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In this paper, some explicit analytical solutions for single-scattered radiance in a half-space medium under consideration of a reflecting boundary are derived. We consider both a unidirectional beam source as well as an isotropic
point source. In addition to direct applications within optical tomography and computer graphics, the obtained
solutions are also needed when solving the radiative transport equation after the separation of the unscattered and
single-scattered contribution. Comparisons between the derived analytical solutions and the Monte Carlo method
display excellent agreement. © 2021 Optical Society of America
https://doi.org/10.1364/JOSAA.409898

1. INTRODUCTION
The radiative transport equation (RTE) is a pivotal equation
involved in many areas of science such as astrophysics, neutron transport, climate research, heat transfer, and biomedical
optics [1–3]. Another area of application, where solutions of
the RTE are needed, is the computer graphics field, in particular, physically based rendering [4–9]. For prediction of
the light propagation in random media, the RTE provides in
many situations a valid approximation of Maxwell’s equations
[10], avoiding the high computational cost needed to solve
Maxwell’s equations. Within the medical physics field, the
RTE is often applied in the context of fluorescence spectroscopy, quantitative microscopy, bioluminescence imaging, or
photodynamic therapy [11]. Due to the complexity of the
RTE, different approximations to this equation were applied
to derive analytical solutions. The best known approximation,
which is still widely used, is the diffusion equation. For example,
diffusion-based models under consideration of extrapolated
boundary conditions have been used for rendering translucent
semi-infinite materials [5]. However, it is well known that the
diffusion approximation cannot be used within several situations of high practical importance, especially if one is interested
in solutions after one or two scattering events. Concerning
numerical methods, the Monte Carlo simulation is the most
often used approach to solve the RTE [12]. Apart from this,
other numerical schemes concerning the RTE have been developed such as the finite difference method, the finite element
approach, or the finite volume method. For more details, we
refer to other publications [13–15]. The numerical methods
have the advantage that they are less restricted concerning the
1084-7529/21/030405-07 Journal © 2021 Optical Society of America

considered geometry, but they usually are approximated and
slower compared to the analytical solutions. In this context,
it should also be mentioned that analytical solutions are quite
useful to verify the different numerical schemes. In recent years,
several analytical approaches, such as the method of rotated
reference frames [16–18] or the singular eigenfunction method
[19], have been developed to solve the RTE. In addition, some
explicit analytical solutions of the RTE in the P3 approximation
have been derived in [20]. Apart from this, analytical solutions
in the P1 approximation have been reported in [21–23], and
single-scattering solutions of the time-dependent RTE have
been considered in [24,25]. The solutions presented in our
earlier work [17] are based on the modified spherical harmonics method, which involves the numerical determination of
eigenvalues. Further, for evaluation of the angular radiance,
many terms of the spherical harmonics series must be taken into
account. In the present case of single-scattered radiance, there is
the possibility to derive a closed-form expression for radiance in
terms of elementary functions. As mentioned above, RTE solutions are also used for physically based rendering applications.
In particular, single-scattering RTE solutions expressed in terms
of the so-called air–light integral have been derived for infinitely
extended turbid media and successfully applied in recent years
[26,27].
In this paper, we derive new explicit analytical solutions
for the single-scattered radiance within the infinite and semiinfinite medium considering the exact reflecting boundary
condition via Fresnel’s equations. In addition to the unidirectional beam source with an arbitrary direction, we also consider
the important case of an isotropic point source. All solutions
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are general in view of the boundary reflection function and the
scattering phase function. The derived analytical solutions are
applicable within optical tomography and computer graphics,
and to solve the RTE after separation of the unscattered and the
single-scattered contribution.
2. SINGLE-SCATTERED RADIANCE DUE TO A
UNIDIRECTIONAL POINT SOURCE
In this section, we derive an analytical solution for singlescattered radiance I1 due to a unidirectional δ source located
in the half-space V = {x ∈ R3 |z > 0} and radiating along an
arbitrary direction 0 . For this task, we first must consider the
unscattered component I0 obeying
 · ∇ I0 (x, ) + σt I0 (x, )
= δ(x − x0 )δ( − 0 )
+ R(−µ0 )2(−µ0 )δ(x + x0 )δ( − 00 ),

