�3���	�D�'�!�Oü ����nÐb�	�3�f£����
£��'�H��� � Ð��3���-�H���!� � �Dþ'��ü ���K�����òþÿ��u�!k �3�dh3���&�°iö�!i��V��<'�D���	�!�
¯A�����-�V�
��	����
�±«�¨
�Ç¹±¨I 4´2Æ�¾.¦�¥�¬§®)¢  ¸ ¹4µ¤©�¢´0°4®) 4 ±¨Iµ�²�³4©�¢ ´®)µy¦�¨©ª¨I´2©ª¥)«ö¯K¥)«�> ¥� 4¢ �£�®)·�¢¤£)¨�¼�¢·�·�¹4¨Ç�Ç³�¨I´2©ª«�¥�·G´2¥)³�Æ
®) 4À�²!¨±¢¬{¨©ª«GÆ)È
& #�( ÍbÜm��R&Í.*3ÕÖÈ.-)×�ÛB/&×�Þ>ßIÚ)ÚED�à0á

� èÇç�� þ'� � � ü �V¢f���Ç����¯A����� ���b¢'�����
	�� �����=j �l;��V�
h��Ç�H�!��i � � � �s�o	��×< ����cÖ�
¶'¥)«�©�®0 3µ¤¨)È*°4¢¤Ã�°*¾Á �®) 4À±º»¢À4©�°ò¯D«�¨
�Ç¹±¨I 4´2Æ�¾.À±¥�¬§®)¢ {³�°±¥)©ª¥� �¬§¢Ã)«G®�©�¢¤¥� §¢ 3·ª©ª«G¹4¬{¨I �©#¯D¥)«�©�¢·�·G¹±¨»·ª³�¨I´�¾
©ª«�¥�·�´2¥)³ÇÆ)È
& #�( ÍbJ�Ï (S( Í���ï�ÈÿßIÚE-�/�¾GßIÚE-)Ø`Þ>ßIÚ)Ú�/�à0á

ê)ç±æ



� è*èB� ü �ÿ��	,�'�!���u�lk �����
	�� � ü �sj@	P���3�
²�³4©�¢´®)µ�¶�«�¥)³�¨«�©�¢¤¨I·�¥)¯bÕ ¢Ã�°4µ¤Æ��*´®�©ª©ª¨«G¢  ±Ã{¸u¨IÀ4¢ ®?¦�¨©ª¨«G¬§¢  ±¨IÀö¯K«�¥�¬ �;°3®) ±Ã)¨I·;¢ ��;©ª©ª¨I Ç¹4®�©�¢¤¥� ÖÈ
¶�°4®)·�¨)È3®) 4ÀZ¸�¥ÇÀ3¹4µ®�©�¢¤¥� ½¦�¨³4©�°�È
"s#B#�Ô Í'& #�( ÍL*P�ÖÈ#ßÝ%D�Û�ß)ß
D�Þ>ßIÚ)Ú�Ü)à0á

� èÇé�� ü �¤����Ðf�-�3�f£����
£0���H�'�.�;þÿ��ÐÅ�3���	�D�'�!���»��������P�'�Å���
£B��� � �Dþ'� ü �3�D���&��¯A�����-�V�
��	����
�� ±Á�¹±¨I 4´2¨�¥)¯'®��*¹4³�¨«���´¢®)µ3Ä�®IÆ)¨«»¢   ©�°4¨�r�¹4®) &©�¢©�®�©�¢¤£)¨@�Ç³�¨I´2©ª«�¥�·�´2¥)³ÇÆ��Ç©�¹3À±Æ§¥)¯l�*©ª«�¥� ±Ã�µ¤ÆÇ�*´®�©>¾
©ª¨«G¢ ±Ã§¸�¨IÀ4¢®*È
"s#B#�Ô Í'& #�( ÍL*)´�ÈÅÜo/E/�ÜIÛ*Üo/BD)Ù Þ>ßIÚ)Ú)Ù�à0á

� èÇâ�� þ'� �y�Vh*���������!� ü � � �y���-�P���3� �
¼�°±¨¥)«�¨©�¢ ´®)µL�  3®)µ¤ÆÇ·G¢·;¥)¯#¦�¢�¤�¹4·�¨O¿»¨2Á3¨I´2©�®) 4´2¨?¯K«�¥�¬ ®§¼�ºy¥�¾.ÄÅ®IÆ)¨«O¼�¢·G·�¹±¨�¸u¥*À±¨Iµ È
©�Ü�ÜyÜ[�VM�K0�±Ì2Í'Ò»Ó 	 �ÏGÑ�ÍbÜ$��R&ÍÖÒ;Î`Ü � TP��È�ØED)Ø�ÛÇØ)Ø�/oÞ>ßIÚ�Ü�Ú�à0á

� é*ë���� �¤ü �;þ.£��'�f�¹������� �����sÑ��f	,���l¯A�dj���k �3�dh3���&�����¤����k �3�H�!�
¸�¹3µ¤©�¢µ®�Æ)¨«»¸u¥*À±¨Iµ�¥)¯ÿ¶�°4¥)©ª¥� u¦O¢�¤�¹4·�¢¤¥� �¢ `��q*¢ �È
Â*Í$& #)( Í�N 	�� Í " §Í " ´�È�×*ß�/4ß0ÛÇ×*ß
DE-`Þ>ßIÚ)Ú�Ý&à0á

� é�ê�� e�� � �B���3� �yþÿ��;u��ÎÅ�D�H���y����;c�lk �Ç�d�
���
¶�°±¥)©ª¥� �¸�¢Ã)«G®�©�¢¤¥� Z¢ ½®�¼�º�¥�¾.Ä�®IÆ)¨«O¼�¹4«� 3¢Àö¸u¨IÀ3¢¹4¬½áV� ¦O¢�¤�¹3·�¢¤¥� Ç�� 4®)µ¤Æ*·�¢·È
Â*ÍÖÎ 	 Ñ�Ín& #�( Í.*PïÖÈÿß
D)Ø�ÜIÛ�ß
D)Ù)×oÞ>ßIÚ)Ú)×�à0á

� é±ãB� ü �ÿ���Ç� ã���������k �¤ü �yþ)���V�����»�����ü ��þ��o	P��£��'�!�
²�³4©�¢´®)µÅ¦�¢�¤�¹4·G¢¤¥� �¢ ½ÄÅ®�Æ)¨«�¨IÀ�¸�¨IÀ4¢®*È
"s#B#�Ô Í'& #�( ÍbT�´�È#ßIÙ)×�Ý-Û�ßIÙ)×�/`Þ>ßIÚ)Ù)Ù�à0á

� é*ä�� k]�sj��'�!���»��¯A����2�o�-�3�f¢'�����
¼�°±¨�¿�¨Iµ®�©�¢¥� 4·�°4¢¤³u¥)¯s�*¹±«�¯H®)´2¨?¿»¨2Á3¨I´2©�®) 4´2¨§¸�¨I®)·�¹±«�¨I¬§¨I &©�·O©ª¥Z²�³4©�¢´®)µ'¶ «G¥)³�¨«G©�¢¤¨I·�¥)¯�Ä�®IÆ)¨«�¨IÀ
 ;¢¤¥�µ¤¥)Ã�¢´®)µÖ¸�¨IÀ4¢®*È
©�Ü�ÜyÜ[�VM�K0�±Ì2Í'Ò»Ó 	 �ÏGÑ�ÍbÜ$��R&Í.*PïÖÈ Þ>ßIÚ�/	ÛÇ×�Ý±ß�àòßIÚ)Ú)×Çá

� éÇå�� �u��Ï�	P�
���3�!� � �#���D��Ò.���&�y� ��;Ð�fk �*�d�
�)�����li�	�����������;c� �y�3�=���*�d<��P�'� � þÿ�l;��BÎÅ�H�H���
¶�°±¥)©ª¥� �¸�¢Ã)«G®�©�¢¤¥� Z¢ ½Ä�®IÆ)¨«�¨IÀ�¸u¨IÀ3¢®*È
"s#B#�Ô Í'& #�( ÍbT�´�ÈL-E-)Ù)×�Û�-E-)Ú*ß�Þ>ßIÚ)Ù)Ù�à0á

� é±æB� ¯A�y�h*�V¢'���#üý��Ð �=��<'�3�bhÿ� � ��§� � �*�d�)�#�
¼�°±¨�§�¤�¨I´2©?¥)¯�²O£)¨«Gµ¤Æ*¢ ±Ã½¼�¢·�·G¹±¨�¥� `©�°±¨¦�Ç³�®�©�¢®)µy�Ç¨I 4·G¢¤©�¢¤£*¢¤©.Æu¶�«�¥0��µ¤¨{¥)¯m> ¨I®�«ª¾��> ±¯K«0®�«�¨IÀÙ�Ç³�¨I´�¾
©ª«�¥�·�´2¥)³ÇÆ)È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ,CÖÈ�×�Ý�ÚE-�ÛÇ×*ßÝ�Ù`Þ>ßIÚ)ÚED�à0á

� é*ç�� ����;Ð��;��D�Ç�d�
£0��������;c�l�y�ó����i �sj����3�f£����lÐ����Ð� �?�=�
���*�!��þÿ���»� � �V£%ÔL�����)�
¼�¢¬{¨2¾.¿»¨I·ª¥�µ¤£)¨IÀZ¶�°±¥)©ª¥� `§�¬§¢·�·G¢¤¥� ö¯K«�¥�¬ ÄÅ®IÆ)¨«G¨IÀu¼'¹±«� 3¢À�¸�¨IÀ4¢®*È
"s#B#�Ô Í'& #�( ÍL*,+�ÈÅÜÇßIÚ�Û*Ü�×)Ù�Þ>ßIÚ)Ú)Ø�à0á