(1)

where (x, ) ∈ V × S2 , x0 = (0, 0, z0 ) ∈ V , R is the reflection function (e.g., obtained from Fresnel’s equations),
0 0 = (−µ0 , φ0 ), and 2 denotes the step function. The
unit vector  specifying the direction is defined as


 p
2
sin θ cos φ
p1 − µ cos φ
 =  sin θ sin φ  =  1 − µ2 sin φ  =: (µ, φ).
cos θ
µ
(2)
Furthermore, we have σt = σa + σs as the total attenuation
coefficient with σa and σs as the absorption and scattering
coefficient, respectively. The right-hand side of Eq. (1) depends
on the direction of the unidirectional point source. In the case
of µ0 > 0, only one source is present; for µ0 < 0, however, an
additional image source is taken into account to incorporate the
reflection of the beam at the boundary. As a result, the particular
solution of Eq. (1) will directly satisfy the intended boundary
condition
I0 (x, µ, φ) = R(µ)I0 (x, −µ, φ),

(x, µ) ∈ ∂ V × (0, 1].
(3)
For illustration purposes, Fig. 1 schematically shows the
geometry of the problem, including the source configuration to
define the scattering and reflecting half-space.
Using the unscattered radiance [1] that satisfies
(∂ + σt )(·) = δ(x − x0 )δ( − 0 ), the solution of Eq. (1)
can be written as


exp(−σt k x − x0 k)
x − x0
I0 (x, ) =
δ
− 0 δ( − 0 )
k x − x0 k2
k x − x0 k

R
where S1 (x, ) = σs f ( · 0 )I0 (x, 0 )d0 is the corresponding source term that is given by
S1 (x, ) = σs

exp(−σt k x − x0 k)
δ
k x − x 0 k2

(4)
The single-scattered radiance is defined as a solution of
(5)



x − x0
− 0
k x − x0 k



f ( · 0 )

exp(−σt k x + x0 k)
k x + x0 k2

− 0 0 f ( · 0 0 ),

+ σs R(−µ0 )2(−µ0 )
×δ



x + x0
k x + x0 k

(6)
with f : [−1, 1] → R+
0 being the normalized scattering phase
function. The associated boundary condition (BC) for the
single-scattered radiance is the same as that for the unscattered
part given in Eq. (3). The particular solution of Eq. (5), which
will be denoted by G 1 , is formally given by
G 1 (x, ) =

∞

Z

S1 (x − `, ) exp(−σt `)d`,

(7)

0

with S1 from Eq. (6). In this context, it will be useful to
introduce the quantity
exp(−σt k x − ` k)
k x − `k2
0


x − `
×δ
− 0 d`,
k x − ` k

U (x, , 0 ) :=

exp(−σt k x + x0 k)
+ R(−µ0 )2(−µ0 )
k x + x0 k2


x + x0
×δ
− 0 0 δ( − 0 0 ).
k x + x0 k

 · ∇ I1 (x, ) + σt I1 (x, ) = S1 (x, ),

Fig. 1.
Illustration of the half-space geometry, including the
position and direction of the two unidirectional point sources.

Z

∞

exp(−σt `)

(8)

because this kind of integral appears in Eq. (7) after inserting the
source term presented in Eq. (6). For evaluation of the integral
in Eq. (8), we formally extend this representation to the multiple
integrals,
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Regarding Eq. (13), the argument of the δ function shows
that U is nonzero if dim(Lin(x , , 0 )) < 3. As an example, in the special case of 0 = ẑ, the corresponding normal
T
vector is  × ẑ = (sin θ sin φ, − sin θ cos φ, 0)
and
p
δ(x · ( × ẑ) = δ(φρ − φ)/(ρ sin θ ), where ρ = x 2 + y 2
and tan φρ = y /x . The resulting expression for U can then be
summarized as

∞

exp[−σt (`1 + `2 )]

0

× δ(x − `1  − `2 0 )d`1 d`2
Z

exp[−σt (`1 + `2 )]2(`1 )2(`2 )δ(`3 )

=
R3

× δ(x − `1  − `2 0 − `3 ( × 0 ))d`1 d`2 d`3 .