� é±èB� iö�;����*�����<'�V���&��¯A� �?�H���B�&� ��� ü � �s���3�H�D�3�yþÿ� �²ÎL���H�H�D�D���&� � �����$��H�H�¹Î������
¿��¨2Á3¨I´2©�®) 4´2¨ «	�¨I·ª¥�µ¹4¨uÀ4®) 4·§µ¨ö©ª¨I¬§³3·§¨©�À3®) 4·{µSÀ ¨I·ª³3®)´2¨�®�³4³3µ¢��Ç¹
�¨¨��®cµSÀ ®) 4®)µÆÇ·ª¨ZÀ4¨Z¬§¢µ¢¤¨I¹�¨Ð¨I 
´2¥�¹4´G°4¨I·È
Â*Í$& #)( ÍbTV¥ÖÈ�×E-�/	Û�-�/E/cÞ>ßIÚ)Ú�Ü)à0á

ê)ç*ç



� é*é���� ��þ)���*�H�)<f���H�bhÿ��;c�lk �V<ÿ���=���4��;c�l�ö�H�'�Å��< ���ocÅ�
ÄÖ¥*´®)µ¢·�®�©�¢¥� Ð¥)¯n�! 3·ª¥)«G³4©�¢¤¥� â��°4®) ±Ã)¨I·?¥)¯»ÄÅ®�Æ)¨«G·{¢ Ð® ¼'¹±«� 3¢ÀÐ¸u¨IÀ4¢ ¹4¬4 ÇÆÐ¶�°4¥)©ª¥� f¼»¢¬{¨§¥)¯
�ÿµ¢¤Ã�°�©�¸u¨I®)·�¹4«�¨I¬{¨I �©�·È
Ó=��Ò»Ó 	 �Ï�Ñ�Ó � K Ô & #�( Ó � Ì�ü�AÏ��ùý 	 � � Ï #�( Ì»Ód�³�ÅÊ*Ï2MðK # Ï�O ( Ó �!" Ñ0«�K0� � Ï�Ì�Ód�³& #�( Ó � K Ô ©ª�K
R�Ó=��R é É;Ê 	E(�	 �
ÎoÓ�REM�K ( Ó 	 � é KE��Ñ³��Ó Ì0ÌªO3Ï¦& #�( Ó � Ì é &sN " ��Ï � ÊB�4Ó � K Ô�� Ó�RÇÏ�Ì (dé ×)×E-�ÛÇ×)×ED Þ>ßIÚ)Ú)Ú�à0á

� é*â�� �»�d½��þ�Î±�4�V���3�b¢��Å���Åþ.��	V����� � ��iö�.Ð»�d���fhÖ�D���Å�����®���3� �.i � � �Ö�s�o	��×< ����cÖ�Öü ��k]�.i����	�f�)�
¿�¨2Á3¨I´2©�®) 3´2¨�¸u¨I®)·G¹±«�¨I¬{¨I �©�·�¥)¯�Ä�®IÆ)¨«�¨IÀÐ¸u¨IÀ4¢ ® º ¢¤©�°o¦�¢�¤�¹4·�¨A¶�°±¥)©ª¥� *¾.¦�¨I 4·�¢¤©!Æ�?c®�£)¨I·2��®�¶'¥�¾
©ª¨I &©�¢ ®)µÅ¼�¥�¥�µ�¯D¥)«n§�£	®)µ¹3®�©�¢ ±Ã{¦�¨¨³� ;¹±«G 4·�®) 3À��*¹� �´¹±©�®) ±¨¥�¹3·�ÄÖ¨I·�¢¤¥� 3·È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó 	)Ô Í�Õ�ÕÖÈ�Ù�Ý±ß0ÛÇÙ*ß
-�Þ>ßIÚ)Ú)Ú�à0á

� â*ë�� ��� ���D���Ö�3�f¢��-�VhÖ�d�)����� � ��Ð��V�o�	�*�D�!� ü �Dþ'�������
�������
	����
� ´´¹4«G®)´2Æ?¥)¯�©�°±¨�¦O¢�¤�¹3·�¢¤¥� ��»³3³4«�¥
¨±¢¬§®�©�¢¥� ?¢ �¦�¨©ª¨«G¬§¢  4¢ ±Ã�©�°±¨»²�³4©�¢´®)µ*¶�«�¥)³�¨«�©�¢¤¨I·�¥)¯�®O¼�ºy¥�¾
ÄÅ®�Æ)¨«�¼'¹±«� 3¢ Àö¸�¨IÀ4¢¹3¬½È
"s#B#�Ô Í'& #�( ÍL*)´�ÈÅÜo/�Ý±ß0Û*Üo/4ßÝoÞ>ßIÚ)Ú)Ù�à0á