U (x, , ẑ) = exp(−σt ρ tan(θ/2))

(9)
× exp(−σt z)2(z − ρ cot θ )

3

Furthermore, we perform a variable transformation u : R →
R3 according to
u(`1 , `2 , `3 ) = `1  + `2 0 + `3 ( × 0 ).

(10)

The corresponding Jacobian determinant belonging to this
transformation is given by
∂(u 1 , u 2 , u 3 )
= det(, 0 ,  × 0 ) =k  × 0 k2 , (11)
∂(`1 , `2 , `3 )
which is, apart from the case  = 0 , always nonzero so that
Eq. (10) represents a bijective map. The situation when both
directions are equal will be considered below. Regarding the
inverse of Eq. (10), we have


[ − ( · 0 )0 ] · u
1
 [0 − ( · 0 )] · u  .
` = `(u 1 , u 2 , u 3 ) =
k  × 0 k 2
( ×  ) · u
0

(12)
By using the substitution rule for multiple integrals we obtain
the representation
Z
U (x, , 0 ) =
exp[−σt (`1 (u) + `2 (u))]
R3

δ(x − u)
× 2(`1 (u))2(`2 (u))δ(`3 (u))
du
k  × 0 k2
= exp[−σt (`1 (x) + `2 (x))]
× 2(`1 (x))2(`2 (x))δ(det(x, , 0 )). (13)
In the special case of  = 0 , the first integral representation
of Eq. (9) can be directly evaluated in polar coordinates, yielding
U (x, 0 , 0 ) =

π/2

Z
0

∞

Z

√

exp[−σt ξ 2 sin(ϑ + π/4)]
0

√
× δ(x − ξ 2 sin(ϑ + π/4))ξ dξ dϑ


exp(−σt k x k)
x
=
δ
−
2kxk
kxk
π/2

dϑ
sin (ϑ + π/4)
0


exp(−σt k x k)
x
=
δ
− .
kxk
kxk
Z

×
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2

(14)

δ(φρ − φ)
. (15)
ρ sin θ

Based on the previous calculation step, we find the particular
solution of Eq. (5) in the form
G 1 (x, ) = σs f ( · 0 )U (x − x0 , , 0 ) + σs R(−µ0 )
× 2(−µ0 ) f ( · 0 0 )U (x + x0 , , 0 0 ),
(16)
where U is given explicitly in Eq. (13) together with `(x) from
Eq. (12). To proceed further, we need the general solution to the
homogeneous transport equation
 · ∇ I (x, ) + σt (x)I (x, ) = 0.

(17)

For this task, the method of characteristics is used to
reduce this equation to an ordinary differential equation
(ODE). Let x(s ) = (x (s ), y (s ), z(s ))T be a curve in R3 and
Iˆ(s , ) := I (x(s ), ) and σ̂t (s ) := σt (x(s )) the radiance and
the attenuation coefficient as function of the curve parameter
s , respectively. Then, by applying the chain rule, we find the
derivative
d Iˆ ∂ I d x
∂I dy
∂I dz
=
+
+
.
ds
∂x ds
∂ y ds
∂z d s

(18)

The homogenous Eq. (17) divided through cos θ is
tan θ cos φ

∂I
∂I
σt
∂I
+ tan θ sin φ
+
=−
I.
∂x
∂y
∂z
cos θ

(19)

Comparing the right-hand side of Eq. (18) with the left-hand
side of Eq. (19) leads to the ODEs
dx
= tan θ cos φ
ds

⇒

x (s ) = s tan θ cos φ + x 0 ,

dy
= tan θ sin φ
ds

⇒

y (s ) = s tan θ sin φ + y 0 ,

dz
=1
ds

⇒

z(s ) = s + z0 ,

where (x 0 , y 0 , z0 ) ∈ R3 is an arbitrary point. In the present
case, we set z0 = 0 to match the curve parameter s with the z
coordinate. Furthermore, we take into account the boundary
data I |∂ V = C (x , y , ), with C being an arbitrary function
depending on four variables. As a result, Eq. (17) is reduced to
the ODE
cos θ

∂ Iˆ(s , )
+ σ̂t (s ) Iˆ(s, ) = 0,
∂s

(20)
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which is subject to Iˆ(0, ) = I (x(0), ) = C (x 0 , y 0 , ). The
separation of variables leads to the radiance in parameter form


s

1
σ̂t (α)dα
Iˆ(s , ) = C (x 0 , y 0 , ) exp −
cos θ 0

Z s
1
= C (x 0 , y 0 , ) exp −
σt (x 0
cos θ 0
Z

I1 (x, ) = G 1 (x, ) + [R(µ)G 1 (x − z tan θ cos φ,
y − z tan θ sin φ, 0, −µ, φ) − G 1 (x − z tan θ cos φ,



y − z tan θ sin φ, 0, µ, φ)] exp(−σt z/µ)2(µ),

(25)


+ α tan θ cos φ, y 0 + α tan θ sin φ, α)dα .
(21)
To obtain the result in the original coordinates, we
have to perform the exchange x 0 = x − z tan θ cos φ,
y 0 = y − z tan θ sin φ, and s = z. After that, the general
solution to Eq. (17) is found to be

with G 1 being the particular solution given in Eq. (16). We
additionally want to provide the single-scattered radiance due
to an isotropically emitting δ source located inside the semiinfinite medium. The corresponding solution can be directly
obtained from the radiance
I1 derived above via integration
R
according to 1/(4π ) (·)d0 . Using the same notation as
above, we find for the radiance
I1 (x, ) = F1 (x, ) + [R(µ)F1 (x − z tan θ cos φ,
y − z tan θ sin φ, 0, −µ, φ) − F1 (x − z tan θ cos φ,
y − z tan θ sin φ, 0, µ, φ)] exp(−σt z/µ)2(µ),

(26)
I (x, ) = C (x − z tan θ cos φ, y − z tan θ sin φ, )

Z z
1
σt [x + (α − z) tan θ cos φ,
× exp −
cos θ 0

y + (α − z) tan θ sin φ, α]d α
= C (x − z tan θ cos φ, y − z tan θ sin φ, )
 Z
× exp −

z/µ

with the particular solution F1 that is now defined as
F1 (x, ) =

σs
4π

Z

∞

exp(−σt `)

0

exp(−σt k d2 (`) k)
k d2 (`)k2
0


z + z0 − `µ
× f ( d̂ 2 (`) · )R
d`,
k d2 (`) k

+

σs
4π

exp(−σt k d1 (`) k)
f ( d̂ 1 (`) · )d`
k d1 (`)k2

Z

∞

exp(−σt `)

(27)


σt (x − `)d` .

0

(22)
In the case of the σt ≡ constant, we have I (x, ) =
C (x − z tan θ cos φ, y − z tan θ sin φ, ) exp(−σt z/ cos θ ).
Next, we have to use this result for the σt ≡ constant in combination with the particular solution to Eq. (16) to satisfy
the angular-dependent BC. Moreover, in the case of a semiinfinite medium, we have to ensure that I1 remains finite for all
directions , yielding C (·, ·, ) = 0 for µ < 0. Inserting
the radiance in parts of the homogeneous and particular
contribution into the BC of Eq. (3) results in

where d1 (`) = x − x0 − `, d2 (`) = x + x0 − `,
d̂ i (`) := di (`)/ k di (`) k for i = 1, 2.

and

3. VERIFICATION OF THE DERIVED SOLUTIONS
In this section, the derived solutions are illustrated and verified
by comparisons with the Monte Carlo method. Within the
comparisons outlined below, the absorption coefficient and the
reduced scattering coefficient are, respectively, assumed to be
σa = 0.01 mm−1 and σs0 = 0.6 mm−1 . We furthermore consider the Henyey–Greenstein phase function for modeling the