� â�ê���� �ÿk �n�ò�d£�h3���	�H�fcÖ�?þ'����'���	�P�'�.�UÏc�mÎ±�3�çk �K�����D�fc3�*��� � ��Ð��'i�����hÿ�!;Ð� � �dj��ü �Oþ��-���	�Ç� �
<�	P��cÖ��ü � � �dj��lÎ*��� ���Ç�����o���
¦�¥�¹� 3µ¤¨2¾��> &©ª¨Ã)«0®�©�¢ ±Ã�¾î�Ç³3°4¨«�¨@�ÇÆ*·ª©ª¨I¬�¯D¥)«»¸�¨I®)·�¹±«G¢ 4ÃA©�°4¨A²�³4©�¢´®)µ�¶�«�¥)³�¨«�©�¢¤¨I·;¥)¯#¼�¢·G·�¹±¨)È
"s#B#�Ô Í'& #�( ÍL*,T�ÈL-)Ú)Ú�ÛB/4ßÝ Þ>ßIÚ)ÚE-�à0á

� â±ãB� �u���������b¢'�����
	�� � � ����l���V���	�d�����
²�³4©�¢´®)µÅ¶ «�¥)³�¨«�©�¢¤¨I·;¥)¯lÕ�¹4¬§®) ���q*¢ �È
¢ .�²È4á ¦?á#¿»¨Ã�®) ø®) 4ÀèÈ±á �?á'¶ÿ®�«�«G¢ ·�° ÞD¨IÀ3·á:à0È'À ¼�°±¨W�*´¢¤¨I 3´2¨ ¥)¯»¶�°±¥)©ª¥�¬{¨IÀ4¢ ´¢ ±¨EÀ¤È;¶�µ¤¨I Ç¹4¬½È�> ¨º
� ¥)«�q�ÈÅß�/�ÜIÛ�ßIÚ�/cÞ>ßIÚ)Ù)×�à0á

� â*ä�� ���l�¦	Pc,c3�3���
¦�¥�·�¢¬{¨©ª«G¢¨�©�°±¨«G¬§¢·G´G°±¨«»Ä�®)·ª¨«G®) �º�¨I 3À4¹4 ±Ã)¨I Z¢  ½À±¨«�¸u¨IÀ3¢�ôI¢ �È
¦O¢·�·ª¨«�©�®�©�¢¥� �ÈP�±«�¨I¢¨�Â  4¢£)¨«G·�¢¤©�ñ®�©' y¨«Gµ¢  cÞ>ßIÚ)Ú�Ü)à

� âÇå�� j����u�yþÖ�H�I���
	���� ü �ÿ��	,�'�!�#ü ��¯°�
�I�*�b���	�Ç�d�)��ü �sj@	P���3�
>»¨I®�«�¾��� ±¯D«G®�«�¨IÀc²�³3©�¢´®)µÅ¶�«�¥)³�¨«�©�¢¤¨I· ¥)¯�Ï��W«�Ód«��@Õ ¹4¬�®) ×��q*¢ �®) 4À6�*¹� �´¹±©�®) ±¨¥�¹4· ¼�¢·�·G¹±¨ò¸�¨I®	¾
·�¹±«�¨IÀ½Â�·�¢ 4Ã{©�°±¨ò¸�¥� &©ª¨���®�«Gµ¤¥{�> &£)¨«G·G¢¤¥� Z¼�¨I´G°4 4¢¹��¹±¨)È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó�� Ô Í�Õ�*�È�×�/&ØED�ÛÇ×�/�Ü�ÙoÞ>ßIÚ)Ú)Ù�à0á

� â±æB� þ'�lk �	�B�4��ü �sj@	,� �3� � ���� � �*�d�)�4� � �Kþÿ�lk������
����¯A�d½�����l� ���Å�b	��d¢f�)�
�;°4®�«G®)´2©ª¨«0¢�ôI®�©�¢¤¥� i¥)¯c©�°±¨ > ¨I®�« �� 4¯K«G®�«G¨IÀ��! 3·ª¥)«�³3©�¢¤¥� å�*³�¨I´2©ª«0® ¥)¯·�yÆ�©ª¥*´G°4«�¥�¬{¨ ®)®�� ®) 4À
Õ ®�¨I¬§¥)Ã�µ¤¥E 3¢ ½¯D¥)«�©�°±¨@>»¥� *¾��> �£	®)·�¢£)¨ò¸u¥� 3¢¤©ª¥)«G¢ ±Ã�¥)¯��y¨«�¨2 3«G®)µÅ²!¨*Æ�Ã)¨I 4®�©�¢¥� �È
Ò»Ó����Ê&ÓdAÓ��ÖK�Ï ( Ò»Ó�� # Ê&Ë	Ì�Ó��ªK " � ( K�ïP*P*ÖÈ'ßIÙ�/	Û�ßIÚ)×oÞ>ßIÚ)Ù)Ù�à0á

� â*ç���� �¤ü �;þ)���*�D�fh3���#�u���»�;þ.�����l������¢��
�y¥�¬{³3®�«0¢·ª¥� �¥)¯#¸�¢¨�¼�°±¨¥)«�Æ�®) 4À½©�°±¨�Ä�¢¤Ã�°�©!�*´®�©ª©ª¨«G¢ ±Ã�¥)¯'¿»¨IÀ` ;µ¤¥Ç¥ÇÀ`�y¨Iµ µ·È
"s#B#�Ô ÍÚ& #�( Í�T�´�È�/�Ý�×�ÜIÛB/�Ý%-E-oÞ>ßIÚ)Ù)Ù�à0á

� â±èB� �u���������b¢'�����
	�� � � ����l���V���d��� �
¸�¢ ´2«�¥�£�®)·�´¹4µ®�©�¹4«�¨��;®) á y¨��Ç¨Iµ¤¨I´2©�¢£)¨Iµ¤Æf¦O®)¬§®�Ã)¨IÀ Â ·G¢ ±Ã`¦�Æ)¨uÄÅ®)·ª¨«0·2�Z¼�°±¨¥)«�Æf®) 4Àè§�¨*³�¨«G¢�¾
¬{¨I �©�®)µb§ £*¢À±¨I 3´2¨O¢  ÇÕ ¹4¬�®) ���q*¢ �È
JLK	ÌIÏ�M0Ì�NPOQMSR&ÍÅÎ�Ï�Ñ�Í��3È�×)ØE-�ÛÇ×�Ü�Ø Þ>ßIÚ)Ù*ß�à0á

ê)ç±è



� â*é�� ü � � �dj��lÎ±�3� �ö�*�Ð�����&�fk � � �����¢�� ���D�*� ã���� � ������;����d�
< ����c3�*�ö;��Ç�'�'�D�fcÖ�
¼Å¨I¬§³�¨«0®�©�¹±«�¨� y¨I°4®I£*¢¤¥�¹±« ¥)¯'®�¸u¥*À±¨IµÖ¶'¥)«�©>¾Á? ¢ ±¨��*©�®)¢ ½À4¹±«G¢  ±Ã�� «�Ã)¥� �ÄÅ®)·ª¨«U�;¥�®�Ã�¹4µ®�©�¢¤¥� �È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó�� Ô ÍbT)´�ÈÿßÝ�Ù)Ú�Û�ß)ßÝ0/cÞ>ßIÚ)Ù)×�à0á

� â*â�� ü � � �dj��lÎ±�3� �ö�*�Ð�����&�ÿ��� � ��k �*�d£����������»� �ö�f�H� �
��·�©�°±¨«�¨ò®) �²O³4©�¢¬§®)µ�Ä�®)·ª¨«»¼�«�¨I®�©�¬{¨I �©»¯D¥)«»¶'¥)«�©'? ¢ ±¨@�Ç©�®)¢ 3·QA�È
JLK	ÌIÏ�M0Ì�NPOQMSR&ÍÅÎ�Ï�Ñ�ÍL�ÖÈ�Ü�Ø�ÛÇÙE-�Þ>ßIÚ)Ù)Ø�à0á

� ê)ë*ë�� ½�¤���#����� �yþÿ�#üà�f�o�	���4�������Ð�#���f�o<'�3���
� ´2©�¢¥� ��Ç³�¨I´2©ª«G¹4¬ ¥)¯'¡ ®)·�´¹4µ ®�«°�Ç³�¨I´¢���´ �> ��ª¹4«�Æ Â�·�¢ ±Ã{¶�¹4µ·ª¨IÀ���«�«G®)À4¢ ®�©�¢¤¥� .�
Â*ÍL©ª�P«�Ï�Ì ( Í � Ï�M �K ( � Ô Íbï,T�È�Ù)Ø)Ù�ÛÇÙ�ÜÇß½Þ>ßIÚ)Ù)Ú�à0á