I (x, µ, φ) + G 1 (x, µ, φ) = R(µ)[I (x, −µ, φ)
+ G 1 (x, −µ, φ)],

(x, µ) ∈ ∂ V × (0, 1]. (23)

Using I |∂ V = C (x , y , ) for µ > 0 and I |∂ V = 0 if µ < 0
leads to
C (x , y , ) + G 1 (x , y , 0, µ, φ) = R(µ)G 1 (x , y , 0, −µ, φ)
⇔ C (x , y , ) = R(µ)G 1 (x , y , 0, −µ, φ) − G 1 (x , y , 0, µ, φ)

(24)
for µ > 0. The desired single-scattered radiance within the halfspace V becomes in final form

Fig. 2.
Single-scattered radiance in the semi-infinite medium
caused by a unidirectional point source with direction 0 = ẑ. The
anisotropy factor for the Henyey–Greenstein phase function is set to
g = 0.3.
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Fig. 3. Illustration of the different angular regions concerning the second numerical experiment, including two possible paths indicated by the
dashed-dotted lines (green and violet).

effect of anisotropic scattering. Within the first three numerical
experiments, the point of detection and the source position are
set to (ρ = 3 mm, z = 1 mm) and z0 = 0.5 mm, respectively,
and the relative refractive index is set to n = 1.4. The Monte
Carlo method also takes into account only one scattering event.
Figure 2 displays the single-scattered radiance within a semiinfinite medium for the case of a unidirectional point source
radiating along the direction 0 = ẑ. In this case, the analytical
solution for the radiance contains a Dirac function in view of
the azimuthal angle. For the comparison with the Monte Carlo
method, the radiance is integrated with respect to the quantity
χ := |φ − φρ |. In Fig. 2, the solid line corresponds with the
analytical solution given by Eq. (25), whereas the filled dots are
the data predicted by the Monte Carlo method.
The light directly scattered from the source to the detector
can only contribute to angles above ≈ 80.5◦ , as shown by the red
area in Fig. 3. For increasing theta values, the radiance decreases:
first, due to the increasing distance traveled by the photons to
the scattering location; second, due to the increasing distance
traveled by the photons from the scattering location to the detector; and third, due to the fact that the probability for backward
scattering is smaller than for forward or sideward scattering in
the considered case of g = 0.3. The light that is backscattered
and then reflected at the boundary can only contribute to angles
below ≈ 63.4◦ , as shown by the blue highlighted angular region.
The cusp around 45.6◦ is due to the refractive index mismatch.
Below this angle, no total internal reflection occurs.
In Fig. 4, we repeat the last numerical experiment for the
source direction 0 = −ẑ. Thus, the point source located in
the half-space radiates now in the direction of the reflecting
boundary. As in the first comparison, an excellent agreement
between the analytical solution and the Monte Carlo method is
obtained.
The shape of the curve can be explained by looking at the
individual fractions, as shown in Fig. 5. The red curve is the
same as in Fig. 4. The blue curve is the radiance due to a source
in the ẑ direction that stops at the boundary. Note that all light
that hits the boundary unscattered is neglected. It is zero outside
of a certain window, since it has a finite length of 0.5 mm. The
light that is first reflected and afterward scattered is shown in

Fig. 4.
Single-scattered radiance in the semi-infinite medium
caused by a unidirectional point source with direction 0 = −ẑ. The
anisotropy factor for the Henyey–Greenstein phase function is set to
g = 0.3.