� ê)ë�ê�� k]�lg����oh.�0�b�L�
�I��� � ��k ���ò�d£oh������H�bcÅ� � �li��Ç��hÿ� ü �#�u�*� ãI�����&� ü � � �=j ��Î±�3� �ö�*�����o���
¸u¥*À±¨Iµµ ¢ ±Ã ©�°±¨W§�¤�¨I´2©{¥)¯!?c®�£)¨Iµ¤¨I ±Ã)©�° ¥� d©�°±¨Z¶�¹3µ·ª¨IÀd¦�Æ)¨uÄÅ®)·ª¨« ¼Å«�¨I®�©�¬§¨I &©§¥)¯O¶'¥)«�©�? ¢ ±¨
�Ç©�®)¢ 4·IÈ
"s#B#�Ô Í'& #�( ÍL*,T�ÈL-)ÚE-�Û�-)Ú)Ù�Þ>ßIÚ)ÚE-�à0á

� ê)ë±ãB��� � � �yþÖ���=�o�'�D�������»��;Ð��i��L�-�D���&�
¸u¥*À±¨Iµµ ¢ ±ÃÐ©�°4¨ ¦O¢·ª©ª«0¢� 3¹±©�¢¤¥�  ¥)¯òÄÅ®)·�¨«ZÄÅ¢¤Ã�°�©ö¢   ¶'¥)«�©>¾Á? ¢ ±¨I�Ç©�®)¢ 3· º ¢¤©�° ©�°4¨ ¸�¥� &©ª¨Ù��®�«Gµ¤¥
¬{¨©�°±¥*À�È
ÉyÊ&Ë	ÌÍÅÎÐÏGÑ�ÍÅÒ»Ó�� Ô Í�Õ�C�ÈÖÜ	Ý±ß�¾�Ü0-*ßöÞ>ßIÚ)ÚED�à0á

� ê)ë*ä�� ����k �l�$�f£��V�
�I�*����k]�lg����oh.�0�L�L���I�3��ü �#�u�*� ãI�������#ü � � �dj��lÎ*��� ���Ç�����o���
ÄÅ¢¤Ã�°�©�¦O¢·�©ª«G¢� 3¹±©�¢¥�  ¢  ® ¶'¥)«�©�? ¢ ±¨·�Ç©�®)¢  ¸u¥*À±¨Iµ��;¥� &©�®)¢ 3¢ ±Ã ¸ ¹4µ¤©�¢¤³�µ¤¨Ù�yÆ*µ¢ 4À±«0¢´®)µO®) 4À
�;¹±«�£)¨IÀ` yµ¥ÇÀ4À�¡#¨I·G·ª¨Iµ·È
JLK	ÌIÏ�M®NPOQMóR�ÍÅÎÐÏGÑ�Íl��¥ÖÈ.-�/BD�Û�-ED�Ü�Þ>ßIÚ)Ú)Ø�à0á

� ê)ëÇå���� ���Ð��i��V�o��	�������� � ���®Ò.��Ò.���&����� � ��k �Ç�d£0� � � � � ��þ��f�=�o���D���)� � �Dþ'��Ï��Ç�d�
	�� �;ü � � �dj���Î±�3�
�ö�*�Ð���o���
²�³4©�¢´®)µÅ¸u¥� �©ª¨��;®�«Gµ¥§¸u¥*À±¨Iµ¢ 4ÃA¥)¯#®{¼�«G¹±¨�¶'¥)«�©'? ¢ ±¨@�*©�®)¢ Z®) 4®�©ª¥�¬?Æ)È
& #�( ÍbÜ � # ÍbT�È)-)Ú*ß0Û�-)Ú)Ø Þ>ßIÚ)Ú)Ù�à0á

� ê)ë±æB� �»��� ���!	��D�D���$½����ÿ�y�3��� � �ü �y�ö�V��¢'�Ç��� � ������ �P�o���d��� �
¼�¹3 4®0 3µ¤¨�¶�¹3µ·ª¨IÀ½¦�Æ)¨?Ä�®)·ª¨«�¯D¥)«�©�°±¨ò¼�«�¨I®�©�¬{¨I �©�¥)¯� y¨I 4¢¤Ã� ��;¹4©�®) ±¨¥�¹4·�¡ ®)·�´¹3µ®�«n§�´2©�®)·G¢®*È
� Ï�M �K ( � Ô �ÖR)Ó��ÖKÇ�V´ÇÕÖÈ#ß)ß0Û�ß�Ü�Þ>ßIÚ)Ù�Ü)à0á

� ê)ë*ç���� �¤ü �;���V�o¢'�*� �s½��§�#�y�3� � � ����l���V���	�d�����
¼�°±¨�¶�¹4µ·ª¨IÀ½¦�Æ)¨òÄ�®)·ª¨«
� ��©�·»Â�·ª¨�®�©!D�Ü)Ü§ 4¬Y?c®I£)¨Iµ¨I ±Ã)©�°�È
Â*Í � Ï2Mª�K ( � Ô ÍlN,O�MSR&Í'&$�!�"� Ô Í���*�È#ß
-�/	Û�ß
-)Ù�Þ>ßIÚ)Ù�Ü)à0á

� ê)ë±èB� ü ���»�;�¦	��=¢ÿ���3� ������¯?��Ð»�=���B�����o�	�d£�hÿ�
¶�¹4µ ·ª¨IÀ*¾.¦�Æ)¨òÄÅ®)·�¨«»¼Å«G¨I®�©�¬{¨I &© ¥)¯'ÄÅ¨Ã�¼�¨Iµ®) ±Ã�¢¤¨I´2©�®)·�¢ ®*È
Â*Í � Ï2Mª�K ( � Ô ÍlN,O�MSR&Í'&$�!�"� Ô Í�����ÈL-E-)Ù�Û�-�/E/oÞ>ßIÚ)Ú�Ý&à0á

� ê)ë*é�� j��sj������
���yû½�yj������
���
�y¥Ç¥�µÖÄÅ®)·ª¨«O²�³4©�¢´·�¼�«�¨I®�©�¬{¨I �©�¥)¯#ÄÅ®�«GÃ)¨ò¼Å¨Iµ ®) ±Ã�¢¤¨I´2©�®)·�¢®§¥)¯�©�°±¨?ÄÖ¥�ºy¨«!§�¨Ç©ª«G¨I¬§¢¤©�¢¤¨I·È
Â*Í � Ï2Mª�K ( � Ô ÍlN,O�MSR&Í'&$�!�"� Ô Í���ï�ÈÅÜo/	ÛÇÙ�Ý�Þ>ßIÚ)ÚE-�à0á

� ê)ë*â���� ��;c� üp£ � �3�'�K�*�!� �c� �¦����� � ���s	P��¢�� � ��Ïu��± �Ð��� ���u�ü ���¦¢f���D�3� � ü �sÑ��bh,	�±��
hÖ�!�
ÄÅ®)·ª¨« ¼»°±¨«G®�³ÇÆò¥)¯)�*³3¢À±¨«ÿÄÖ¨ÃO¡#¨I¢ 4·
�l�;µ¢  4¢´®)µB§�£	®)µ ¹4®�©�¢¤¥� A¥)¯�®°> ¨º ÄÖ¥� ±Ã�¶�¹4µ·ª¨IÀ���µ¤¨�¨*®) 3À±«G¢¤©ª¨

ê)ç*é



ÄÅ®)·ª¨«�È
� Ï�M �K ( � Ô Í�NPOQMóR�ÍbTP+�È)D)×�Û�D)Ù Þ>ßIÚ)Ú)Ú�à0á

� ê*ê)ë���� �Kþÿ� � 	�Î����&��ÏÐ�Kþÿ�yþ��P¢'�d£�hÿ�#ü �����;��	��d¢ÿ�Ð�3���
¼�°±¨�¿»¥�µ¤¨�¥)¯#ÄÅ®)·ª¨«G·»®) 4ÀZÄÅ¢Ã�°&©!�Ç¥�¹4«G´2¨I·�¢ �©�°±¨?¼Å«�¨I®�©�¬§¨I &© ¥)¯'ÄÅ¨Ã§¡#¨I¢ 4·È
� Ï�M �K ( � Ô Í�NPOQMóR�ÍbTP+�È)-)×)Ù�Û�-E-)ØoÞ>ßIÚ)Ú)Ú�à0á

� ê*ê*ê�� �u���������b¢'�����
	�� �
¼�°±¨�¶�°&Æ*·�¢´®)µL ;®)·�¢ ·�¥)¯� y«�¥-º» ��QqÇ¢ W�y¥�µ¥)«G·òÞH¸�¨Iµ®) ±¥*À±¨«G¬§®&à
¢  ¼�á  �á$�ÿ¢¤©�ô³�®�©ª«G¢´�q�ÈO¸Ðá ¸�á$? ¢´Öq�È$#{á�¼Å¥*À4® ÞD¨IÀ4·á:à`À  y«�¥�º   ¸u¨Iµ¤¥� 4¥ÇÀ±¨«0¬§®QÀ¤È Â� 4¢¤£)¨«G·G¢¤©.Æø¥)¯
¼Å¥EqÇÆ)¥±È�¼�¥EqÇÆ)¥±È�/	Û*ÜuÞ>ßIÚ)Ù)Ø�à0á

ê)ç*â



ê�èÇë



% &('*) x,+ w.-0/ z1-,2 - )4365

7
8:9<;>=�?A@CBD8E;<F�=�GIHKJ!L�9<HM;<;ONQPR=<FTSVU�WX;Y=<G[Z\9<G^] Æ`_²Æba 8EH�UcFTSVd�;D]eG	9fF�8E;Y;<d�L�LgG	9"=hSVUcij]eG	9fH�UTSVkclE8EUcm
NnH$=�GhBoG	9<Wp8EUQ=<F�HDqhH�L�SV9>=<NIHMUX=�GV]sr$8EG	LcFXPt;>8Eu�;M? _ U�8wv	HM9<;<8w=xP�GV] _ lEN�?Vi�dc9<8EUcmh=�F�HylESV;>=.=xB$GOP	H�SV9<; Æ