the green curve (extenuated source at boundary position in the
ẑ direction); it can get to the detector directly after scattering
(angles above arctan(3)) or can be reflected again (angles below
arctan(3)). The sum of the two parts (blue and green) results in
the red curve. The critical angle, where total internal reflection
occurs, is arcsin(1/1.4) ≈ 45.6◦ .
For the next comparison, we consider the case of an isotropic point source located in the semi-infinite medium with
a reflecting boundary. Figure 6 shows the angle-resolved radiance for the angular difference χ = 40.5◦ and the detection
position (ρ = 3 mm, z = 0.05 mm). The analytical solution is
denoted by the smooth curve, whereas the Monte Carlo method
corresponds to the noisy line.
Figure 7 displays the same situation for the smaller
angular difference χ= 0.5◦ and the unchanged position
(ρ = 3 mm, z = 0.05 mm). As in the comparisons above, an
excellent agreement between the analytical solution and the
Monte Carlo method is obtained for all angles. The analytical
solution is denoted by the smooth curve, whereas the Monte
Carlo method corresponds to the noisy line.
For the last numerical experiment, we verify the parametrization of the curve associated with the direction vector  of the
single-scattered radiance [Eq. (16)]. From Eq. (13), we see
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Fig. 5.
Single-scattered radiance in the semi-infinite medium
caused by a unidirectional point source with direction 0 = −ẑ.

Fig. 8. Geometric location of the direction vector  for which the
single-scattered radiance in Eq. (16) is nonzero.

α(t) = q

sin(t − ϑ)
1 − ( x̂ · 0 )2

,

β(t) = q

sin(t + ϑ)
1 − ( x̂ · 0 )2

,
(28)

where ϑ := arctan (1 − ( x̂ · 0 ))/(1 + ( x̂ · 0 )) and ϑ ≤ t
≤ π − ϑ. Thus, for given vectors x̂ and 0 , the corresponding
direction vector is parameterized by (t) = α(t) x̂ − β(t)0 .
We note that within the above parametrization, the condition
α, β ≥ 0 has already been considered. In Fig. 8, we compare the
above parameter form with the curve predicted by the Monte
Carlo method for the source position x0 = 0. Both methods
lead to the same geometric location of the single-scattered
radiance [Eq. (16)].
p

Fig. 6.
Single-scattered radiance in the semi-infinite medium
caused by an isotropic point source. The anisotropy factor for the
Henyey–Greenstein phase function is set to g = 0.5.

Fig. 7.
Single-scattered radiance in the semi-infinite medium
caused by an isotropic point source. The anisotropy factor for the
Henyey–Greenstein phase function is set to g = 0.5.

that the radiance is only nonzero if det(x, , 0 ) = 0, which
implies the relation  · ( x̂ × 0 ) = 0 or  ∈ Lin( x̂ , 0 ).
Furthermore, due to the step functions appearing in Eq. (13), it
can be shown that  ∈ Cone( x̂ , −0 ) = {α x̂ − β0 |α, β ≥
0}. The direction vector is normalized according to k  k= 1,
yielding the equation α 2 + β 2 − 2αβ( x̂ · 0 ) = 1. This is an
equation for an ellipse, which can be written in parameter form
according to

4. CONCLUDING REMARKS
In this paper, we have derived some explicit analytical solutions
for the single-scattered radiance in the infinite and semi-infinite
geometry containing a unidirectional beam source or an isotropic point source. The resulting analytical solutions, which
are general in view of the boundary reflection function as well as
the scattering phase function, have been compared to the Monte
Carlo simulations showing, within the stochastic nature of the
Monte Carlo simulations, an exact agreement. They can be used
to perform physically based rendering as well as for verification
of the Monte Carlo method. In addition, the derived expression for the single-scattered radiance is needed when seeking
a similar analytical solution of the RTE in a double-scattering
approximation. Moreover, the presented solution approach
also can be extended to obtain solutions for the slab geometry.
Further applications of the derived solutions can be found
in the early diagnosis of tissue alterations. For example, most
cancers have their origin in the epithelium, which is relatively
easy to access by light-based measurements. When the tissue’s
microstructure is changed, the scattering function is altered.
Using optical apparatuses, which are sensitive to changes of
the scattering function such as measurements in the spatial frequency using high spatial frequencies, and applying the derived
equations allows the determination of the scattering function.
Thus, this might lead to an improved early diagnosis of tissue
malformations. Similarly, for microscopic applications in the
spatial domain, where the reflected light is detected in the small
area of the incident light beam, the probability that mainly the
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single scattered light is measured is high. Thus, it is also probable
that the derived equations are applicable.
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