@{z|S^N LTSV9"=�8EuMd�l�S^9<l:P(m	9<S^=�HK]ed�l}=<G~Z�9>GV] Æy��Æ�� =�H�8:U�H�9[]eGV9�F�8E;�F�HMlEL�i�d�9>8EU�m6=<F�H�u�G	dc9<;<H�GV]�NQP
BoG	9<WRS^=y=<F�H�@xU�;>=<8:=�d!=f]{�d�9C� S^;<H�9"=�HMu{F�U�G	l:G	m	8EHMU�8:URi�H�9}��H�ic8E��8:URd�U�i���H��V=<H�u{F�U�8:WA? _ lEN�?TSVU�i�F�8:;
LTS^=<9<G	U�SVm	HOi�d�9>8EU�m�NQP[LsG	;"=>��i�G!uK=�G	9<SVl`LgH�9>8EGti Æ

7Td�9>=<F�H�9M?�@\B$G	dclEi�lE8:WVH}=<G�HKJ!L�9>H�;<;DNQPIm	9<S^=�8w=�d�i�Hf=�G�Z\9<G^] Æ � Æ|�fÆ Z
S^=>=�H�9>;<G	U`?�BDF�G�;>=�8:N�d�lES^=�HMi
NQP�9<HM;<H�S^9<u{F�k�P�F�8:;[8EUc;<8EmVFX=�SVU�i�WXU�G�BDl:H�i�m	Hji�d�9<8:U�m6NQP�;>=�S�P!;RS�=�=�FcH��}SVNn8Elw=�G	U � H�m	8:G	UTSVl
� SVU�uMH�9 � H�U�=�9>HV? � SVUTS^iTS Æ

@{z|S^N�8EU�i�HMkc=�HMi�=<G�Z\9<G^] Æ � Æ v^SVU�i�HMU�r$H�9>m	F�SVU�i�qh9 Æg�WÆe� SVm	U�8b�H�9<HM;y]eG	9DL�9<G�vt8Ei�8:U�mnNIHOBD8:=<F
=�FcHfGVL�LsGV9>=�dcU�8:=xPQGV]sBoG	9>Wt8:U�m�S^=�=�F�H���\uMG	lEHfZ.GVl:PX=�HMu{F�U�8E�Xd�HY7 �HMi �H�9<SVl�i�Hf� SVd�;<SVU�U�H^? � BD8w=��MH�9<lESVU�i¡?
SVU�iR]eG	9ym	HK=<=<8EU�m�=<GIWXU�G�B¢=<F�8E;ykgH�S^dc=�8w]ed�l¡u�GV9<U�HM9fG^]
=�FcH£BoG	9>lEi Æ

7
8EU�SVlElwP	?$@�BD8:;<F¤=�G¥=�FTSVUcW�SVl:lf=<F�H�NnH�N�kgH�9>;�GV]O=<F�H�qhHMLTSV9>=<NIHMU�=[GV]pr$8:G	L�F�Pt;<8EuM;�?DGV]O=<F�H
��\u�G	l:HDZ.G	lwPX=�H�u{FcU�8E�Xd�HY7 �H�i �H�9�S^l�i�Hf� SVd�;�S^U�U�HV?�=<F�Hf�}SVNn8Elw=�G	U � H�mV8EG	UTS^l � SVU�uMH�9 � H�U�=<9<HV?!SVU�i�=<F�H
@xU�;"=�8:=<dc= ]��dc9.� SV;>H�9"=�H�u{FcU�G	lEGVm	8EHMUQ8EU�i�HM9���HMi�8E�M8EUpd�U�i���HM�V=�HMu{F�U�8:W£BD8w=�F�BDF�G	N¦@¡FTS^iQ=�F�H§u{FTSVUcu�H
=�GIu�G	l:l�SVkgG	9<S^=�Hh]eG	9y=<F�H�8:9YF�HMlELjSVU�ijuMG	NnLTSVU�8:G	U�;<Fc8EL¡?THM;<LgH�u�8ESVlElwP	?A@$BoG	d�l:ijlE8:WVH£=�G�=�FTS^U�W�qh9 Æg�²Æ
�Y8:k�;>=�? �ÇÆ©¨ lEHKJcSVUci�9�SVWX8:;�?Tqh9 Æg�WÆ r$H�u{WA?Aqh9 Æ � Æb� �G	u{W^H�9�? a²Æ q��G	m	U�8w=��V?cSVU�i�qh9 Æ�ª�Æb� l�SVU��MN�S^U�U Æ

ê�è�ê






